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a b s t r a c t

We improve the original numerical manifold method (NMM) capability to correctly model the stability of
underground openings embedded in discontinuous rock masses under high in situ stress conditions by
implementing an algorithm which models the excavation sequence during NMM simulations, starting
with a domain with no opening at all and progressively adding openings according to the planned
construction phases. The significance of this improvement is demonstrated using the case of Zedekiah
cave underneath the old city of Jerusalem, excavated 2000 years ago at a shallow depth in a highly
discontinuous rock mass and still stands unsupported. The results clearly show that modeling under-
ground openings in discontinuous rocks without consideration of the excavation sequence is overly
conservative. We proceed with developing a new procedure to impose high initial stresses in NMM for
accurate deformation modeling of deep underground excavations, and verify our suggested approach
using the analytical Kirsch solution. Finally, we apply our enhanced NMM code to the Jinping hydro-
electric project tunnels in Sichuan Province, China. Using very accurate sliding micrometer data obtained
during the excavation of a research tunnel within the Jinping tunnel complex we constrain the in situ
stress field at depth by inversion of the measured displacement data using the modified NMM code. The
results provide a quantitative assessment of the in situ stress field in Jinping tunnels at a depth of 2525 m
below ground surface, where the execution of in situ stress measurements by conventional procedures
proves an extremely challenging task.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we present several important enhancements to
the numerical manifold method (NMM) originally proposed by Shi
[1], and apply those enhancement to perform stress inversion
based on accurate sliding micrometer data obtained in situ at the
2525 m deep Jinping tunnels located in Sichuan province, China.

The NMM inherits the strengths of the numerical, discrete
element, discontinuous deformation analysis (DDA) method pro-
posed earlier by Shi [2] for block kinematics analysis, and retains
its excellent contact detection algorithm, its unique open-close
iteration procedure that guarantees that at the end of every time
step there is no tension and no penetration between discrete
blocks, and its fully dynamic formulation. Both DDA and NMM can
therefore deal with the mechanical response of a block system
under general loading and moving boundary conditions when

body movement and large deformation occur simultaneously. But
in addition, the NMM incorporates a mathematical cover over the
DDA block system thus enabling accurate calculation of stress and
strain distributions within block elements as well as everywhere
else in the analysis domain. Therefore, when the displacement of
the blocky rock mass is of concern, DDA can be used safely and can
be trusted to provide accurate results, both for static and dynamic
cases, as has been shown in multitude validation and verification
studies [3] and can be effectively applied for underground engi-
neering [4–8]. However, when accurate stress or strain distribu-
tion in a discontinuous domain is sought the NMM will provide
much more accurate results, particularly when the blocks are large
with respect to the modeled domain dimensions, due to DDA’s
simply deformable blocks assumption. The NMM can be viewed,
therefore, as a natural bridge between the continuum and discrete
representations, by combining the DDA and FEM methods in a
united form [9]. The essentials of the numerical manifold methods
are discussed by many authors [10–14] and will not be repeated
here, for brevity.

Previous NMM research has mainly focused on theoretical
implementations and improvements of the NMM rather than
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application to real case studies. The main developments of the
NMM can be categorized into three groups: (1) improvement of
the approximation accuracy [10,11]; (2) extension of the NMM for
crack propagation problems [14–16]; and (3) development of 3D
NMM [12,13,17]. An important limitation of the original NMM
code when applied to underground mining is that in the original
program developed by Shi [1], and also in the original DDA code
[2], the excavation is open from the beginning of the simulation—
before the stresses have reached their ultimate value everywhere
in the modeled domain. It has been shown [18] that the number of
time steps it takes for the stresses to attain their theoretical value
everywhere in the modeled domain increases with the increasing
number of blocks in the mesh. In reality, however, when tunnels
are excavated, initial compressive stresses have already developed
to their full extent in the rock mass, and the rock column has
already experienced elastic deformation over geologic times under
the overburden and tectonic stresses. Realizing this is important
when analyzing the stability of underground openings in discon-
tinuous rock masses using DDA or NMM as ignoring this numerical
artifact may lead to overly conservative design. We demonstrate
the significance of modeling sequential excavation using a real
case study of a historic 40 m span cavern which was excavated
more than 2000 years ago underneath the old city of Jerusalem
and still stands unsupported.

Another important issue which is addressed in this paper is
how to correctly impose the initial in situ stresses with NMM
when analyzing deep tunnels. We discovered that with the avai-
lable “initial stresses” option in the original NMM code the speci-
fied initial stresses are dissipated in the course of the simulation
and are not maintained at their original value before the excava-
tion material has been removed by means of the new sequential
excavation algorithm. This could be the result of a numerical
artifact possibly associated with the contact algorithm in the
original NMM code which may be improved in the future as the
method matures. At present we overcome this problem by apply-
ing tractions on the boundaries of the modeled domain in addition
to the existing “initial stress” option thus imposing the desired
initial stresses on the modeled domain. The detailed procedure for
imposing initial stresses in NMM using tractions on the bound-
aries is described and verified in this paper.

