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A B S T R A C T

We examine the influence of rock mass quality, as scaled by the Geological Strength Index (GSI), on energy
redistribution in tunnels driven through discontinuous rock masses. We assume that in blocky rock masses
rockbursts develop as abrupt motion of finite rigid blocks along pre-existing discontinuities rather than by
fracture of intact rock elements. We begin by formulating analytically the local energy density around a tunnel in
continuous, homogenous, isotropic, linear-elastic medium and demonstrate the significance of the initial prin-
cipal stress ratio on the result. We then introduce discontinuities into the rock mass and find analytically the
peak acceleration of an ejected keyblock when it flies into the tunnel space, to demonstrate the viability of this
mechanism as a potential rockbursting source. Using the numerical discontinuous deformation analysis (DDA)
method we find the total kinetic energy released during rockbursting and validate our DDA results using
monitored seismic energy emissions detected during an intensive rockburst event encountered while excavating
one of the headrace tunnels at Jinping II hydroelectric project in China. Utilizing an analytical solution we
published earlier for the redistribution of energy components due to tunneling, we explore the effect of rock
mass quality as scaled by GSI on the elastic strain energy, dissipated energy, and kinetic energy. We find that the
elastic strain energy and the energy dissipated by shear generally decrease with increasing GSI value. The kinetic
energy of rockbursts however shows a more complicated behavior. It is low at low quality rock masses, peaks at
GSI value of about 60, and decreases again with increasing rock mass quality. This result is supported by
documented rockbursts during excavation of the deep tunnels of the Jinping II hydropower project, where the
majority of rockbursts were recorded in tunnel segments with characteristic GSI values between 60 and 75.

1. Introduction

Rockbursts are the most serious and least understood hazard asso-
ciated with deep underground excavations, typically involving violent
energy release with sudden ejection of rock fragments that may result in
fatalities and damage to facilities (Mazaira and Konicek, 2015). Not
unlike artificially induced earthquakes (Zembaty, 2004) triggered by
changes in the stress field near the excavation, rock bursts are accom-
panied by audible acoustic emissions, and trigger ground motions
strong enough to eject preexisting rock blocks into the excavation
space. Excavation-induced stress concentrations at great depths further
increase the risk for spontaneous rockbursts.

With the increase in attempted underground excavation depths, the
risk for uncontrolled rockbursts has increased as well. Our ability to
predict the temporal and spatial distribution of rockbursts, as well as
their magnitudes, however, is constrained by our theoretical under-
standing of this phenomenon. A fundamental contribution to this field
led by the late Professor Neville Cook has been made in South Africa

during the 1960’s (Cook, 1966). Since then, several research groups
from around the world have attempted to explore this issue and to offer
efficient prevention measures (Kaiser and Cai, 2012). Based on field
observations three rock burst types have been discussed: (1) strain
bursts, (2) pillar bursts, and (3) fault slip bursts (Müller, 1991), among
which strain bursts are most frequently encountered underground (He
et al., 2015). To date, two causative mechanisms have been suggested
for triggering rockbursts: (1) remote seismic events, and (2) stress
changes close to the excavation boundaries (Ortlepp and Stacey, 1994).
It is widely accepted however that stress changes near the excavation
boundaries are more significant than remote seismic events (Wang
et al., 2015a,b). Rockburst damage intensity is typically discussed in
terms of the depth of rockburst notches, volume of rock failed, and
seismic energy released. Recently the concept of excavation damage
zone (EDZ) around underground openings has been employed in brittle
rock masses to predict the depth and extent of rock fracturing as a result
of rockbursts (Perras and Diederichs, 2016).

Different rockburst intensity classifications have been developed
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based on experience from different countries (Martin, 1970). The di-
versity in approaches is evident in the multitude of stress-based criteria.
Four well-known such criteria are the ratio between uniaxial com-
pressive strength and the vertical in-situ stress (Hoek and Brown, 1980),
the sum of the tangential stress and the horizontal stress parallel to the
tunnel axis +σ σ( )θ L (Turchaninov et al., 1972), the magnitude of the
major principal stress σ1 (Barton et al., 1974), and the magnitude of the
tangential stress σθ (Russenes, 1974). Analyzing a single rockburst event
with these different criteria yields, however, inconsistencies in the
rockburst intensity classification (Zhao et al., 2017). Moreover, none of
these criteria includes the influence of the excavation dimension on
rockburst potential.

Geophysical methods have been utilized to detect the evolution of
mining-induced tremors, both in time and in space, and the results have
been used to study fracture initiation and propagation and to assess the
corresponding energy accumulation and release (e.g., Brady and
Leighton (1977)). Three-dimensional monitoring of micro-seismic (MS)
tremors now provides powerful means to detect the location of and
compute the seismic energy released from mining-induced motions
(Feng et al., 2012). Assessment of rockburst hazard based on recorded
seismicity is now standard engineering practice, assisting in making
operational decisions in the course of the deep excavation projects, on a
daily basis (Mutke et al., 2015). It is recognized however that the
phenomenon of rock bursts involves both static as well as dynamic
deformation (Adoko et al., 2013).

At the laboratory, true-triaxial unloading experiments have been
conducted to clarify the relationship between rockbursts and acoustic
emissions in the process of fracturing of prismatic limestone specimens
(Gong et al., 2014). Instantaneous rockbursts in granites were studied at
the lab to understand the relative distribution of energy components,
i.e., the total, elastic, and dissipated energy for a single rock block
(Wang et al., 2015a,b). To investigate the mechanisms of rock bursts
caused by shear failure along pre-existing interfaces, model experi-
ments and direct shear tests were performed (Zhou et al., 2015).

Numerical methods are useful for assessing the potential for rock
bursts and for modeling prevention measures. Based on numerical
analysis several indices have been suggested, e.g., failure approach
indices which evaluate the stress concentration in the rock mass using a
“yield approach index” or a “failure degree index” (Zhang et al., 2011).
Three-dimensional finite element modeling was conducted to study
stress concentrations after the opening is created in deep, hard rock
mines (Wang and Park, 2001). The explicit finite difference FLAC code
also was used to compute and analyze the distribution and accumula-
tion of elastic strain energy in the rock mass that was treated as a

continuum during an unloading opening (Miao et al., 2016). In com-
bination with experimental results and continuum-based modeling, the
strain energy stored in the rock was studied, and rockburst occurrence
was assessed using evaluation indices like energy release rate (ERR),
energy storage rate (ESR) (Cook, 1966), burst potential index (BPI), and
potential energy of elastic strain (PES).

