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Abstract

We study all-pay contests with complete information and two heterogeneous contestants who compete
for a single prize. The contest is balanced if the difference between the contestants’ efforts is not larger
than a given threshold. We show that for every balanced all-pay contest, there is a maximum effort
constraint that increases the contestants’ expected total effort, while it is not necessarily increased by a

minimum effort constraint.

1 Introduction

The goal of education systems is usually to maximize the achievements of the students, namely, to maximize
their average grades. However, if half of the students have very high grades while the other half have low ones
that are below the minimal required level such that they fail, even if the average grade of all the students
is relatively high, the students’ achievements would not be interpreted as successful. Thus, in this case,
the goal would be to maximize the average grades subject to the constraint that their variance is not too
large. Similarly, the goal in sport contests is to maximize the total output of the players or equivalently
their average output, but if their variance is too large, then the contest is not competitively balanced and

as such is not interesting. Therefore, in some real-life contests the goal of the designer could be to maximize
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the players’ outputs under a balance constraint. In other words, the variance of the players’ efforts should
be bounded.

In the literature on contests, the designer usually wishes to maximize the players’ expected total effort
(output) or, alternatively, their average effort (see, for example, Glazer and Hassin 1988, Moldovanu and
Sela 2001, Moldovanu et al. 2012, Ryvkin 2013, Franke et al. 2013, and Liu and Lu 2014), but there are
contests in which the designer wishes to maximize the competitive balance, namely, he wishes to minimize
the variance of the players’ efforts (see, for example, Szymanski 2001, 2003, 2004, Runkel 2006, and Serena
2017). In this work, we combine these two common goals, effort maximization on the one hand, and, on the
other, competitive balance. For this purpose, we study all-pay contests (auctions) with two players under
complete information in which every player exerts an effort and the player with the highest effort wins, but
all the players bear the cost of their effort (see, for example, Hillman and Samet 1987, Hillman and Riley
1989, Baye et al. 1996, Siegel 2009, and Sela 2012). In our model, the designer wishes to maximize the
players expected total effort under the constraint that the difference between the players’ efforts is smaller
than a given threshold 6 > 0. We refer to this model as a balanced all-pay contest.

One way to increase the expected total effort under a balance constraint is to impose a maximum effort
constraint. For example, in the US electoral campaign, there is a specific maximum campaign contribution
that a single agent can make to a candidate. In addition, several sports leagues (e.g., the NBA) implement a
salary cap that limits the total amount of money a team can spend on players’ salaries. The usual reason for
applying salary caps is that they facilitate even competition between pure and rich teams, since rich teams
can pay more, buy the best talents, and ultimately remove any semblance of competition in the league.

A maximum effort constraint may enhance the total effort in the contest since, on the one hand, strong
players (players with high values of winning) will exert less effort than they would in a contest without a
minimum effort constraint, but, on the other hand, it could increase the effort of other players. The reason
is that these players are aware that if they increase their efforts to be close to the level of the maximum
effort constraint they will have a better chance to win. Hence, the effect of the maximum effort constraint
on the players’ total effort depends on the trade-off between the increase of the weaker players’ efforts and

the decrease of the stronger players’ efforts. This trade-off has been extensively analyzed in all-pay contests.



For example, under incomplete information, Gavious et al. (2003) showed that, regardless of the number
of bidders, if agents have linear or concave cost functions then setting a maximum effort constraint is not
profitable for a designer who wishes to maximize the average effort. In all-pay contest under complete
information, Che and Gale (1998) showed that if the maximum effort constraint is higher than half of the
lower value of winning, the total effort will not change. On the other hand, Megidish and Sela (2013) found
that for the sequential all-pay contest, the maximum effort constraint is profitable for a designer who wishes
to maximize the players’ expected total effort.!

We examine here if a maximum effort can increase total effort also under a competitive balance constraint,
namely, when the designer wishes to maximize the aggregate effort but still wants to ensure a minimal level of
competitive balance. Formally, we calculate the players’ expected total effort for every value of the threshold
0, under the condition that if the difference between two possible efforts of the players is larger than 4, these
efforts are not taken into account. We show that for every § > 0 there is a maximum effort constraint such
that the expected total effort in the balanced all-pay contest is larger than in the same contest without any
constraint. In other words, a designer who wishes to maximize the expected total effort under a balance
constraint always has an incentive to impose a maximum effort constraint.