Finally, our enhanced NMM code, with imposed initial stresses
and sequential excavation algorithm, is applied to the case of the
Jinping hydroelectric project in China in order to find the best fit
in situ stresses at the site by inversion of accurate sliding micro-
meter data obtained at the site during tunnel excavation.

2. Simulating the excavation sequence with NMM

In the original NMM underground openings are modeled as an
existing cavity in the mesh from the first time step and throughout
the simulation. It has been observed by many researchers however
[e.g. [19]] that gravity is not immediately “turned on”, both in DDA
and in NMM, and so the numerical values of the stresses at a given
depth in the mesh approach the theoretical value only after a
significant number of time steps has elapsed, the number of which
has been shown to increase with the increasing number of blocks
in the mesh [18]. Naturally, the theoretically available frictional
resistance across the discontinuities, defined by the assigned
friction angle and the level of normal stress acting on the joints,
is not fully mobilized until gravity is completely turned on and the
stresses acting on the joints attain their ultimate magnitude.
Consequently, blocks that are free to move from the rock mass
into the excavation space from a kinematical stand point will tend
to do so from the first time step of the simulation, when the
frictional resistance is much lower than the theoretical level. This
will obviously lead to exaggerated block displacements and as a
result to overly conservative design.

The original NMM code is modified here to enable modeling
tunnel excavation during the NMM simulation after the initial
stresses are fully developed and the corresponding elastic deforma-
tion has already taken place. The modified NMM code contains two
stages: (1) at the beginning of the simulation a single or few blocks
replace the tunnel and “static” simulation (in a “static” simulation
the initial velocity at the beginning of every time step is set to zero
everywhere in the domain) is executed until equilibrium is attained.
Then, (2) the tunnel blocks are removed so as to simulate tunnel
excavation, and a “dynamic” or “static” computation is executed (in
a “dynamic” simulation the terminal velocity in the previous time
step is inherited in the new time step everywhere in the domain).
Here the excavation sequence is not modeled by reducing the
elastic constants (e.g. Young's modulus, Poisson's ratio) or by
assigning zero stress in all elements inside the tunnel, because
blocks that are free from a kinematical stand point to fall into the
tunnel space may cause numerical instabilities when in contact
with tunnel elements having zero or very small stiffness. A
procedure to overcome this difficulty by introducing a softening
block approach has been suggested recently [20].

The block removal process requires careful preprocessing at
every excavation sequence which includes the removal of manifold
elements inside every block that is to be removed and their
corresponding star nodes, as well as the detachment of contacts
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Fig. 1. NMM model for testing the significance of the proposed sequential excavation algorithm: modified (left) and original (right) NMM model at the beginning of the
simulation.
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with neighboring blocks while keeping the contacts between
the remaining blocks. Because manifold elements are the inter-
section between the physical domain and the mathematical cover,
the removal of an existing block enables realistic modeling of
the excavation sequence without splitting existing manifold
elements.

In order to compare the evolution of deformation with the
modified NMM where the underground opening is excavated
during the simulation, and the original NMM where the opening
exists from the beginning of the simulation, seven simulations
with discontinuity friction angle of 101, 151, 201, 251, 301, 351 and

401 are performed for a theoretical opening shown in Fig. 1 with
each method, and snapshots of the obtained deformation patterns
for friction angles 10º, 151, and 30º are shown in Fig. 2. Inspection
of Fig. 2 reveals that with discontinuity friction angle of ϕ¼101 the
opening is not stable when analyzed with both approaches. With
discontinuity friction angle of ϕ¼151 the opening is not stable
with the original NMM but is stable with the modified NMM. With
friction angles ϕ¼301 and above the opening is stable when
analyzed with both approaches. Clearly, therefore, performing
the simulation with the original NMM code would lead to
a significant underestimation of the required discontinuity friction

φ = 10°

φ = 15° φ = 15°

φ = 30° φ = 30°

M-NMM O-NMM

UNSTABLE UNSTABLE4 m 4 m

STABLE UNSTABLE4 m 4 m

STABLE STABLE4 m 4 m

Fig. 2. Graphic output of forward modeling with modified (left panels) and original (right panels) NMM for the model shown in Fig. 1 with discontinuity friction angle of 10º,
15o, and 30º.
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angle for stability. Performing the analysis with the modified NMM
indicates that the required discontinuity friction angle for stability
for the model geometry in Fig. 1 is ϕ¼151 whereas with the

original NMM the required discontinuity friction angle for stability
would be ϕ¼301.