When using continuum based numerical approaches that employ
infinitesimal strain theory, separation, rotation, or ejection of finite
rock blocks cannot be modeled rigorously. This restriction may be re-
laxed by using discrete element approaches such as the numerical ex-
plicit DEM or the implicit DDA methods.

A useful way to describe the structure of the rock mass is by means of
empirical rock mass classification methods that address geometrical at-
tributes like joint set attitude and mean joint set spacing. These geome-
trical parameters control the block size distribution in the rock mass.
Intuitively, it would be expected that the energy associated with rock-
bursts would be strongly influenced by the blocky structure of the rock
mass, however to date this issue has not been studied thoroughly enough.
We explore here the relationship between rock mass quality, as scaled by
the Geological Strength Index (GSI), and the redistribution of energy
components due to tunneling, with particular emphasis on the kinetic
energy of keyblock ejections, or rockbursts in the context of this paper.

Fig. 1. Sign convention used in this paper: (a)
assumed initial stress state; (b) the excavated
tunnel of radius a and the analyzed annulus of
radius b.
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Fig. 2. Three radial paths considered in the analysis.
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We assume in this paper that in an initially discontinuous rock mass
the rockburst phenomena will be dominated by ejection of pre-existing
rock blocks rather than by induced fracture in initially intact rock
elements. We base our analysis on a theoretical derivation of the energy
density redistribution once the tunnel is formed in a linear elastic
continuum, and thus define the “affected zone” due to tunneling. We
then introduce discontinuities within the affected zone of varying
spacing, orientation, and frictional resistance so as to model rock mass
qualities ranging between GSI = 50–80. With increasing rock mass
quality, the Young’s modulus of intact rock elements, the characteristic
block size, and joint friction all increase, whereas the number of joint
sets in the rock mass decreases. We find that while the elastic strain
energy stored in the rock mass and the dissipated energy by shear
sliding decreases with increasing GSI, the kinetic energy associated
with ejected rock blocks, or rockbursts in our context, peaks at GSI
values near 60.

2. Theoretical considerations

2.1. Redistribution of strain energy

The strain energy stored in the rock mass determines the amount of
energy available for generating rockbursts once the opening is made.
Rockburst potential will increase, therefore, with increasing stored en-
ergy (Obert and Duvall, 1967). To determine the elastic strain energy
stored in the rock we employ Kirsch solution (Kirsch, 1898) for a semi-
infinite underground space subjected to initial principal far field stresses
under plane strain conditions (see Fig. 1). In the notation adopted here
“pre” and “post” excavation states are designated by superscripts (°) and

(∗), respectively; for the general case no superscript is used.
The initial strain energyUA B,

o stored in SA and SB (refer to Fig. 1) can
be expressed using Eq. (1) (for complete derivation see He et al.
(2016)), where E is Young’s modulus, υ is Poisson’s ratio, and σ1

o, σ2
o are

the initial principal stresses:
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Once the tunnel is created, the stress concentrations in the proximity of
the circular opening can be written in polar coordinates (Kirsch, 1898):
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Assuming linear elasticity, Hook’s law for this case can be written as
(Timoshenko and Goodier, 1970):
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If the relation between each force and the corresponding displacement
is linear, the elastic strain energy density per unit area is:

= + + + + +ϕ σ ε σ ε σ ε τ γ τ γ τ γ1/2( )x x y y z z xy xy yz yz zx zx (4)
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Fig. 3. Distribution of strain energy density concentration under
various in situ principal stress ratios λ: (a) roof vs. sidewall (Path 3/
Path 1); (b) spandrel vs. sidewall (Path 2/Path 1). Note that the energy
density concentration is homogenous surrounding the opening under
hydrostatic stress regime of λ = 1 for every r from tunnel center.
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Substituting Eqs. (2) and (3) into Eq. (4) yields the excavation-induced
strain energy density using local stress components after the excavation
is made and assuming plane-strain conditions (for complete derivation
see He et al. (2016)):

= + − + − +∗ ∗ ∗ ∗ ∗ ∗ϕ υ
E

υ σ σ σ σ τ1
2

[(1 )( ) 2 2 ]x y x y xy
2 2

(5)

Using Eqs. (2) and (5) we can write specific expressions (for complete
derivation see Appendix A) for the energy density distribution at the
sidewall, spandrel, and roof of a circular opening of radius a at a radial
distance r (see Fig. 2):
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Strain energy density ratios for two paths in a rock mass with Young’s
modulus E= 25.3 GPa and Poisson’s ratio υ= 0.22 are plotted in
Fig. 3. For initial principal stress ratio λ greater than 1.0, the energy
density at the roof (Fig. 3a) is much higher than at the sidewall
(Fig. 3b), as would be intuitively anticipated considering Kirsch solu-
tion, because the initial horizontal stress =σ σ( )x1

o o is greater than the
initial vertical stress =σ σ( )y2

o o . Generally, the energy density ratio in-
creases with increasing λ. In underground environments where the in
situ tectonic stresses are characterized by high stress ratios, therefore,
rock bursts could indeed be triggered by induced fracture of intact rock
elements in direction parallel to the opening surface (Obert and Duvall,
1967), at locations where the energy densities are at maximum. When
the stress field is hydrostatic (λ= 1), however, the energy density
distribution is homogenous for every r around the opening, and
therefore the potential for induced fracture of intact rock elements is
equal all around the opening for any given r.

Inspection of the results potted in Fig. 3 reveals that most of the
increase in strain energy density is restricted to an annulus thickness of
roughly half the tunnel diameter, from the opening boundary to a
distance of one tunnel diameter (D) from the tunnel center. At a dis-
tance greater than 1.5D from the tunnel center the energy density in-
crease appears to be negligible. This annulus, from 0.5D to 1.5D from
tunnel center, has been referred to as the “Rockbursting Prone Zone” by
He et al. (2016).

The total elastic strain energy can be obtained by integrating the

Fig. 4. Excavation-included keyblock ejection under initially hydrostatic stress: (a)
schematic illustration of problem geometry and assumed keyblock flight trajectory; (b)
principal stresses acting on upper block boundary in polar coordinates; (c) force equili-
brium acting on an infinitesimal element.

Fig. 5. DDA mesh used for DDA forward modeling utilizing sequence excavation (Tal
et al., 2014) and non-reflective boundaries (Bao et al., 2012) enhancements. The candi-
date keyblock for excavation-induced ejection is marked.
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energy density φ∗ (Eq. (5)) over area SB as shown in Fig. 1b (for com-
plete derivation see He et al. (2016)):
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Eq. (7) can be used to calculate the magnitude of energy change due to
the excavation in terms of the “Energy Increase Ratio”, defined as

−∗U U U( )/B B A
o o for increasing distances from the tunnel center. He et al.