Another way to increase the expected total effort under a balance constraint is to impose a minimum effort
constraint. For example, researchers at universities are required to achieve a minimal quality and quantity
output in order to be promoted. Likewise, entry in professional sport competitions is often restricted,
whereby only contestants who have achieved some minimal performance level are allowed to compete. A
minimum effort constraint eliminates the weak players (players with low values of winning) and accordingly
the competition becomes more balanced and intensive whereby the players increase their efforts. Indeed,
Myerson (1981) found that the all-pay contest under incomplete information with the optimal participation
constraint maximizes the contestants’ expected total effort. Additionally, Laffont and Robert (1996) showed
that an all-pay contest with a reserve price is a revenue-maximizing mechanism for selling an object to
bidders who face linear costs and a common-knowledge fixed budget constraint.

Accordingly, we also examine the effect of the minimal effort constraint in our model and find that it is

I The effect of a maximum effort constraint in all-pay contests is analyzed, among others, by Dechenaux et al. (2006), Szech

(2015), Hart (2016), and Cohen et al. (2019).



not as efficient as the maximum effort constraint for increasing the players’ total effort. We first show that for
relatively small or high values of the minimum effort constraint, the players’ expected total effort decreases,
while for middle values it increases. In particular, we show that there are balanced all-pay contests, in
which for every value of the minimum effort constraint, the players’ expected total effort is smaller than in
the balanced all-pay contest without such a constraint. In other words, it is not effective in enhancing the
players’ expected total effort.

The rest of the paper is organized as follows: In Section 2, we introduce our balanced all-pay contest, and
in Sections 3 and 4, we analyze the effect of the maximum and minimum effort constraints on the players’

expected total effort. Section 4 concludes. The proofs appear in the Appendix.

2 The balanced all-pay contest

We begin with an analysis of the standard all-pay contest with two players, called 1 and 2, where the
players’ values for winning are v; > v9 > 0. Valuations are common knowledge. Each player exerts an effort

x; € [0,00) and if the players exert efforts of x1,x, player 1’s utility function is

v1 —x1 if £1 > 29
uy (21, 2) = %vl —xq if 11 = 29
—xq if 11 < a9
The utility function of player 2 is similar. According to Hillman and Riley (1989) and Baye, Kovenock and

de Vries (1996), there is always a unique mixed-strategy equilibrium in which the players randomize on the

interval [0, v2] according to their effort cumulative distribution functions which are given by

nFy(r)—x = v —wvy

voFi(z)—x = 0.

Thus, player 1’s effort is uniformly distributed such that



while player 2’s effort is distributed according to the cumulative distribution function

V1 — V2 + T
Fy(z) = ————.
U1

The total expected effort is

V2 V2
TE* = =1+ —5). 1
S0+ (1)

We say that the contest is balanced if and only if the players’ equilibrium strategies satisfy
|z1 — 22| <6,

where § is a constant larger than zero. Accordingly, the all-pay contest is referred to as a balanced all-pay

contest with a threshold of . The players’ expected total effort is then given by

Proposition 1 The players’ expected total effort in a balanced all-pay contest with a threshold of § is

4(v2)28 — 3v96% 4 1167

TE, =
4 21}11}2

Proof. See Appendiz. ®

By (2), if 6 = vy, namely, the contest is completely unbalanced, the players’ expected total effort is
TE = %(1+ Z—f) which is exactly the expected total effort in the standard all-pay contest. It is also worth

mentioning that the total effort given by (2) is not monotonically increasing in the value of the threshold .