To demonstrate the power of NMM to perform stress distribu-
tion analysis within a single block in a jointed domain consider
Fig. 3 where the final stress configuration obtained with modified
NMM is shown for a discontinuity friction angle of ϕ¼301. The
evolution of the horizontal stresses at the bottom and at the top of
the key block at the center of the immediate roof is plotted in
Fig. 4A. While the horizontal stresses are slightly compressive
before the tunnel block is removed, immediately after the removal
of the tunnel at t¼5 s the measurement point at the top of the
block indicates high compression whereas the measurement point
at the bottom of the block indicates tension, as would be expected
from a block undergoing internal bending deformation under
gravity. Moreover, careful analysis of NMM results can be used to
trace the geometry of the compressive arch in the bending block
and in the immediate roof (Fig. 4B), an issue that has been under
considerable debate in the rock mechanics literature [21–23]. The
vertical stress and vertical displacement evolution in the analyzed
key block as obtained with the modified NMM are shown in Fig. 4
(C and D), respectively.

In order to demonstrate the applicability of the proposed
excavation sequence modeling capability to field scale problems
let us consider the case of the Zedekiah cave, a 40 m span and
25 m deep underground quarry excavated underneath the old city
of Jerusalem more than 2000 years ago and still stands today
unsupported. The specifics of this case study have been reported in
detail elsewhere [24] and will not be repeated here, for brevity.
The physical, mechanical, and numerical input parameters for
NMM simulations are listed in Table 1. In Fig. 5 the deformation

measurement points
analyzed block

4 m

Fig. 3. Result of modified NMM at the end of the simulation with the location of the
analyzed block and two measurement points. Principal stress trajectories delineated
in red. ϕ¼30º at all discontinuities. (For interpretation of the references to color in
this figure caption, the reader is referred to the web version of this paper.)
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Fig. 4. Detailed analysis of single block deformation with modified NMM (for location see Fig. 3). (A) Horizontal stress evolution at the upper (red) and lower (blue)
measurement points; (B) compressive arch thickness; vertical stress (C) and vertical displacement (D) evolution in analyzed block. (For interpretation of the references to
color in this figure caption, the reader is referred to the web version of this paper.)
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of the main hall in the cave is shown as obtained with the original
(right panel) and modified (left panel) NMM. With the modified
NMM the underground system attains stability with an available
discontinuity friction angle of 151, whereas with the original NMM
a discontinuity friction angle of 251 is required, as can be inferred
from the vertical displacement evolution of the immediate roof
(Fig. 6). The result obtained with the modified NMM is supported
by the fact that the main chamber of Zedekiah cave still stands
unsupported today.

3. Imposing initial in situ stresses in NMM

When modeling deep underground excavations it is necessary
to limit the modeled domain boundaries to the vicinity of the
analyzed opening for better accuracy and computational effi-
ciency. So that instead of letting the stresses evolve due to gravity
from the ground level to the depth of interest, which could be
several thousands of meters deep and therefore consume much
needed CPU time in the process, the actual in situ stress field at the
depth of interest can be imposed directly on the modeled domain.
In the original NMM code developed by Shi [1] there is an option

to specify the level of initial stresses (sxx,o, syy,o, τxy,o) which are
applied everywhere in the modeled domain from the start of the
analysis. When using this option we have found, however, that the
user specified initial stresses in the original NMM code are not
maintained at their original level throughout the analysis. Rather,
they dissipate quite rapidly at the beginning of the simulation, for
reasons not entirely clear to us. It is necessary to point out that we
did not find the same problem in DDA. To overcome this problem
we propose here an alternative method to impose initial in situ
stresses in NMM.

The approach is aimed for deep underground excavations
where the change in stresses due to gravity from top to bottom
of the modeled domain may be assumed to be negligible with
respect to the magnitude of the initial, far field stresses. Therefore,
a homogenous stress distribution is assumed along the bound-
aries. To avoid rotations due to un-balanced moments the bound-
aries of the modeled domain are square. On each boundary,
normal and tangential tractions are applied (Fig. 7).

Before we discuss our proposed boundary traction load algo-
rithm for NMM we provide a brief summary of those NMM
concepts and equations which are necessary for following our
approach. A complete and detailed discussion of NMM theory is

Table 1
Input parameters for Zedekiah cave validation and Kirsch verification: K01 is the dynamic control parameter, g2 is assumed to be the maximum displacement ratio, g1 is the
time step size, g0 is the stiffness of contact springs, E is Young's modulus, ν is Poisson's ratio and γ is the unit weight. The mesh density is defined as the higher number
between the following two options: (1) the number of triangular element layers in half domain height or (2) the number of triangular elements in half domain width.

