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Nucleation is the formation of a small cluster (or nucleus) of the new phase, and these
nuclei arise spontaneously. Nuclei that are smaller than a certain size will simply
disappear, but if a nucleus is greater than a certain size, it will spontaneously grow
and will eventually form a grain. This critical size varies with temperature and the
reasons for this are outlined below, using the simple example of ice forming in water.

temperature
A

liquid state

liqidand | .
solid solid state
\

Nucleation can occur either homogeneously (nucleation in a uniform phase in which
there are no inhomogeneities on which nucleation can preferentially occur) or
heterogeneously (in which the new phase nucleates on an inhomogeneity). For the
nucleation of ice in pure water, the transformation is a structural change only (there is
no change in the chemical composition), and the change in free energy per unit

volume on transformation is 4G,. The interface between the ice and water phase has a



free energy 4G, per unit area. Due to the random motion of the water molecules,
nuclei of ice will continually form. Assuming that these nuclei are spherical with

radius r, the work done in forming the nucleus is:

Work for nucleation = change in free energy of bulk phases + interface energy
’ 4 3 2
W =_—arAG, +4arty
3

Since the interface between the water and liquid can be considered to be a defect, it
contributes an excess energy to the system, and y is positive. y is approximately
constant over the relevant range of temperatures. 4G, varies with temperature (as
described below), but if the transformation occurs spontaneously, (i.e. if the
temperature is below the melting temperature of ice), then 4G, is negative, and a

graph of W against r has the form:
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So, if'a nucleus is formed, which has r > r*, it will decrease its energy by increasing r,
i.e. by growing. Any nuclei with » < 7* will decrease in energy by decreasing r and by

disappearing. The critical radius, 7* occurs when dW/dr = 0, giving:




and

3
W = 167y :
3 AG

We define 4G to be the free energy difference between the solid and liquid phases,
AG = AGice - AGyarer- Similarly we define the differences in enthalpy 4H and entropy
A48S. Since AG = AH - TAS and at Ty, the melting point of ice, 4G =0, then AH =T,4S.
If 4H and A4S are independent of temperature, then, at temperature 7, 4G = AS(T}, -
T) = ASAT, where AT is the supercooling (also known as undercooling). The critical
radius and the work for nucleation therefore decrease with decreasing temperature
below Trm, and the rate of nucleation would increase with temperature below 7i,. This
effect is limited by the decrease in atomic mobility at lower temperatures, and the

actual variation of nucleation frequency with temperature is shown below:

A
L P Pjyg[e_qthququencv. ‘
Here the driving
-
R force for
= nucleation is low
=
@
o=
£
Q
. Here the
atomic mobility
1S low

However, this analysis assumes homogeneous nucleation, which occurs only rarely.
Usually there are heterogeneities, such as impurities, foreign particles or mould walls,
in the melt onto which nucleation preferentially occurs. These heterogeneities are
points with high excess energy and so the energy required to form the interface
between the existing phase and the new phase is less significant. Removing
heterogeneities is one effective way of decreasing the temperature at which ice forms,

i.e. increasing the difficulty of freezing.
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% | SOLUTE REDISTRIBUTION DURING SOLIDIFICATION

When a liquid of uniform composition solidifies, the resultant solid is seldom
uniform in composition. The solute atoms in the liquid are redistributed during
solidification. The redistribution of the solute depends on both thermody-

namics, that is, the phase diagram. and kinetics, that is, diffusion, undercooling,
fluid flow, and so on.

6.1L.1 Phase Diagram

Figure 6.1a is a portion of a phase diagram near the comer of a pure metal of
melting point T, with S denoting the solid phase and L the liquid phase. Con-
sider the solidification of alloy C,, that is, with initial melt compesition C,. A
vertical line through G, intersects the liquidus line at the liquidus temperature,
T;.and the solidus line at the solidus temperature, 7. Assume that under-
cooling is negligible so that the solid begins to form when the liquid cools to
Ti. Also assume that equilibium between the solid and the liquid is main-
tained at the solid-liquid (S'L) interface throughout solidification. This means
at any temperature T the compesition of the solid at the interface, Ce, and the
composition of the liquid at the interface, C,. follow the solidus line and the
liquidus line, respectively.