(2016) showed that the energy increase ratio increases with distance
until it reaches some constant value at infinity, the value of which is
independent of initial stress ratio, initial stress magnitude, and/or
opening size. Moreover, most of the energy increase occurs within an
annulus that extends to a distance of 3D from the tunnel center, beyond
which the additional change in energy is negligible. He et al. (2016)
termed the annulus between 0.5D to 3D the “affected zone”.

To study the influence of individual rock mass parameters on the
energy redistribution we limit the analysis domain to the “Rockbursting
Prone Zone”, as defined above. When studying the influence of rock
mass quality on energy redistribution, however, we extend the analysis
domain to the entire “affected zone”, to capture better the influence of
the entire rock mass structure on energy redistribution following tun-
neling.

(a)

(b)

(c) Tunnel 
removal

Keyblock detached 
from rock mass

Fig. 6. Time histories of ejected keyblock once the opening
is created under initial hydrostatic stress level of 30 MPa as
obtained with DDA: (a) acceleration; (b) velocity; (c) dis-
placement.
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Fig. 8. Layout of micro-seismic sensor arrays used for monitoring seismic
energy induced by rock bursts (modified after Chen et al. (2015)).

Fig. 9. Rockburst induced waveform as recorded by micro-seismic sensor array in Jinping II hydropower station (modified after Feng et al. (2016)).

Fig. 10. A typical intensive rockburst at Stake
K8 + 805–815 of No. 2 headrace tunnel at Jinping II hy-
dropower Station (modified after Chen et al. (2015)).
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2.2. Velocity of keyblock ejection

We have assumed a continuous rock mass in our theoretical dis-
cussion above. Real rock masses, however, are rarely continuous, with
joints, faults, bedding and foliation planes typically transecting the rock
mass. It is therefore imperative to study how the excavation-induced
stress concentrations might affect the dynamic stability of an initially
discontinuous rock mass. More specifically, are excavation-induced
stress concentrations sufficiently high to trigger sudden block ejections
from the surrounding rock once the underground space is formed? If
this is so, rockbursts that arise from ejection of pre-existing, removable
keyblocks (as defined by Goodman and Shi (1985)), must be considered
in addition to rockbursts formed by fracturing of initially intact rock. In
the theoretical analysis henceforth, we focus on rockbursts generated
by ejection of keyblocks from the boundary of the tunnel into the newly
created space.

We consider the force balance acting on a keyblock at the boundary
of a circular excavation, formed by intersection of two orthogonal joints
(see Fig. 4a). We assume the preexisting joints do not alter the initial
stress distribution computed above for a continuous rock mass. If the
frictional resistance is not sufficiently high, however, part of the stored
elastic strain energy in the rock mass will be converted into kinetic
energy of rockbursts once the underground space is formed.

Consider a keyblock bounded by two joints inclined symmetrically
about the x-axis as shown in Fig. 4b, in a rock mass subjected to hy-
drostatic in situ stress. Because gravity is not considered, once the space
is formed the keyblock shown in Fig. 4b will open from both boundary

joints without mobilizing any frictional resistance along traces lAB or
lBC, and due to the symmetrical jointing pattern and the stress symmetry
will fly in a horizontal trajectory into the newly formed space. Also due
to symmetry, the horizontal force components acting on keyblock
boundaries lAB and lBC must be equal. After integrating both the dif-
ferentials Fd rh due to radial stress ∗σr and Fd θh due to tangential stress ∗σθ
(see Fig. 4c), we can find the peak acceleration of the keyblock at the
instance it begins to move (for complete derivation see Appendix B):

= = × +
× ×

= × +
× ×
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a F
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F F
S ρ g

2 ( )
1 m

2 (1417365 N 1417419 N)
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2 3
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where the area of the keyblock is 0.038 m2 in this example (Fig. 4b).
Note that the analytically obtained peak keyblock acceleration

under the imposed initial hydrostatic stress of 30 MPa is extremely
high, in the order of 5 × 104 m/s2. The acceleration will immediately
drop to zero, however, once the block is detached from the surrounding
rock mass.

To see if this value is reasonable we employ the numerical, discrete-
element, DDA method (Shi, 1993) with the exact same keyblock geo-
metry and initial stresses as in the worked example. The input material
properties are Young’s modulus E= 20 GPa, Poisson's ratio ν= 0.2,
and joint friction angle of 65°. Two recent DDA enhancements are
utilized in the DDA version used here: (1) sequence excavation mod-
eling capabilities (Tal et al., 2014), and (2) non-reflective boundaries
(Bao et al., 2012).

The DDA mesh used for this verification is shown in Fig. 5 with the

Fig. 11. (a) Geological cross section of No. 2
headrace tunnel at Jinping II hydropower station,
(b) in situ stresses conditions at the site (Zhang
et al., 2012b); (c) the representative DDA mesh
with the affected zone delineated.
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analyzed keyblock marked. The obtained acceleration, velocity, and
displacement time histories are shown in Fig. 6. As would be expected,
once the space is formed the acceleration rapidly increases to
3.4 × 104 m/s2, and once the block is detached from the surrounding
rock mass the acceleration immediately drops to zero (Fig. 6a). The
velocity increases as the keyblock responds to the thrust from the
boundary joints until it reaches steady state while the keyblock flies at
constant velocity (recall gravity is ignored) in the tunnel space
(Fig. 6b). The displacement time histories reflect this as well (Fig. 6c).
As would be expected, the peak horizontal acceleration decreases with
increasing block size (Fig. 7 top panel). We find that the numerical error
in DDA computations of peak horizontal acceleration is rather high
(41%) when the keyblock area is small (0.038 m2), but it decreases to
3% only for block area of 0.85 m2 (Fig. 7 top panel). The relative error
with respect to acceleration is:

= − ×E a a
a

| | 100%n
a n

a (9)

The peak block acceleration may seem extremely high, but the obtained
keyblock velocities are similar to velocities measured in the field. For
example, Kaiser and Cai (2012) suggested that ejected rock fragments
associated with rockbursts may travel at velocities in excess of 3 m/s;
rockburst velocities upwards of 10 m/s were estimated by Ortlepp and
Stacey (1994). Direct velocity measurements of ejected blocks using
high-speed video camera in simulated rockburst experiments re-
presenting a 1600 m deep tunnel in South Africa suggest peak velocities
in the range of 0.6–2.5 m/s (Milev et al., 2001). These field measure-
ments are in agreement with our analytical and numerical results.