Case K01 g2 g1 (s) g0 (kN/m) Mesh density E (GPa) ν γ(kN/m3)

Zedekiah cave 1 0.0001 0.00025 50�106 20 10 0.184 24.5
Kirsch 0 0.0005 0.001 100�106 52 25.3 0.22 0
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Fig. 5. Simulation of the case of Zedekiah cave [24] with the original (right) and modified (left) NMM for discontinuity friction angle of 10 and 151.
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provide by Shi [1]. Readers familiar with NMM theory can proceed
directly to Section 3.2 without loss of continuity.

3.1. Brief review of cover, weighting, and displacement functions
in NMM

The NMM finite cover system is based on three basic concepts:
the mathematical cover, the physical cover, and the manifold
element. The construction of mathematical covers, physical covers,

manifold elements, and their associated functions are briefly
reviewed below.

3.1.1. Mathematical cover and weighting functions
Theoretically any shape of cover can be used in NMM. However,

integration of manifold elements is related to the cover shape, and
a reasonable choice of cover shape is very important [10]. A
triangular finite element mesh is usually adopted to define the
mathematical cover for manifold method. Therefore, mathematical
cover that is based on triangular elements is discussed here.

A mathematical cover is a hexagonal composed of six triangular
elements. The common node of the six triangular elements is
regarded as a star. On each mathematical cover, a weight function
w is defined. The weight function is equal to 1 in the center and
declines linearly to zero at the sides of the mathematical cover,
and has to satisfy

wiðx; yÞZ0; ðx; yÞACi

wiðx; yÞ ¼ 0; ðx; yÞ=2Ci ð1Þ

∑
3

i ¼ 1
wiðx; yÞ ¼ 1; ðx; yÞAME ð2Þ

where Ci is the mathematical cover and ME is a triangular element.
Each triangular element (ME) is the common region of three
mathematical covers (M(i), i¼1,2,3) which are located in the
triangular vertices. On each triangular element, the three weight
functions of the mathematical covers are

weðiÞðx; yÞ ¼
weð1Þðx; yÞ
weð2Þðx; yÞ
weð3Þðx; yÞ

¼ 1
Δ

xð2Þyð3Þ �xð3Þyð2Þ yð2Þ �yð3Þ xð3Þ �xð2Þ
xð3Þyð1Þ �xð1Þyð3Þ yð3Þ �yð1Þ xð1Þ �xð3Þ
xð1Þyð2Þ �xð2Þyð1Þ yð1Þ �yð2Þ xð2Þ �xð1Þ

0
B@

1
CA

1
x

y

0
B@

1
CA

ð3Þ

where

Δ¼
1 xð1Þ yð1Þ
1 xð2Þ yð2Þ
1 xð3Þ yð3Þ

�������
������� ð4Þ

is twice the area S of the element. Denote
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then
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weð1Þðx; yÞ
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Fig. 6. The vertical displacement evolution of the immediate roof after the
excavation showing that only when the available friction angle is 251 the cavern
stabilizes with the original NMM.
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3.1.2. Physical cover and weighting functions
The physical cover is the intersection of the mathematical cover

and the material volume, and it inherits the weight function from
its associate mathematical cover. In addition, on each physical
cover, a local cover function is defined. The cover function can be
constant, linear, high-order polynomial, or a local series. In the
original NMM, however, a constant cover function is defined as

u¼ ui

v¼ vi
ð7Þ

If a mathematical cover is partially out of the physical cover, the
weight function should be effective only in the region of the
physical cover, and thus, a modifier, δ, is acting on the weight
function

wiðx; yÞ ¼ δi Uwiðx; yÞ ð8Þ
where δi ¼ 1, within the problem domain, and δi ¼ 0 elsewhere.

3.1.3. Manifold elements and global displacement function
The elements of the manifold are the common regions of the

physical covers, and thus, are also the common region of three
stars. The linear weight function given in Eq. (3) and the constant
local function given in Eq. (7) for each physical component in the
manifold element are connected together to form a global linear
displacement function for each manifold element which is given
by the following equation:

where e(1), e(2), and e(3) are the three star nodes of the manifold
element.