3 The balanced all-pay contest with a maximum effort constraint

We now assume that there is a maximum effort constraint d € [0,vz]. Note that if d > ve the maximum
effort constraint is not effective since it is not binding. According to Che and Gale (1998), if d € [0, 2]
there is an equilibrium with pure strategies in which each player exerts an effort that is equal to the effort
cap %. Then, each of the players wins with a probability of one-half and the expected payoft of player i is

% —d. On the other hand, if d € ( %2, vz, there is a mixed-strategy equilibrium in which players 1 and 2

randomize on the interval [0, 2d — v3] U {d} according to their effort cumulative distribution functions which



are given by

1— F5(2d —
vk (z) -z = u [F2(2d—v2)+2(2d”2>] —d
wR@) 7 = [Red-w s A0

Here, the LHS of the equations are the expected payoffs of the players if they exert an effort of = € [0, 2d — vs]
and the RHS are the expected payoffs if they exert an effort that is equal to d. Thus, player 1’s equilibrium

effort is distributed according to the cumulative distribution function

oo if 2 €0,2d — vy
Pi(z)=q 22if g e (2d—vy,d) >
1 if z=d

while player 2’s equilibrium effort is distributed according to the cumulative distribution function

1—2=2if z€[0,2d — vy
Fap(z) = 1- 22220 f 5 € (2d — vy, d)
1 if z=d
Then, player 1’s expected payoff is v; — vo, while player 2’s expected payoff is zero. In the case where d € (
2, vo] the players’ probabilities of winning and their expected payoffs are the same as in the standard all-pay
contest without a maximum effort constraint.
Now, if the all-pay contest is balanced we split our analysis into two cases as follows: 1) There is a relatively

low threshold, § < d—(2d—wvy) = vy —d and 2) There is a relatively high threshold, 6 > d—(2d—v3) = v2 —d.

In the first case when the threshold ¢ is relatively low we have

Proposition 2 The players’ expected total effort in the balanced all-pay contest with a threshold § < vy —d

and a mazimum effort constraint d is

4(2d - 1)2)25 - 2(2d - ’1)2)52 + (’Ul - 1)2)52 + 4d(U2 - (2d - 1)2))2
21)1’02 '

TEp =

Proof. See Appendix. m

Note that if d = 0, namely, there is no maximum effort constraint, we obtain by (3) that the players’

4(v2)25—3v2§2+v152 _ TEA

2’()1’[)2

expected total effort is TEp =




The following example illustrates how in this case the expected total effort varies in the value of the

maximum effort constraint.

Example 1 Consider a balanced all-pay contest with two players 1 and 2 who have values of winning v1 = 10
and vo = 5, respectively. Let § = 0.1. The following figure depicts the players’ expected total effort as a

function of the mazimum effort constraint d.

TE®T

Solid line - with a mazximal effort constraint. Dashed line - without any constraint.

We can see that the players’ expected total effort decreases in the value of the maximum effort constraint,

but the players’ expected total effort is always larger than in the same contest without any constraint.
In the second case, when the threshold is relatively high we have

Proposition 3 The players’ expected total effort in the balanced all-pay contest with a threshold § > vy —d
and a mazimum effort constraint d is

TE. — 4(2d — 1]2)2(5 - 2(2d - ’1}2)(52 —‘;(’Ul - ’1}2)(52 + 4d(1}2 — <2d — ’U2))2 (4)
V1V

5d% + (v2)? — 6dvy — 62 + 4dd
2’1)11)2

+4(1}2 — d)

Proof. See Appendix. m
Note that if 6 = v9, and d = vy, namely, the contest is completely unbalanced and there is no maximum

effort constraint, we obtain by (4) that the players’ expected total effort is TE = % (1+ 72) which is exactly



the expected total effort in the standard all-pay contest. Moreover, if d = vq, for every §, we obtain by (4)
that the players’ expected total effort is exactly the expected total effort obtained by (2).
The following example illustrates how in this case the expected total effort varies in the value of the

maximum effort constraint.

Example 2 Consider a balanced all-pay contest with two players 1 and 2 who have values of winning v; = 10
and vo = 5, respectively. Let 6 = 1. The following figure depicts the players’ expected total effort as a function

of the maximum effort constraint d.

0.98 1

0.97 1

0.96 1

0.95 1

094 +——————+——————————————

Solid line - with a maximal effort constraint. Dashed line - without any constraint.

We can see that similarly to the previous example, the players’ expected total effort decreases in the value of
the mazimum effort constraint, but the players’ expected total effort is always larger than in the same contest

without any constraint.