A. Eguilibrium Partition Ratio At any temperature T the equilibrium par-
tition ratio, or the equilibnium segregation coefficient, k., is defined as

k=— (6.1)

where Cg and C; are the compositions of the solid and liquid at the S/L inter-
face, respectively. The value of & depends on temperature T. For simplicity,
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Figure 6.1 Portion of a binary phase diagram showing the equilibrium partiticn
ratio k.

& is assumed constant; that i the solidus and liquidus lines are both assumed
straight lines.

The first solid to form will have the composition &C, according to
Equation (6.1) and the phase diagram. that is, C; = G, at T = T,. Consider
the case of k < | first. As the phase diagram in Figure 6.1¢ shows, the solid
cannot accommadate as much solute as the liquid does. and the solid thus
rejects the solute into the liquid during solidification. Consequently, the solute
content of the liquid continues to rise duning solidification. Since the solid
grows from the liquid, its solute content also continues to nse. As indicated by
the ammowheads on the solidus and liquidus lines in Figure 6.1¢ for k < 1. C,
and C; both increase as temperature T of the SL interface drops during
solidification.

Consider now the case of & > 1. As the phase diagram in Figure 6.15 shows,
the solid can accommodate more solute than the liquid does, and the solid thus
absorbs the solute from the liquid dunng solidification. Consaquently, the
solute content of the liquid continues to drop during solidification. Since the
solid grows from the liquid, its solute content also continues to drop. As indi-
cated by the arrowheads on the solidus and liquidus lines in Figure 6.1b for
k> 1. Cs and Gy both decrease as temperature T of the S'L interface drops
during solidification.
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Figure 6.2 Directional solidincation experiment.

B. Siope of Liquidus Line Theslope of the liquidus line, m,., is less than zero
when & < 1 and vice versa, as shown in Figure 6.1. If the liquidus line is straight,
a temperature 7 on the liquidus line can be expressad as

T=Ta+mC (6.2)

6.1.2 Complete Diffusion in Solid and Ligquid

To help understand solute redistribution during solidification. consider the
one-dimensional solidification experiment shown in Figure 6.2. A metal held
in a stationary container of an aluminum oxide tube is heated by a tubular
fumace at the top and cooled by a water cooler at the bottom. As the
fumace—cooler assembly rises steadily. the metal in the container solidifies
upward with a planar S/L interface. The growth rate R of the metal, that is
the travel spead of the S/L interface, can be adjusted by adjusting the rising
speed of the furnace—cooler assembly. The temperature gradient & in the
liquid metal at the S/L interface can be adjusted by adjusting heating and
cooling,

This case of complete diffusion in both the solid and the liquid is shown in
Figure 6.3. where a liquid metal of uniform initial composition G, is allowed
to solidify in one direction with a planar S'L interface. just like in the direc-
tional solidification experiment shown in Figure 6.2, This case is also called
equilibnum solidification because equilibrium exists between the entire solid
and the entire liquid. not just at the interface. Diffusion s complete in the solid
and the liquid. and the solid and liquid are thus uniform in composition.
Uniform composition in the liquid requires either complete mixing by strong
convection or complete diffusion in the liquid. Complete diffusion of the
solute in the liquid requires D¢ >> £, where [ is the initial length of the liquid,
D, the diffusion coefficient of the solute in the liquid, and ¢ the time available
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Figure 62  Directional solidincation experiment.