Denote

½TeðiÞðx; yÞ� ¼
weðiÞðx; yÞ 0

0 weðiÞðx; yÞ

 !

fDeðiÞg ¼
ueðiÞ
veðiÞ

 !
; i¼ 1;2;3 ð10Þ

then the displacement becomes

uðx; yÞ
vðx; yÞ

( )
¼ ½Te�fDeg ð11Þ

3.1.4. Global equations of equilibrium
The global equations of equilibrium are derived using a FEM

style potential energy minimization. The total potential energy Π
is the summation of all the potential energy sources: (1) strain
energy, (2) initial stresses, (3) point load, (4) body load, (5) inertia
force, (6) fixed points for the continuous material, (7) contact
springs, and (8) friction forces for the discontinuities. The total
potential energy for a problem with n star nodes can be expresses
as follow:

Π ¼ 1
2

DT
1 DT

2 … DT
n

n o K11 K12 … K1n

K21 K22 … K2n

⋮ ⋮ ⋱ ⋮
Kn1 Kn2 … Knn

0
BBB@

1
CCCA

D1

D2

⋮
Dn

8>>><
>>>:

9>>>=
>>>;

þ DT
1 DT

2 … DT
n

n o F1
F2
⋮
Fn

8>>><
>>>:

9>>>=
>>>;
þC ð12Þ

where Dif g is a 2�1 sub-vector of the displacements ðui viÞ of a
star node, ½Kij� is the coefficient 2�2 sub-matrix, and fFig is 2�1
loading sub-vector. Minimizing the total potential energy Π, the
global equations of equilibrium are the following:

K11 K12 ⋯ K1n

K21 K22 ⋯ K2n

⋮ ⋮ ⋱ ⋮
Kn1 Kn2 ⋯ Knn

0
BBB@

1
CCCA
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⋮
Dn

8>>><
>>>:

9>>>=
>>>;

¼

F1
F2
⋮
Fn

8>>><
>>>:

9>>>=
>>>;

ð13Þ

3.2. Inserting tractions to NMM

From Cauchy's stress theorem, the traction on each boundary
plane is

ti ¼ sijnj ð14Þ
where sij is the stress tensor and nj is the normal to the plane. In
addition to the tractions on the boundaries, the existing “initial
stress” option in NMM is also applied in each element in the
modeled domain, with the same values as the in situ stresses that
are applied on the boundaries using the new “traction load” option.

With this procedure there should not be any displacement or
rotations before the excavation as the initial medium stresses are
identical to the tractions on the boundaries so that the system is at
equilibrium. Because in a numerical method small displacements
and rotation may still occur, the plate is also constrained by fixed
boundaries around it utilizing the existing “fixed point” option in
the original NMM code.

At the element scale (Fig. 8), horizontal (A) and vertical
(B) tractions can act on an element edge which is also a physical
boundary. The potential energy due to constant tractions on the
element boundary is the following:

ΠT ¼ �
Z
t
ðuðx:yÞ vðx:yÞÞ

Tx

Ty

( )
dt ¼ �fDegT

Z
t
½Teðx; yÞ�dt

� � Tx

Ty

( )

ð15Þ

where f Tx Ty gT is a constant traction acting on the boundary of
element ME, and t is the coordinate along the edge starting from
vertex (x1,y1) (see Fig. 8c). Substituting Eqs. (6) and (10), the
potential energy becomes

ΠT ¼ � Def gT
Z
t

weðiÞðx; yÞ 0
0 weðiÞðx; yÞ

" #
dt

" #
Tx

Ty

( )

¼ � Def gT
Z
t

f r1þ f r2xþ f r3y 0
0 f r1þ f r2xþ f r3y

" #
dt

" #
Tx

Ty

( )
;

r¼ 1;2;3 ð16Þ

uðx; yÞ
vðx; yÞ

( )
¼

weð1Þðx; yÞ 0 weð2Þðx; yÞ 0 weð3Þðx; yÞ 0
0 weð1Þðx; yÞ 0 weð2Þðx; yÞ 0 weð3Þðx; yÞ

 !
ueð1Þ
veð1Þ
ueð2Þ
veð2Þ
ueð3Þ
veð3Þ

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

ð9Þ

Y. Tal et al. / International Journal of Rock Mechanics & Mining Sciences 65 (2014) 116–128122



The relation between the coordinate of an element edges (x1,y1)
and the global coordinate system (x,y) is as follows:

x¼ x1þt cos θ

y¼ y1þt sin θ ð17Þ

and therefore

where the length of the edge (l), cos θ and sin θ can be expressed
as follows:

l¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy2�y1Þ2þðx2�x1Þ2

q
cos θ¼ x2�x1

l

sin θ¼ y2�y1
l

ð19Þ

Therefore,

is the element (6�1) traction loading vector composed of 3 (2�1)
vectors which are assembled into the global loading vector Fef g
according to the element's nodes.

3.3. Verifications using Kirsch solution

Kirsch solution [25] assumes continuous, homogeneous, linear
elastic medium and is typically used in deep tunneling applica-
tions where the change of the vertical stress with depth due to
gravity is negligible relatively to the in situ stress level. Therefore,

we use Kirsch solution to verify both the sequential excavation and
the imposed traction algorithms using the model geometry shown
in Fig. 9.