2.3. Field verification

Seismic waves generated during strong rockbursts propagate ra-
dially from the source in all directions. The emitted seismic energy is
proportional to the integral of the sum of the P and S wave velocities
(Hudyma et al., 2003) although observations from South African mines
suggest that most of the seismic energy is contained in the S-waves
(Hedley, 1992). The total seismic energy at distance R from the source
to a measurement point can be estimated (Mendecki et al., 2010):

∫=U πρυ R u t dt8
5

̇ ( )P S P S
t

corr, ,
2

0
2s

(10)

where UP S, is the total wave energy emitted from the micro seismic
source (UP and US), ρ is the density of the rock, υP S, is the P or S wave
velocity, ts is the duration of the seismic event, and uċorr

2 is the square of
the far-field-corrected radiation pattern of the velocity pulse. The US/UP

ratio may be used as an indicator of the seismic source mechanism

(Urbancic et al., 1992; Xiao et al., 2016), i.e., tensile when US/
UP < 10, shear when 10 ≤ US/UP ≤ 20, and mixed mode when US/
UP > 20.

The radiated energy during monitored rockbursts in Jinping II
Hydropower Station was calculated by Chen et al. (2015). The micro
seismic sensors were installed in two arrays positioned at distances of
50–70 m and 100–120 m from the face, and were moved forward with
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Fig. 12. Validation of the kinetic energy of the block system in
the affected zone as computed with DDA using monitored
micro seismicity at Jinping II hydropower station (micro-seis-
micity data from Chen et al. (2015)).

Table 1
Quantitative classification of rockburst intensity based on ra-
diated seismic energy monitored at Jinping hydroelectric
project tunnels (modified after Feng et al. (2012)).

Rockburst intensity Log10(E)

None (−∞, 0]
Weak (0, 2]
Moderate (2, 4]
Intense (4, 7]
Extremely intense (7, +∞]

Note: the seismic energy scale is logarithmic. Unit of E is Joule.

Table 2
Parameters of various numerical models.

Series Case Discontinuities joints Young’s
modulus of
intact rock E
(GPa)

Monitored
blocks

Joint
friction
(μ)

Dip
angle α
(°)

Joint
spacing s
(m)

1 a1 0.2 90 1.5 40 197
a2 0.4 90 1.5 40
a3 0.6 90 1.5 40
a4 0.8 90 1.5 40
a5 1.0 90 1.5 40

2 b1 0.7 30 1.5 40 102
b2 0.7 45 1.5 40 138
b3 0.7 60 1.5 40 166
b4 0.7 75 1.5 40 184
b5 0.7 90 1.5 40 188

3 c1 0.7 90 1.0 40 422
c2 0.7 90 1.5 40 190
c3 0.7 90 2.0 40 109
c4 0.7 90 2.5 40 70

4 d1 0.7 90 1.5 20 197
d2 0.7 90 1.5 30
d3 0.7 90 1.5 40
d4 0.7 90 1.5 50
d5 0.7 90 1.5 60
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the advance of the working face (see Fig. 8). The natural frequency of
the sensors was 14 Hz with reliable frequency domain between 7 Hz
and 2000 Hz. A characteristic rockburst seismogram is displayed in
Fig. 9 (e.g., Feng et al. (2016)) where the P and S wave arrivals are
depicted and the total duration of the event can be inferred. From the
known distance between the two arrays the characteristic P and S wave
velocities of the rock mass can be obtained. The distance to the source
can be determined by solving Eq. (10) for the two arrays, assuming the
total seismic energy is equal in both arrays. Once the distance to the
source is found, the total energy of the seismic event can be computed.

In order to assess the level of seismic energy associated with rock-
bursts in the field, consider the documented rockburst shown in Fig. 10,
an intensive rockburst that was recorded in the early morning of Feb-
ruary 23, 2011 at Stake K8 + 805–815 of No. 2 headrace tunnel in
Jinping II hydroelectric project, while the micro-seismic monitoring
arrays were in place and ready. Due to the difficult ground conditions,
namely the medium strength of the rock and the high level of in situ
stress, the rate of advance at that day was restricted to 2 m. The rock-
burst-induced tremor was felt by workers, and flying rock fragments
damaged nearby vehicles. The total seismic energy computed for the
entire day was 107 J (Chen et al., 2015).

We will use this case study to validate our theoretical and numerical
predictions with regard to kinetic energy of the affected zone using the
measured seismic energy by Chen et al. (2015) during the day that
rockburst took place. Our DDA model is based on the typical cross
section of the rock mass in Jinping II project where the studied rock
burst took place (Fig. 11a). Note that while the rock mass structure is
complicated, in the relevant section of the tunnel it can generally be
characterized by two steeply inclined joint sets, the bedding planes that
dip to the left of the cross section and the cross joints that dip to the

right. This rock mass pattern is simulated with DDA in a simplified
manner using two joint sets dipping 60° to either side of the cross
section with a mean spacing of 2.5 m (Fig. 11c). This generalized
concept of the rock mass structure used for our DDA model is justified
by results of two field studies (e.g., Li et al. (2012) and Li et al.(2017)).

Based on the work by Zhang et al. (Zhang et al., 2012b) the in situ
stress components used in the two-dimensional DDA simulation are: ,

= −σ 51.46MPay
o and =τ 5.82MPaxy

o indicating that the vertical stress
dominates at that location in the tunnel. According to both laboratory
and field measurements, the mechanical parameters of the T2b marble
lithology at the site are (Zhang et al., 2014): Young’s modulus
E = 55.0 GPa, Poisson’s ratio ν = 0.27, and joint friction μ of 0.55
(ϕ= 29.0°). These values are used as input in our DDA model.

The number of monitored blocks in the affected zone (delineated in
Fig. 11c) is 145. The obtained kinetic energy with DDA is 5276 kJ. This
result applies to the two dimensional case where the tunnel extends 1 m
in length. In reality, the tunnel was excavated to a distance of 2 m
during that day. To allow a meaningful comparison between the
monitored and DDA results, the numerically obtained kinetic energy
must be multiplied by a factor of 2.0. The corrected kinetic energy
response in time domain as obtained with DDA is shown in Fig. 12. The
total seismic energy monitored in the field during that day is compa-
tible to the total kinetic energy of the block system in the affected
domain as predicted with DDA.