B. Siope of Liquidus Line Theslope of the liquidus line, m,, is less than zero
when & < 1 and vice versa, as shown in Figure 6.1. If the liquidus line is straight,
a temperature T on the liquidus line can be expressed as

T=Ta+mC (6.2)

6.1L.2 Complete Diffusion in Solid and Liguid

To help understand solute redistribution during solidification. consider the
one-dimensional solidification experiment shown in Figure 6.2. A metal held
in a stationary container of an aluminum oxide tube is heated by a tubular
fumace at the top and cooled by a water cooler at the bottom. As the
fumace—cooler assembly rises steadily, the metal in the container solidifies
upward with a planar S/L interface. The growth rate R of the metal, that is
the travel spead of the S/L interface, can be adjusted by adjusting the rising
spaed of the furnace—cooler assembly. The temperature gradient & in the
liquid metal at the S/L interface can be adjusted by adjusting heating and
cooling,

This case of complete diffusion in both the solid and the liquid is shown in
Figure 6.3. where a liquid metal of uniform initial compesition G is allowed
to solidify in one direction with a planar S'L interface, just like in the direc-
tional solidification experiment shown in Figure 6.2, This case is also called
equilibrium solidification because equilibrium exists between the entire solid
and the entire liquid. not just at the interface. Diffusion is complete in the solid
and the liquid. and the solid and liquid are thus uniform in composition.
Uniform compaesition in the liquid requires either complete mixing by strong
convection or complete diffusion in the liquid. Complete diffusion of the
solute in the liquid requires D¢ >> £, where / is the initial length of the liquid,
D, the diffusion coefficient of the solute in the liquid, and ¢ the time available
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for diffusion. This is because the square root of D¢ is often consideraed as an
approximation for the diffusion distance, where D is the diffusion coefficient.
This requirement can be met when / is very small, when solidification is soslow
that the solute has enough time to diffuse across the liquid, or when the dif-
fusion coefficient is very high. Similarly. complete solute diffusion in the solid
requires D >> FF, where D, is the diffusion coefficient of the solute in the
solid. Since D is much smaller than Dy, complete diffusion & much more dif-
ficult to achieve in solid than in liquid. Interstitial solutes (such as carbon in
steel) tend to have a much higher D, than substitutional solutes (such as Cr
in steel) and are more likely to approach complete diffusion in solid.

During solidification the composition of the entire solid follows the solidus
line and that of the entire liquid follows the liquidus line (Figure 6.3a). The
composition of the solid is a function of the fraction of the solid, that is, Cs( 5).
Likewise the compesition of the liquid is a function of the fraction of the solid.



that is, Cy(f;). At the onset of solidification at 7. the fraction of solid £, = 0,
and the compositions of the solid and the liquid are £C, and C,. respectively.
As solidification continues and temperature drops from 73 to T, the compo-
sition of the entire solid nises from £C; to C, and that of the entire liquid from
Co to Gk (Figure 6.35). At any time during solidification, the compositions of
the solid and liquid are uniform (as shown by the thick horizontal lines in
Figure 6.3¢). Solidification ends at the solidus temperature 75 and the resul-
tant solid has a uniform composition of Cy: that i there is no solute segrega-
tion at all.

In Figure 6.3¢ the hatched areas Cofs and G fi represent the amounts
of solute in the solid and liquid. respectively. where f; and f; are the fractions
of solid and liquid. respectively The area Cu fs + fi) represents the amount of
solute in the liquid before solidification. Based on the conservation of solute
and the fact that f; + f; = 1.

Csfi+Cifi =Clfs+f1)=G, (6.3)

Substituting 5= 1 - f into the above equation, the following equulibrium lever
rule is obtainad:

Co—-GCs .
fo= C,—Cs (6.4)
C-GCo .
-_— 5
f; CL —Cs (6.-)
and the composition of the liquid is
Co
C, = ———— »
g Su+k(l=-f#) i

6.1.3  No Solid Diffusion and Complete Liquid Diffusion

This case is shown in Figure 6.4. Diffusion in the solid is assumed negligible,
and the solid & thus not uniform in composition. This requires that Dy << /5,
On the other hand. diffusion in the liquid is assumed complete, and the liquid
is thus uniform in composition. This requires that Dy >> /°. If mixing caused
by strong convection is complete in the liquid. the liquid composition can also
be uniform. Equilibrium exists between the solid and the liquid only at the
interface.