The mechanical parameters of the medium and the numerical
parameters in the simulation are presented in Table 1. The
radius of the hole (a) is 4 m. The in situ stresses (sxx¼�5 MPa,
syy¼�10 MPa, and τxy¼1 MPa) are imposed on the plate as
initial stresses at the beginning of the simulation, and addi-
tionally, tractions are acting on the boundaries during the entire

simulation. Fig. 10 shows the horizontal, vertical and shear stresses
at the last time step before the excavations. In all cases, the
stresses in the modeled domain fit very well to the desired in situ
stresses.

The comparisons between analytically derived and numerically
obtained stresses once the excavation is performed are shown in
Fig. 11 as a function of distance from the center of the cavity. Note
that the measurement points are not located at the direction of the
principle stresses (θ¼�10.91) and that the analytical solutions for
the stresses and displacements are calculated accordingly. The
agreement between the analytical and numerical solutions is
determined by the numerical relative error, which is defined in

ΠT ¼ � Def gT
Z
t

f r1þ f r2ðx1þt cos θÞþ f r3ðy1þt sin θÞ 0
0 f r1þ f r2ðx1þt cos θÞþ f r3ðy1þt sin θÞ

" #
dt

" #
Tx

Ty

( )

¼ � Def gT
f r1tþ f r2 x1þ t

2 cos θ
� �

tþ f r3 y1þ t
2 sin θ

� �
t 0

0 f r1tþ f r2 x1þ t
2 cos θ

� �
tþ f r3 y1þ t

2 sin θ
� �

t

" #l
0

Tx

Ty

( )

¼ � Def gT
f r1lþ f r2 x1þ l

2 cos θ
� �

lþ f r3 y1þ l
2 sin θ

� �
l 0

0 f r1lþ f r2 x1þ l
2 cos θ

� �
lþ f r3 y1þ l

2 sin θ
� �

l

" #
Tx

Ty

( )
ð18Þ
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2 cos θ
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2 sin θ

� �
0
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Fig. 9. NMM model of a continuous elastic plate with a circular hole in its center
(red circle) before the excavation. The measurement points are drawn in white. (For
interpretation of the references to color in this figure caption, the reader is referred
to the web version of this paper.)
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Fig. 10. The horizontal, vertical and shear stresses at the last time step before the
excavations as a function of the horizontal distance from center of the hole (see
Fig. 9).
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a conventional manner as

EN ¼ d�dN
d

����
����U100 ð21Þ

where d and dN are analytical and numerical solutions, respectively.
A good agreement is obtained between the numerical and

analytical results. The relative errors for the horizontal stress
declines with increasing distance from the center of the hole:
from 93% at the nearest point (1.01 radii) where the stress is very
small and therefore the relative error is high, to 6.7% at the second
point (1.3 radii), to 0.6% at all points beyond two radii from the
center of the hole. Similarly, the relative error for the vertical
stress declines with increasing distance from the center of the
hole: from 9% to 1.5% at all points which are located more than two
radii from the center of the hole. Comparison between analytically
derived and numerically obtained horizontal displacement (U) is
also shown in Fig. 11. A good agreement is obtained, but because
the horizontal displacement decreases significantly with increas-
ing distance from the center of the hole to very small values in the
order of 0.01 mm, the relative errors increase (as per Eq. 14 where
a small d increases EN) from 6% at the nearest point to 10–20%
between 1.3 radii and 2.2 radii, to 20–200% above 2.5 radii.

We may safely conclude therefore that the two enhancements
performed by us to NMM work well, and we can proceed with
application to a real case study.

4. Stress inversion in Jinping tunnels using in situ
displacement measurements and modified NMM

4.1. In situ displacement monitoring at Jinping

To demonstrate the applicability of the NMM modifications
presented here we use the modified NMM code to resolve the
in situ stress field at the deep tunnels of Jinping hydroelectric
project located in Sichuan province, China, using sliding micro-
meter data obtained in an exploratory borehole by Li et al. [26],
during ongoing excavation and consequent strain relaxation of the
rock mass at the side wall of a newly created research tunnel.

The Jinping 4800 MW hydro-electrical project involves the
construction of four headrace tunnels under a maximum over-
burden of up to 2525 m. The question of the exact magnitude of
the principal stresses at the tunnels’ depth has been an issue of
considerable debate (e.g. [27–30]), particularly since in situ testing
did not provide conclusive and consistent results. A prediction of
the macro-distribution of in situ stress axes along the headrace
tunnels of the Jinping II Hydropower Station has been suggested
by Zhang et al. [31] and is shown in Fig. 12. Here we attempt to
resolve the magnitude of the three stress components (sxx, szz, τxz)
in a two-dimensional cross section normal to the tunnel axis at the

Relevant tunnel section for this study

Fig. 12. Prediction of the macro-distribution of in situ stress along the headrace tunnels of the Jinping II Hydropower Station (modified after Zhang et al. [31]). Relevant
tunnel section to the stress inversion analysis performed here is shaded.