The monitored seismic energy in the recorded and analyzed event at
Jinping falls into the “extremely intense” category according to Feng’s
rockburst hazard classification (Table 1). Similar intensities were re-
corded in Northern Ural bauxite mine in Russia using a monitoring
seismic network, where the largest tremors were characterized by
seismic energy in the order of 107 ∼ 108 J (Voinov et al., 1987). These

(a)

(b)

0

1000

2000

3000

4000

5000

0.295 0.300 0.305 0.310 0.315 0.320

K
in

et
ic

 e
ne

rg
y 

of
 th

e 
bl

oc
k 

sy
st

em
 (k

J)

Time (sec)

 = 0.2

 = 0.4

 = 0.6

 = 0.8

 = 1.0

Increasing 
fric on

9,686
10,393 10,280 9,719 9,603

4,430

3,369
2,788 2,548 2,454

3,990

4,187 4,803
5,838 6,042

0

3000

6000

9000

12000

0.2 0.4 0.6 0.8 1.0

E
ne

rg
y 

co
m

po
ne

nt
s (

kJ
)

Jointfriction ( )

Elastic strain energy Kinetic energy of bock system
Dissipated energy of shear sliding

Fig. 13. Influence of joint friction: (a) evolution of kinetic energy of the
block system in affected zone; (b) energy component distribution.
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results confirm the predictive capability of DDA with respect to rock-
burst hazard, as scaled by the total kinetic energy of the block system in
the affected zone.

3. Influence of rock mass parameters on rockburst energy

It is widely accepted that fractured and jointed rock masses are
more prone to rockburst hazard, particularly in high in situ stress re-
gimes (e.g., Miao et al. (2016)). Discontinuous rock masses are typically
comprised of finite blocks formed by the intersection of pre-existing
joints. We investigate in this section the influence of individual rock
mass parameters such as joint friction (μ), dip angle (α), joint spacing
(s), and Young’s modulus of intact rock (E), on the components of en-
ergy redistribution.

3.1. Boundaries of modeled domain

We will use DDA to perform a sensitivity analysis of these para-
meters. To limit the number of discrete blocks involved in this dynamic
process we constrain our analysis to the “Rockbursting Prone Zone” that
extends to a distance of 1.5 tunnel diameters from the tunnel center. As
presented by He et al. (2016), 59% of the total energy increase occurs
within this annulus. Although it would have been better to extend the
analyzed domain to a distance of three diameters from the tunnel
center, modeling the deformation of each and every block in the case of
smallest joint spacing considered in our sensitivity analysis (1 m) will
amount to monitoring 1793 blocks for a tunnel radius of a = 4 m. We
do not feel such an effort is justified as the difference in energy change
between 1.5D and 3.0D is not very large (see He et al. (2016)). More-
over, our choice of modeled domain size of 1.5D is supported by field
monitoring of the excavation damage zone (EDZ) at Jinping II

Fig. 14. Influence of joint inclination: (a) slip trajectory of
blocks in the affected domain where a = 30°; (b) a = 90°;
(c) evolution of kinetic energy of the block system in af-
fected zone; (d) energy component distribution.
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Hydropower station using pre-installed digital borehole camera (Li
et al., 2011). The depth of the EDZ in the No. 3 headrace tunnel was
found to be 2.7 m, namely 0.72D from the tunnel center, much less than
the modeled domain of 1.5D considered in our analysis here.

Considering Fig. 1, the analyzed domain radius b now equals 1.5D.
Once the space of the excavation is created, the energy increase must be
balanced by three energy components in the block system covering the
analyzed domain (He et al., 2016):

+ × = + +∗ ∗ ∗U U U U U1.59B
o

A
o

e,B k,B s,B (11)

where ∗Ue,B is strain energy, ∗Uk,B is kinetic energy of the block system
associated with the instantaneous motion of discrete blocks, and ∗Us,B is
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Table 3
Correlation of GSI, RMR and Q rock mass classification systems.

Approach Equation

Bieniawski (1976) RMR= 9 ln Q + 44
Hoek et al. (1995) GSI = RMR76 (use of 1976 version of RMR)

GSI = RMR89 − 5 (use of 1989 version of RMR)
Hoek et al. (1995) GSI = 9 ln Q′+44 (Q′: RQD

Jn
Jr
Ja
)

Ünal (1996) M-RMR = 9.66 ln Q + 37.9
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dissipated energy due to frictional sliding along pre-existing joints in
the analyzed domain.

The kinetic energy of the block system can be obtained using DDA
by summing the kinetic energies of all individual blocks in the analyzed
domain: = ∑∗

=U m vi
n

i ik,B 1
1
2

2, where n is the number of monitored blocks,
mi and vi are the mass and velocity of each block in the modeled domain
as computed with DDA. Similarly, the strain energy is found by re-
cording the stresses computed with DDA at the centroid of each block:

= ∑ ∅∗
=U Ai

n
i ie,B 1 , where ϕi and Ai are the strain energy density and area

of block i in the DDA mesh for the modeled domain. The difference
between the total energy and the sum of strain energy and kinetic en-
ergy is the energy dissipated by shear sliding along joints, readily de-
terminable by Eq. (11).

3.2. Effect of individual rock mass parameters

To study the relative significance of the four individual rock mass
parameters outlined above (μ, α, s, E) we simulate different scenarios

with forward DDA modeling as listed in Table 2, keeping in all simu-
lations an initial in situ hydrostatic stress level of =p 45MPa. The dif-
ferent scenarios studied are grouped into four series where all meshes
are comprised of two joint sets, one of which maintains horizontal and
the other is inclined at dip angle α. In series 1, the effect of joint friction
is considered (μ= 0.2, 0.4, 0.6, 0.8, and 1.0) while keeping all other
rock mass parameters constant. The evolution of the kinetic energy of
the block system in the modeled domain ( ∗Uk,B) as a function of joint
friction μ over time is plotted in Fig. 13a. Once the excavation space is
formed the kinetic energy spikes, a dynamic process that must be ac-
companied by strong tremor that may generate keyblock ejections,
provided that joint friction is sufficiently low. The influence of joint
friction on the three energy components is illustrated in Fig. 13b: while
the kinetic energy decreases with increasing joint friction by 51%, the
dissipated energy increases by 45% over the studied friction range,
while the elastic strain energy remains virtually the same.

The influence of joint inclination is examined in series 2 where α is
changed from 30° to 90° at 15° intervals while keeping the other joint

Fig. 17. The range of GSI values relevant to rockburst hazard scaling
in this paper (GSI table modified after Hoek and Brown (1997)).

Table 4
Input parameters for DDA representing various GSI qualities.

GSI Joint set
No.