Unlike the case of equilibnum solidification. the solute cannot back
diffuse into the solid and all the solute rejected by the growing solid has to
go into the liquid. Consequently. ¢ rises more rapidly during solidification
than in the case of equilibrium solidification. Since the solid grows from the
liquid. its composition at the S/L interface C; also rises more rapidly than in
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the case of equilibrivm solidification. When € rises beyond Cy/k. Ce nses
bevond C; (Figure 6.4h).

The two hatched areas in Figure 6.4c represent the amounts of solute in the
solid and liquid. and their sum equals the amount of solute in the liquid before
solidification, C,, Consider the conservation of solute shown in Figure 6.4d.
Since the total amount of solute in the system (total hatched area) is con-

served. the area under ghed equals the area ab’c’d” under. As such. hatched
area | equals hatched area 2 and. therefore,



(CL-Coldfs=(1-f)dCy (6.7)

Substituting €, = &C, into the above equation and integrating from C, = C,
at f,=10,

Cs=kCo(1- i)™ (6.8)

or

Co =Gofit? (6.9)

The above two equations are the well-known Scheil equation for solute seg-
regation (1). Equation (6.9) can be written for the fraction liquid as follows:

Nk=1) 10=k)
K &)‘ [g) |
f;-(co =5, (6.10)

The nonequilibriim lever rule, that is, the counterpart of Equation (6.5),can
be written as

Cy -C
E=——== (6.11)

L_C

0

w

From the Scheil equation the average composition of the solid. c—, can be
determined as

k-1

—_[frcu-ptarn_cfi-0-5']
R

(6.12)

As already mentionad. the solidus and liquidus lines are both assumed
straight.

From Figure 6.1a, it can be shown that (T, - T_VC, = m,. Furthermore,
based on the proportional property between two similar right tnangles, it can
be shown that (7T, - T, V(T - T) = (/C,. Based on these relationships and
Equation (6.10). the Scheil equation can be rewrnitten as follows:

Tn At Tg_ )l‘l-l o ((—m[_)cé )l'l-l

fL=l-fs=[T._T T.-T (6.13)

This equation can be used to determine the fraction of solid £ at a tempera-
ture 7 below the liquidus temperature 7,



6.1.4 No Solid Diffusion and Limited Liquid Diffusion

This case is shown in Figure 6.5. In the solid diffusion is assumed negligible.
In the liquid diffusion & assumed limited. and convection is assumed negligi-
ble. Consequently, neither the solid nor the liquid is uniform in composition
during solidification. Because of limited liquid diffusion, the solute rejected by
the solid piles up and forms a solute-rich boundary layer ahead of the growth
front.as shown in Figure 6.5¢. Again, equilibrium exists batween the solid and

the liquid only at the interface.
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Unlike the previous case of complete liquid diffusion and no solid diffu-
sion. the solute rejected by the growing solid forms a solute-rich boundary
layer ahead of the growth front, rather than spreading uniformly in the entire
liquid Consequently, C; and hence C; nse more rapidly than those in the case
of complete liquid diffusion and no solid diffusion. The period of rising C; and
C; is called the initéal transient (Figure 6.556). When €, and C, reach C,/k and
Co, respectively, a steady-state period is reached, within which €. Ce, and the
boundary layer ( Figure 6.5¢) remain unchanged. As the boundary layer moves
forward. it takes in a liquid of composition C; and it leaves behind a solid of
the same composition . Since the input equals the output, the boundary layer
remains unchanged. This steady-state condition continues until the boundary
layer touches the end of the liquid, that is, when the thickness of the remain-
ing liquid equals that of the steady-state boundary layer. Here the volume
of the remaining liquid is already rather small, and any further decrease in
volume represents a very significant percentage drop in volume. As such,
the remaining liquid quickly becomes much more concentrated in solute as
solidification continues, and C; and hence C; rise sharply. This final period of
rapidly nising €, and C, is called the finaf transient. and its length equals the
thickness of the steady-state boundary layer.