M
2-SM

01

M2-SM01: Sliding micrometer borehole

Fig. 13. Layout of in situ monitoring campaign performed by Li et al. [26] in Jinping
test tunnels F and B. Sliding micrometer data were obtained in borehole labeled
M2-SM01 (modified after Li et al. [26]).
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Fig. 11. Comparison between NMM and Kirsch solution: vertical (syy) and hor-
izontal (sxx) stresses and horizontal displacements (U) as a function of the
horizontal distance from the center of the hole normalized by the hole's radius.
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deepest segments of the headrace tunnels. In our coordinate
system, the x-axis is horizontal and normal to the tunnel axis,
and the z-axis is vertical.

Li et al. [26] performed high precision displacement monitoring
in situ using the sliding micrometer technique [32]. From an
existing auxiliary tunnel (tunnel A in Fig. 13) they drilled a
23.7 m long, 110 mm diameter, exploratory borehole at an inclina-
tion of –21 (borehole M2-SM01 in Fig. 13) into the expected
trajectory of a test tunnel labeled F in Fig. 13. Twenty-two

measurement points were positioned inside the borehole at 1 m
intervals and the annular space between the tubes and borehole
wall was grouted. To avoid interferences due to construction
related activities in auxiliary tunnel A, the reference point in the
borehole was selected at a distance of 4 m from the free face of
tunnel A. Therefore, 17 measurement points could be used for
inversion; a typical output of the sliding micrometer displacement
data obtained by [26] for the monitored period of November 30,
2009 to January 10, 2011 is shown in Fig. 14. The high precision
sliding micrometer data [32] obtained by Li et al. [26] provide
the response of the rock mass to the excavation of test tunnel F
(Fig. 13) and are used here, therefore, to perform the stress
inversion.

4.2. Stress inversion for Jinping tunnels using sliding
micrometer data

In order to find the in situ stress at the site by inversion, the
excavation sequence of auxiliary tunnel A and test tunnel F (see
Fig. 14) is first modeled with the modified NMM code. The
displacements of 17 measurement points along a trace line parallel
to borehole M2-SM01 obtained by NMM simulations for a range
of far field, initial, in situ stress values (sxx, szx, τxz) are compared
with the equivalent sliding micrometer displacement data mea-
sured in the field in borehole M2-SM01, in order to achieve
the best fit between the numerical and measured displacements.
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Fig. 14. Typical output of the sliding micrometer data obtained in borehole M2-
SM01 during excavation of test tunnel F (modified after Li et al. [26]).
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Fig. 15. Four stages of excavation sequence modeling with NMM in the Jinping project. Measurement point locations are shown in upper left panel.
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The magnitude of the vertical stress is considered a known
quantity as it is assumed to be generated by overburden stress
only; we therefore assume a value of szz¼�66.5 MPa in our
simulations, following Li et al. [26] (here compression is negative).
Similarly, the values of Young's modulus (E¼25.3 GPa) and Pois-
son's ratio (ν¼0.22) are taken from Li et al. [26] and are kept
constant through all simulations. We vary the unknown horizontal
stress component (sxx) between �10 and �70 MPa and the
unknown shear stress component (τxz) between �10 and 10 MPa
between the NMM simulations. Hence, 651 NMM simulations with
different combinations of sxx and τxz are performed automatically
by a self-developed C program.

All simulations are performed under plane strain boundary
condition and include four stages (Fig. 15): in stage 1 both tunnels
are closed, in situ stresses are acting on the boundaries, and initial
stresses exist everywhere in the domain. Then, after the stresses
are stable and the domain is organized with small initial displace-
ments, auxiliary tunnel A is removed at stage 2. At stages 3 and
4 the top heading and bench of tunnel F are removed, respectively.
Seventeen measurement points are located in the NMM model
(see Fig. 15) to measure the displacements during the simulation.
The location of the measurement points in the model is exactly
identical to their locations in borehole M2-SM01 in the field. Since
borehole M2-SM01 was drilled after auxiliary tunnel A was
excavated, only the displacements during stages 3 and 4 in the
simulation are compared with the measured displacements in the
field (shown in Fig. 14).

In order compare displacement in 17 measurement points
taking into consideration the effect of all of them simultaneously,
the root mean square (dRMS) of the displacements in each simula-
tion is calculated. The dRMS gives the same weight for each
measurement point since it does not include relative values, and
is defined as

dRMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd1�dN1Þ2þðd2�dN2Þ2þ⋯þðdn�dNnÞ2

n

s
ð22Þ

where di and dNi are measured and numerical solutions of the ith
measurement point, respectively, and n is the amount of measure-
ment points.