Dip/dip
direction

Total number of
blocks

Spacing (m) Length (m) Bridge (m) Joint friction
(°)

Rock mass modulus Erm
(GPa)

Intact modulus Ei
(GPa)

RD

50 4 0°/0°
20°/90°
80°/270°
60°/90°

12,442 2.0 60 0.20 25 9 30 0.5
55 7943 2.5 55 0.25 27 14 34

60 3 0°/0°
20°/90°
80°/270°

2789 3.0 50 0.30 30 20 39
65 2001 3.5 45 0.35 32 29 45
70 1525 4.0 40 0.40 35 39 53
75 1124 4.5 35 0.45 38 50 61
80 2 20°/90°

80°/270°
819 5.5 30 0.50 40 61 69
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set horizontal (Fig. 14a and b), and the friction coefficient on both joint
sets is kept constant at 0.7. The kinetic energy response to joint in-
clination is illustrated in Fig. 14c, where maximum kinetic energy is
recorded for the case of vertical joints (α= 90°) and the minimum ki-
netic energy is recorded for the shallowest joint inclination of 30°.

To explain this finding consider Fig. 14a and b and the delineated
zones of possible block motion in the affected zone. In the orthogonal
jointing configuration (Fig. 14b), the motion of blocks by sliding along
horizontal joints does not restrict block motion along vertical joints,
namely all blocks in the delineated areas are free to slide into the
opening space, if the energy is sufficiently high and the joint friction is
sufficiently small. In the case of inclined joints, however, the motion of
blocks along horizontal joints (see for example block B in the Fig. 14a)
is restricted by motion that must first take place on inclined joints (e.g.,
block A in Fig. 14a). This overlapping of removable areas around the
tunnel restricts the kinematical freedom of blocks to slide into the
opening once the space is formed, even if sufficient energy is provided

and if joint friction is sufficiently small. This “interlocking effect” that
constrains block motion appears to increase with decreasing dip of the
inclined joint set. The effect of dip angle on the other two energy
components is illustrated in Fig. 14d.

The influence of block size, as scaled by the joint spacing s, is stu-
died in series 3 of Table 2 and is demonstrated in Fig. 15. As would be
expected intuitively, the kinetic energy of the block system increases
with decreasing block size (Fig. 15a) whereas the dissipated energy due
to shear sliding increases with increasing block size (Fig. 15b).

The influence of Young’s modulus of intact rock, from 20 GPa to
60 GPa, is studied in series 4 of Table 2 and the results are plotted in
Fig. 16. All energy components decrease with increasing Young’s
modulus, with the elastic strain energy decreasing by 64%, the dis-
sipated energy by 71%, and the excavation-induced kinetic energy by
42%. The initial strain energy density stored in the rock mass before
the excavation is formed (ϕo) is inversely proportional to Young’s
modulus E:

Fig. 18. Blow-up view of DDA block systems used to represent various GSI qualities: (a) GSI = 50; (b) GSI = 55; (c) GSI = 60; (d) GSI = 65; (e) GSI = 70; (f) GSI = 75; (g) GSI = 80.
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where σi
o and εi

o are initial principal stresses and strains. Conse-
quently, the magnitude of total energy release once the space is
formed decreases with increasing Young’s modulus, and this is re-
flected by the simultaneous decrease of all energy components with
increasing rock mass stiffness.

4. Discussion

We have shown the kinetic energy associated with rockbursts is
inversely related to the frictional resistance of discontinuities. Further
probing into the role of the main characteristics of the rock mass reveals
that all energy components decrease with increasing stiffness of intact
rock elements. The kinetic energy of the blocks in the affected zone
decreases with increasing joint spacing (or with increasing block size),
and increases with increased inclination of the unfavorable joint set.
These findings lead us to an attempt to address rockburst hazard un-
derground, as scaled by the total kinetic energy of the block system in
the affected zone, in terms of rock mass quality, as scaled by GSI.

4.1. Influence of rock mass quality

Several empirical rock mass classification methods are currently in
use in rock engineering including the Q (Barton et al., 1974), RMR
(Bieniawski, 1973), and GSI (Hoek and Brown, 1997), and some useful
correlations among them are listed in Table 3. Based on our under-
standing of the relationship between individual rock mass parameters
and energy redistribution as discussed above, we will attempt to in-
vestigate here the relationship between rock mass quality, as scaled by
GSI, and rockburst potential, so as to provide rockburst hazard scaling
in the relevant rock masses.

An interesting point about rockbursts is that they do not occur in
weak rocks; rock masses prone to rockbursts are typically stiff, strong,
and brittle, with uniaxial compressive strength of 100–400 MPa and
rock mass modulus Erm greater than 20 GPa (Obert and Duvall, 1967),
as recently confirmed in field studies at Jinping II hydroelectric power
station (e.g., Zhang et al. (2014)).

To try and constrain the rock mass quality levels at which rock-
bursts can be expected we generate seven block systems with DDA that
represent rock mass qualities ranging from “Poor Rock” to “Good
Rock” GSI categories (see Fig. 17), with input data listed in Table 4. A
blow – up view close to the tunnel of the seven rock masses as modeled
with DDA is shown in Fig. 18; the entire meshes of two representative
cases for GSI 50 and 75 are shown in Fig. 19. We use the available
capability in DDA for random generation of structural parameters such
as joint spacing, length, and bridge (degree of randomness) so as to
obtain a more realistic representation of a real geological rock mass.
Forward DDA modeling is performed in all cases under an assumed
initial hydrostatic stress of 55 MPa and with Young’s modulus for in-
tact rock assumed for the DDA blocks. The dimension of the DDA mesh
is 110 m (width) × 110 m (height) and the diameter of the circular
tunnel is 10 m.

The kinetic energy of the block system in the affected domain is
plotted in Fig. 20a. It is apparent that rock mass quality with a GSI of 60
is the most prone to rock bursting, with upwards of 5350 kJ of kinetic
energy associated with excavation-induced block motion. The kinetic
energy declines appreciably by 56% to 2346 kJ with GSI reaching 65,
and continues to drop further with increasing rock mass quality. The
influence of rock mass quality on the kinetic energy of the blocks in the
rock mass can be appreciated better by inspection of Fig. 20b where
both the two other energy components clearly exhibit decrease with
increasing rock mass quality, whereas the kinetic energy exhibits a
maxima around GSI = 60 (note that the energy axis scale in Fig. 20b is
logarithmic). As would be expected, the elastic strain energy is

inversely proportional to the rock mass quality due to the influence of
Young’s modulus which increases with GSI as does the dissipated en-
ergy by shear due to the increased block size with increasing GSI.