The solute-rich boundary layeris further examined in Figure 6.6. It has been
shown mathematically (2) that the steady-state compesition profile in the
boundary layer is

e

-—————— e - - - -

Figure 6.6 Solidincation with limited ditfusion in liquid and no ditfusion in solid: (a)
phase diagram; (5) solute-rich boundary laver.
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where R is the growth rate and Z the distance from the SL interface
pointing into the liquid. At Z = 0, C; - €, has a maximum value of C,/k -
Co and at Z = Dy/R it drops to l/e (about one-third) of the maximum
value. As such. the thickness of the boundary layer at the steady state can be
taken as & = I)/R. As such. the characteristic length of the final transient is
Dy/R.

It also has been shown mathematically (3. 4) that, for k£ << |, the composi-
tion profile in the initial transient can be expressed as

Co—Cs _ __imipip
———— - 6.15
G-kC el

where x is the distance from the starting point of solidification. At x =0, C, -
Cs has a maximum value of G, — &G, and at x = Dy/kR it drops to 1le of
the maximum value. As such. the cheracteristic length of the initial transient
is D, /ER, which is much greater than that of the final transient because & is
significantly less than 1.

Equation (6.15) can be rearranged as follows:

l-%:(l-k)e""""”‘ (6.16)

9

Upon taking the logarithm on both sides, the above equation becomes

G e Ioge)
log(l-co]_log(l k) [DL-"kR x (6.17)

The left-hand-side of Equation (6.17) can be plotted against the distance
x. From the intercept the value of & can be checked, and from the slope
the length of the initial tramsient D,/ER can be found. From this the
growth rate R can be found if the diffusion coefficient Dy is known or vice
versa.

Figure 6.7 shows three different types of solute of redistributions that
can occur when diffusion in the solid is negligible dunng solidification. In
type 1 either liquid diffusion or convection-induced mixing in the liquid
is complete, and the resultant solute segregation is most severe (Figure 6.74d).
In type 3. on the other hand. liquid diffusion is limited and there is no
convection-induced mixing in the liquid. and the resultant solute segrega-
tion is least severe. Type 2 is intermediate, so is the resultant solute
segregation.
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6.2 SOLIDIFICATION MODES AND
CONSTITUTIONAL SUPERCOOLING

621 Solidification Modes

During the solidification of a pure metal the S/L interface & usuvally planar,
unless severe thermal undercooling is imposed. During the solidification of an
alloy, however. the S'L interface and hence the mode of solidification can be
planar, cellular. or dendritic de pending on the solidification condition and the
material system involved. In order to directly observe the SL interface during
solidification, transparent organic matenals that solidify like metals have bean
usad. Shown in Figure 6.8 are the four basic types of the SL interface
morphology observed during the solidification of such transparent materiak:
planar, cellular, columnar dendritic, and equiaxed dendritic (5. 6). Typical
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F&ue 68 Basc adadmcanon modes (magmnanon 67x): (a) planar solidincation of
carbon tetrabromide (5): (&) cellular soldincation of carbon tetrabromide with a small
amount of impunity (5): (¢) columnar dendritic sclidincation of carbon tetrabromide
with several percent impurity (5); () equiaxed dendritic solidification of cyclohexanol
with impurity (6). From Sofidificasion (5), pp. 132-134, with permission.

microstructures resulting from the cellular, columnar dendritic, and equiaxed
dendritic modes of solidification in alloys are shown in Figures 6.9q. 5, and ¢,
respectively (7-9). A three-dimensional view of dendrites is shown in Figure
6.9d (10).

6.22 Constitutional Supercooling

Two major theonies have been proposed to quantitatively describe the break-
down of a planar S/L interface during solidification: the constitutional super-
cooling theory by Chalmer and co-workers (11, 12) and the interface stability
theory by Mullins and Sekerka (13-15). The former theory considers only the
thermadynamic aspect of the problem while the latter incorporates the inter-
face kinetic and heat transfer aspects. For simplicity. however, only the con-
stitutional supercooling theory will be described here.