Fig. 16 shows the dRMS of the displacements as a function of the
horizontal and shear stress components within the varied range of
values. Inspection of the results reveals that the dRMS is very

sensitive to the value of the horizontal stress with a distinct
minimum (dRMS o 0.5 mm) at values between �30 and �36 MPa,
while the sensitivity of the results to the exact value of the shear
stress is less pronounced. Nevertheless, we are also able to
constrain the best fit shear stress value:, as clearly shown in
Fig. 16, only with a pair of far field stress values of sxx¼�34 MPa
and τxz¼�8 MPa, the obtained dRMS value is smaller than 0.25 mm
(dRMS¼0.24 mm). The displacement results of the 17 measurement
points under the best fit far field stress solution obtained above
(sxx¼�34 MPa, szz¼�66.48 MPa, and τxz¼�8 MPa) is shown in
Fig. 17.

4.3. Principal stresses at Jinping tunnels based on stress inversion

Having obtained the best fit in situ stress field (sxx, szz, τxz) for
the analyzed section in Jinping tunnels by inversion of sliding
micrometer data, we can now determine the principal stresses
in the analyzed cross section by two-dimensional stress trans-
formation. The resulting principal stresses thus obtained are
s1¼�68.35 MPa and s2¼�32.14 MPa. The direction of the prin-
cipal stresses in the analyzed cross section is θ¼�13.11, namely
the major principal stress is sub-vertical and the minor principal
stress is sub-horizontal, dipping at 13.11 to the north (see Fig. 18).

Recall that the two-dimensional numerical analysis with NMM
was performed under an assumed plain strain boundary condition.
This assumption constrains further the value of the minor princi-
pal stress s3. Re-writing Hoek's law in terms of principal stresses
for the special case of plain strain, the minimum principal stress s3
is given by

s3 ¼ νðs1þs2Þ ð23Þ

With a Poisson's ratio of ν¼0.22 this implies a minimum
principal stress of s3¼�22.11 MPa acting horizontally parallel to
the tunnel axis, assuming that the analyzed cross section is a
principal plane.

It is important to realize that the value of the principal stress
parallel to the tunnel axis obtained here assuming plain strain
boundary conditions does not reflect the possible effect of in situ
tectonic stresses, believed to be quite high in that direction in the
field [31], as its magnitude is generated by the elastic response due
to Poisson's effect under the imposed plain strain boundary
condition. Therefore, the actual value of the principal stress
parallel to the tunnel axis is still not resolved here, as well as its

Fig. 16. dRMS (mm) of the displacements of all measurement points during the
excavation of tunnel F (both parts) as a function of sxx and τxz (651 simulations).
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Fig. 17. Displacements at all measurement points during the excavation of tunnel F
(both parts) as a function of borehole depth for the simulation with stress values of
sxx¼�34 MPa, szz¼�66.48 MPa, and τxz¼�8 MPa.
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relationship to the other two principal stresses determined here
by inversion of displacement data.

5. Summary and conclusions

We modify here the original NMM code developed by Shi [1] to
improve numerical investigations of underground structures by
introducing the following two enhancements:

1. We develop a new boundary condition that allows accurate
application of initial stresses in deep tunnels by inserting
constant tractions that are acting on the boundary of a mani-
fold element.

2. We develop excavation sequence modeling capabilities in NMM
by enabling the removal of tunnels of any shape during ongoing
computation.

The modified code is verified using existing analytical solutions.
We demonstrate the significance of modeling excavation sequ-

ence by means of the Zedekiah cave case study, a shallow and
wide span underground quarry below the old city of Jerusalem
excavated in horizontally layered and vertically jointed limestone.
While with the original NMM code the required friction angle
for stability is 251, with the modified NMM code a friction angel
of 151 is shown to be sufficient to stabilize the modeled cavern.
We conclude therefore that using the original NMMmay lead to an
overly conservative design.

The initial stress enhancement performed in the NMM code by
inserting tractions on element boundaries is used to resolve the
in situ stress field in Jinping tunnels by inversion of displacement
data measured in situ during ongoing construction using the
sliding micrometer technique. By keeping the vertical stress
constant the best fit horizontal and shear stress components are
found from the least root mean square error between the numer-
ical and measured results of 17 measurement points. With an
assumed vertical stress of �66.48 MPa, the best fit is achieved
with a horizontal stress value of �34 MPa and a shear stress value
of �8 MPa in the plane which is normal to the tunnel axis. Using
simple two-dimensional stress transformation, the principal stres-
ses in the tunnel section are: s1¼�68.35 MPa, s2¼�32.14 MPa
and their direction is θ¼�13.1o.
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