4.2. Field evidence

A rockburst hazard classification using seismic energy has been
proposed by Feng et al. (2012) based on 133 documented rockburst
events that occurred in the course of excavation of the Jinping tunnels
(Table 1). The system of tunnels, consisting of four headrace tunnels,
two auxiliary tunnels, and one drainage tunnel, was driven under an
extremely high overburden reaching 1500 m along 75% of the 16.7 km
length of the tunnels, and reaching a maximum of 2525 m at the

Fig. 19. Two examples of complete DDA block systems: (a) GSI = 55 with four ortho-
gonal joint sets; (b) GSI = 75 with three orthogonal joint sets.
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deepest point. The rock mass is comprised of medium strength and
highly discontinuous marble with an estimated GSI value ranging be-
tween 55 and 75 (Smading et al., 2009). Although the field observations
were recorded using the Chinese rock mass classification (TB10003-
2005, 2005), they can readily be converted to GSI (see Table 5). Most
rockbursts were triggered in tunnel stretches with rock mass modulus
Erm from 20 GPa to 55 GPa (He et al., 2012; Liu et al., 2011; Zhang
et al., 2014), corresponding to GSI values in the range of 60 and 75 in
our analysis (see Table 4), in agreement with our expectations.

Representative cases of moderate, intensive, and extremely in-
tensive rockbursts as defined in Table 6 are illustrated in Fig. 21. Ap-
proximately 88% of 300 recorded rockburst events documented in the
course of excavation of Jinping tunnels (Feng et al., 2013) occurred in a
“blocky” rock structure (see Fig. 22) with uniaxial compressive strength
of σc = 100–140 MPa (Liu et al., 2016). Furthermore, only 12% of
rockbursts occurred in “intact/massive” structure and no rockbursts
were recorded in rock mass structures defined as “disintegrated”. These
field evidences are in agreement with our assessment that rock mass
qualities between GSI = 60–75 are most prone to rockburst hazard.

Stress-based criteria have been proposed for rockburst classification
(see Table 7). Although these criteria may be useful in the preliminary
design stage, in practice, applying these criteria to a single rockburst
event might lead to inconsistences in the rockburst classification (Zhao
et al., 2017). Nevertheless, as can be appreciated from inspection of
Table 7, rockburst intensity decreases with increasing ratio between the
uniaxial compressive strength σc and the magnitude of in-situ stress,
which is in general agreement with our model.
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Fig. 20. Effect of rock mass quality as scaled by DDA and GSI on energy
components: (a) kinetic energy time-histories of the block system in af-
fected zone; (b) energy component distribution.

Table 5
Conversion of Chinese rock mass classification (TB10003-2005, 2005) used at Jinping to
GSI.

“GSI” method ≥81 80∼ 61 60 ∼ 41 40 ∼ 21 <21
China rock mass classification

(CRMC)
I II III IV V VI

Table 6
Representative rockbursts documented during excavation of Jinping II hydroelectric station.

Intensity Date Chainage CRMC* Depth (m) Tunnel Reference source

Moderate Jan. 13, 2011 K8 + 810 ∼ 870 II 2490 No.2 headrace tunnel
Moderate Apr. 5, 2011 K6 + 152 ∼ 160 Mainly III; partly II 2000 ∼ 2130 No.3 headrace tunnel Chen et al. (2015)
Moderate Apr. 16, 2011 K5 + 560 ∼ 540 Mainly II; partly III 2000 ∼ 2114 No.4 headrace tunnel Zhang et al. (2012a)
Intensive Aug. 12, 2011 K8 + 827 ∼ 852 Mainly III; partly II 2344 ∼ 2442 No.4 headrace tunnel Chen et al. (2015)
Intensive Nov. 26, 2011 K5 + 750 ∼ 790 Mainly II; partly III 2050 No.3 headrace tunnel
Extremely intensive Apr. 16, 2011 K6 + 025 ∼ 045 Mainly III; partly II 2000 ∼ 2114 No.4 headrace tunnel Chen et al. (2015)

Note: CRMC* is referred to as Chinese rock mass classification (TB10003-2005, 2005).
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Fig. 21. Documented rockbursts during excavation of Jinping II hydroelectric power station: (a) moderate rockburst on January 13, 2011 in No. 2 headrace tunnel; (b) moderate
rockburst on April 5, 2011 in No. 3 headrace tunnel (Chen et al., 2015); (c) moderate rockburst on April 16, 2011 in No. 4 headrace tunnel (Zhang et al., 2012a); (d) intensive rockburst
on August 12, 2011 in No. 4 headrace tunnel (Chen et al., 2015); (e) intensive rockburst on November 26, 2011 in No. 3 headrace tunnel; (f) extremely intensive rockburst on April 16,
2011 in No. 4 headrace tunnel (Chen et al., 2015.
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Fig. 22. Relationships between rockburst events and rock structure based
on field observation during drill and blast excavation at Jinping II hydro-
electric project (modified after Feng et al. (2013)).
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5. Conclusions

• An analytical solution of the local energy density around a circular
tunnel in a linear elastic continuous and homogenous medium is
derived to demonstrate the significance of principal stress ratio and
material parameters on the result.

• We derive the peak acceleration of ejected blocks to explore the
causative mechanism of rockbursts. The magnitude of acceleration
obtained analytically is in agreement with results obtained with the
numerical DDA method, and our results are also consistent with
field measurements reported in the literature.

• We validate our DDA predictions using monitored seismic energy
emissions detected during a typical intensive rock burst episode
recorded while excavating the Jinping II hydroelectric project tun-
nels. Our results compare well with field measurements, suggesting
that DDA can be a reliable tool to predict rockburst hazard under-
ground.

• Based on DDA modeling, we study the relative significance of
Young’s modulus, joint orientation, joint friction, and joint spacing
on the energy components, i.e., the elastic strain energy, the

dissipated energy by shear sliding, and the kinetic energy of the rock
blocks in the affected zone. We find that the kinetic energy of
ejected keyblocks, or rockburst, decreases with increasing Young’s
modulus, joint friction, and average block size.

• By simulating various rock mass qualities corresponding to GSI va-
lues between 55 and 80, we find that rockburst hazard, as scaled by
the kinetic energy of the block system in the affected zone, is most
severe between GSI values of 60–75. This result is supported by
rockburst events documented during excavation of the Jinping II
hydroelectric power station.
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Appendix A. Derivation of Eq. (6)

The rotation matrix from polar to rectangular coordinate systems (Fig. A.1) is (e.g., refer to Sadd (2009)):

= ⎡
⎣⎢

− ⎤
⎦⎥

Q
θ θ
θ θ

cos sin
sin cosij

(A.1)

Employing the second-order matrix transformation of isotropic tensor Qij from polar to rectangular coordinate systems, we obtain:

= × ×∗ ∗σ x y Q σ r θ Q( , ) ( , )ij ij
T

Table 7
Comparison of stress-based criteria of predicting rockburst classification.