Consider the solidification of alloy C; at the steady state with a planar S'L
interface, as shown in Figure 6.10. As shown previously in Figure 6.6, the com-
position distribution in the solute-rich boundary layer is shown in Figure 6.106.
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Figure 6.9 Nonplanar solidincation structure in allovs (¢) Transverse section of a cel-
lularly solidined Pb-Sn alloy from Joumal of Crystal Growth (7) (magnification 48x).
(5) Columnar dendrites in @ Ni alloy. From New Trends in Materials Processing (8),
with permission. (¢) Equisxed dendrites of a Mg-Zn alloy from Joumnal of Inst. of
Metak (9) (magnification 55x). (d) Three-dimensicnal view of dendrites in a Ni-base

superalloy. Reprinted from Incernational Trends in Welding Science and Technology
(10).

The liquidus temperature distribution corresponding to this composition dis-
tribution can be constructed point by point from the liquidus line of the phase
diagram and is shown in Figure 6.10¢c. A boundary layer consisting of the liquid
phase alone is thermodynamically stable only if its temperature is above the

liquidus temperature. If its temperature is below the liquidus temperature,
solid and liquid should coexist. This means that the planar S/L interface should



This is the steady-state form of the criterion for planar growth. It says that for
an alloy to be able to grow with a planar solidification mode, the ratio G/R
must be no less than AT/D,. The constitutional supercooling theory has been
verified experimentally by many investigators (16-23). In general. this theory
predicts fairly closely the conditions required to initiate the breakdown of a
planar S/L interface in alloys with isotropic surface energy.

According to Equation (6.18), the higher the temperature gradient & and
the lower the growth rate, the easier for a planar S’L interface to be stable.
On the other hand, the higher the freezing range AT and the lower the diffu-
sion coefficient Dy, the more difficult for a planar S/L interface to be stable.
For an A4 Cu alloy, for example, 7,. 7, and D, . are 650°C,580°C, and 3 x
107*cm?/s, respectively. If the temperature gradient G is 700°C/cm. the growth
rate R has to be less than or equal to 3 x 10-*cm/sec in order to have planar
solidification. If the growth rate is higher than this, the planar S/L interface
will break down and cellular or dendritic solidification will take place.

Figure 6.11 shows that the solidification mode changes from planar to cel-
lular. to columnar dendritic, and finally to equiaxed dendritic as the degree of
constitutional supercooling continues to increase. The region where dendrites
(columnar or equiaxed) and the liquid phase coexist is often called the mushy
zone (2). Itis interesting to note that at a very high degree of constitutional
supercooling (Figure 6.11d) the mushy zone can become so wide that it is
easier for equiaxed dendrites to nucleate than for columnar dendrites to
stretch all the way across the mushy zone. Unfortunately, simple theories
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Figure 611 Effect of constitutional supercooling on solidincation mode: (o) planar;
(&) cellular: (¢) columnar dendritic: () equisxed dendritic (S, L, and M denote solid,
liquid. and mushy zone, respectively).
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Figure 6.12 Breakdown of a planar S/L interface during the solidincation of pivalic
acid-ethanol: (a) 05, (5) 1208, (¢) 2108, (d) 2705, (¢) 2945, () 3385, (g) 3785, (k) 4568,
() 5765, and (j) 6565 Reprinted rom Liu and Kirkaldy (24). Copyright 1994 with per-
mission from Elsevier Science.

similar to the constitutional supercooling theory are not available for pre-
dicting the transitions from the cellular mode to the columnar dendritic mode
and from the columnar dendrnitic mode to the equiaxed dendritic mode.

Figure 6,12 is a series of photographs showing the breakdown of a planar
S’L interface into a cellular one dunng the solidification of a pivalic acid
alloyed with 032mol % ethanol (24). The temperature gradient G was
15°C/mm. and the growth rate R was suddenly raised to a higher level of
5.7 pm/s, to suddenly lower the G/R ratio and trigger the breakdown by con-
stitutional supercooling.
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