The following result demonstrates the efficiency of imposing a maximum effort constraint on a balanced

all-pay contest in order to increase the players’ expected total effort.

Proposition 4 For every § > 0 there is a mazximum effort constraint d > 0 such that the expected total

effort in the balanced all-pay contest is larger than in the same contest without any constraint.

Proof. See Appendix. m



4 The all-pay contest with a minimum effort constraint

We now assume that there is a minimal effort of b € [0, v2]. Then, player 1’s equilibrium effort is distributed

according to the cumulative distribution function

while player 2’s equilibrium bid is distributed according to the cumulative distribution function
vt if g =0
Byp(z) =4 2=t f g e (b )

1 if x>0

Then, the players’ expected total effort in the balanced all-pay contest is

vy —0 T+ Vg x
ey, = [T [ wrnpwa@ae s [ @rppon@d
b+4d
+ [ 0@
V2 Jp
1

5%b
— (—2b26 — 206% — 26%vy + 2003 + 2675 + ) .
V1V2 2

Now, we split our analysis into two cases as follows: 1) There is a relatively low threshold § < b and 2) There

is a relatively high threshold 6 > b. In the first case when the threshold 9§ is relatively low we have

Proposition 5 The players’ expected total effort in the balanced all-pay contest with a threshold 6 < b and

a minimum effort constraint b is

4 25 2 2 2
TED _ Vo 0 'UQ(S bo . (5)
2’1)1’02

Proof. See Appendix. m
The following example illustrates how in this case the expected total effort varies in the value of the

minimum effort constraint.

Example 3 Consider a balanced all-pay contest with two players, 1 and 2, who have values of winning
vy = 10 and vo = 5, respectively. Let § = 1 and the minimum effort constraint b € (1,5). The following

figure depicts the players’ expected total effort as a function of the minimum effort constraint b.



100 T

TE

095f— ——— —— — - - - - - - - —————— ——

090 T

0.85 T

0.80 + } + } + } + } + } + } + } + {
10 15 20 25 3.0 35 4.0 45 B.O

Solid line - with a minimal effort constraint. Dashed line - without any constraint.

We can see that the players’ expected total effort decreases in the value of the minimum effort constraint,

but the players’ expected total effort is always smaller than in the same contest without any constraint.
In the second, case when the threshold is relatively high we have

Proposition 6 The players’ expected total effort in the balanced all-pay contest with a threshold § > b and

a minimum effort constraint b is

TEy = 4(v9)%8 — 30267 — b6* + 116 + b2 (vy — v2) (6)
2’()11}2

Proof. See Appendix. m
We can see that if b = 0, for every J,we obtain by (6) that the players’ expected total effort is exactly the
expected total effort obtained by (2). The following example illustrates how in this case the expected total

effort varies in the value of the minimum effort constraint.

Example 4 Consider a balanced all-pay contest with two players, 1 and 2, who have values of winning
vy = 10 and vo = 5, respectively. Let 6 = 3 and the minimum effort constraint be b € [0.05,2.95]. The

following figure depicts the players’ expected total effort as a function of the minimum effort constraint b.

10
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Solid line - with a minimal effort constraint. Dashed line - without any constraint.

We can see that for small (large) values of the minimum effort constraint, the players’ expected total effort

is smaller (larger) than in the same contest without any constraint.

The following result demonstrates the inefficiency of imposing a minimum effort constraint if the goal is

to increase the players’ expected total effort.

Proposition 7 If b > 6§ and b < 2(# the expected total effort in the balanced all-pay contest decreases

v1—v32)’

in the value of the minimum effort constraint and if § > b > the expected total effort increases in

__ 5
2(vi—vz2) ’

the value of the minimum effort constraint

Proof. See Appendix. m

By Proposition 7, there are all-pay contests in which for every value of the minimum effort constraint,
the players’ expected total effort is smaller than in the all-pay contest without any constraint. The following
example illustrates that the minimum effort constraint is not efficient for increasing the players’ expected

total effort.