Criterion Details of criteria Assumption

Barton et al. (1974) Ratio σc/σ1 > 5 2.5 < σc/σ1 ≤ 5 σc/σ1 ≤ 2.5 λ = 0.5 ∼ 1
Intensity No Light rockburst Heavy rockburst

Russenes (1974) Ratio σ?? σc < 0.2 0.2 ≤ σ??/σc < 0.3 0.3 ≤ σ??/σc < 0.55 σ??/σc≥0.55 σc/Is* = 20
Intensity No Light rockburst Moderate rockburst Strong rockburst

Hoek and Brown (1980) Ratio σc/σv > 7 σc/σv = 3.5 σc/σv = 2 σc/σv = 1.7 σc/σv = 0.5 λ = 0.5
Intensity Stable Minor sidewall spalling Severe spalling Heavy support

required
Severe rockburst

Turchaninov et al. (1972) Ratio (σ?? + σL)/
σc ≤ 0.3

0.3 < (σ?? + σL)/σc ≤ 0.5 0.5 < (σ?? + σL)/σc ≤ 0.8 (σ?? + σL)/σc > 0.8 N/A

Intensity No rockburst Possible rockburst Certainly rockburst Serious rockburst

Note: Is* refers to rock point load; λ is initial field stress ratio, and other notations are the same as in Section 1.

Fig. A.1. Transformation from polar to rectangular coordinates.
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Using Eq. (A.2), the stress components ∗ ∗ ∗σ σ τ( , , )x y xy in rectangular coordinate system can be expressed as follows:
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Substituting Kirsch solution of Eq. (2) into Eq. (A.3) yields:

⎧

⎨

⎪
⎪

⎩

⎪
⎪

= − + − +

= + − + +

= × + − +

∗ + −

∗ + −

∗ + −

( ) ( )
( ) ( )

( )

σ θ θ θ θ

σ θ θ θ θ

τ θ θ

1 cos2 1 cos3 cos cos4

1 cos2 1 sin3 sin cos4

sin2 sin4

x
σ σ a

r
σ σ a

r
a
r

y
σ σ a

r
σ σ a

r
a
r

xy
σ σ a

r
σ σ a

r
a
r

2 2
4 3

2 2
4 3

2 2
2 3

o o o o

o o o o

o o o o

1 2 2
2

1 2 2
2

4
4

1 2 2
2

1 2 2
2

4
4

1 2 2
2

1 2 2
2

4
4

(A.4)

Inspection of Eq. (A.4) reveals that the stresses after excavation are function of both position (r, θ) and initial principal stresses (σ1
o and σ2

o).
Substituting Eq. (A.4) into Eq. (5) and then setting three angles for the horizontal, spandrel, and vertical paths (θ= 0, π/4, and π/2), we can now
obtain the energy density at various positions along these radial directions:
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Appendix B. Derivation of Eq. (8)

For the case of initial hydrostatic stress p considered here, the stress components ∗σr ,
∗σθ ,

∗τrθ are given by (Kirsch, 1898):
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(B.1)

Considering the tunnel coordinate system (Fig. 4b) and orthogonal joints, the angle α between the x axis and the radius vector rmay be expressed as:
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The radial stress after the opening is made ∗σr acting on trace lPD and the tangential stress after the excavation is made ∗σθ acting on trace lOP vary at
every point P near the opening, and since we are assuming initial hydrostatic stress p, the shear stress ∗τrθ must equal to zero, as evident from Eq.
(B.1). To find the horizontal force component Frh acting on inclined joint segment lAB due to radial stress ∗σr , we consider the angles between ∗σr and
horizontal trace lPG (α) and between lPD and joint segment lAB (45o−α), and integrate the horizontal differential =F F αd ( d cos )rh r shown in Fig. 4c, over
the length of joint segment lAB:

∫ ∫ ∫
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= − ×
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σ α l α
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2
2 AB

AB PD PD

AB

(B.3)

The linear segment lAB can be expressed as y= f (x), where f (x) has a continuous derivative ′f x( ) in the x-y coordinate system. The length of lAB is
therefore (Anton et al., 2012)
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The distance between point P and the tunnel center O is r = +x y2 2 as indicated in Fig. 4b. To find the horizontal force component acting on the
analyzed keyblock due to stresses acting on block boundary lAB in an initially hydrostatic stress field of magnitude p we substitute into Eq. (B.3) ∗σr
from Eq. (B.1), cos α and sin α from Eq. (B.2), and the length of lAB from Eq. (B.4):
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For the example shown in Fig. 4b, the coordinates of points A and B are A (−3.9950, 0.2004), B (−4.1953, 0), the tunnel radius a is 4 m, and let us
assume an initial hydrostatic stress of = = =σ σ p 30MPa1

o
2
o . In this tunnel coordinate system line lAB can be expressed as: = +y x 4.1953. Sub-

stituting these parameters into Eq. (B.5) we get the magnitude of the horizontal force component acting on the analyzed keyblock due to radial stress
∗σr acting on boundary lAB:

∫= ⎡
⎣

− ⎤
⎦

×

=

+ ×
−

− −
+ + + +

F dx

N

1 1 m

1417419( )

x
x x x xrh

(30 30) 10
2 3.9950

4.1953 4.1953
( 4.1953)

16
( 4.1953)

6
2 2 2 2

(B.6)

Likewise, the horizontal force component Fθh acting on line lAB from tangential stress ∗σθ can be calculated by integrating the infinitesimal force Fd θh
over the block boundary lAB (Fig. 4c):
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The two horizontal force components Frh and Fθh contribute to horizontal force Fh acting on inclined keyblock boundary lAB. Clearly due to symmetry,
the horizontal force components acting on keyblock boundaries lAB and lBC must be equal. The vertical force resultants from stresses acting on lAB and
lBC are counteracted and do not contribute to the horizontal force acting on the keyblock. The analysis presented here clearly shows that the
horizontal resultant force acting on the keyblock = +F F F( )θhh rh depends on joint orientation (α), initial stress (p), opening radius (a), and keyblock
size as scaled by joint spacing along with tunnel diameter.

As discussed qualitatively above, once the tunnel rock is removed the block will open from the boundary joints and will fly at a horizontal
trajectory into the tunnel space. Once the keyblock is detached from the rockmass the forces acting on the block will diminish and consequently the
block acceleration will drop to zero. The velocity of the block, however, will remain constant as long as it flies in the space of the tunnel (recall that
gravity is ignored). With the horizontal force resultant determined analytically (Eqs. (B.6) and (B.7)) we can now find the peak acceleration of the
keyblock at the instance it begins to move:
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(B.8)

where the area of the keyblock (Fig. 4b) is 0.038 m2.
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