Example 5 Consider a balanced all-pay contest with two players, 1 and 2, who have values of winning
vy = 10 and vo = 5, respectively. Let 6 = 5, and the minimum effort constraint be b € [0.05,4.95]. The

following figure depicts the players’ expected total effort as a function of the minimum effort constraint b.

11
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We can see that for all b < § the players’ expected payoff in the balanced all-pay contest is smaller than in
the all-pay contest without a minimal constraint. Since for every b > §, the players ’expected payoff deceases
in the value of b, we obtain that the players’ expected payoff is always smaller than in the balanced all-pay

contest without any minimum effort constraint.

5 Conclusion

In numerous contests the designer wants to maximize the players’ total effort, or, alternatively, the players’
average effort. We show that the well-known methods to increase the players’ total effort in the standard all-
pay contest are not necessarily useful when the designer maximizes the players’ total effort under a balance
constraint. In particular, we show that a maximum effort constraint is always efficient in enhancing the
players’ total effort and, on the other hand, a minimum effort constraint might not be efficient at all. Hence,
our findings raise the question about the robustness of the well known results in contest theory, namely,
it is not clear if the established methods to maximize the total effort in contests are still efficient if the

maximization effort is done under a balance constraint or under different constraints.

12



6 Appendix

6.1 Proof of Proposition 1

We separate the analysis of the expected total effort into five cases as follows:

e Case Al: Player 1 exerts an effort of z € [0,v2 — 0] and player 2 an effort of y € [z, 2z + J], such that

player 2 exerts a higher effort than player 1.

e Case A2: Player 1 exerts an effort of # € [v2 — §,v2] and player 2 an effort of y € [z, v2], such that

player 2 exerts a higher effort than player 1.

e Case A3: Player 1 exerts an effort of x € [§, v2] and player 2 an effort of y € [z — §, x|, such that player

1 exerts a higher effort than player 2.

e Case A4: Player 1 exerts an effort of 2 € [0, ] and player 2 an effort of y € [0, ], such that player 1

exerts a higher effort than player 2.

e Case Ab: Player 1 exerts an effort of z € [0, ] and player 2 an effort of y = 0, such that player 1 exerts

a higher effort than player 2.

13



The sum of the expected total effort in the above cases is

TEy = TEn+TEpp+TEs+TEA+TEps =
v —0 ) () v2
[ [ eron@pwia+ [ @ in@ ey
0 x Vo — x

+ /6 - / :(w +y) f1(2) f2(y)dzdy + /0 ' /0 m(w + ) f1(z) fo(y)dzdy

/O o fi(@)de

U1
vy —0 T+ V2 V2
= / / m—i_ydacder/ / x+ydxdy
0 T V102 vo—08 Jx V102

Vo T o x
+/ / w+ydmdy+/ / x+yd:ﬂdy
5 z—§ V102 o Jo U102

U1 — V2

s M2,
V1 0 (%]
B (53 + 2(v)28 — 3«125) N (21125 - 53)
o 2’1]11)2 21)1'02
2(v2)26 — 902 — 63 5 6% (vy —
H (v2) Vg n n (v1 — va)
201 Vs 20102 2v1v2
. 4(7)2)2(5 - 37)252 + 1}1(52
- 21)1112 '

Q.E.D.

6.2 Proof of Proposition 2

We separate the analysis of the expected total effort into six cases as follows:

Case B1: Player 1 exerts an effort of « € [0,2d — vy — 4] and player 2 an effort of y € [z, z + J], such

that player 2 exerts a higher effort than player 1.

e Case B2: Player 1 exerts an effort of x € [2d — v — §,2d — v9] and player 2 an effort of y € [z, 2d — va],

such that player 2 exerts a higher effort than player 1.

e Case B3: Player 1 exerts an effort of « € [d,2d — vs] and player 2 an effort of y € [z — §, z], such that

player 1 exerts a higher effort than player 2.

e Case B4: Player 1 exerts an effort of 2 € [0,0] and player 2 an effort of y € [0, z], such that player 1

exerts a higher effort than player 2.

14



e Case B5: Player 1 exerts an effort of « € [0, §] and player 2 an effort of y = 0, such that player 1 exerts

a higher effort than player 2.
e Case B6: Player 1 exerts an effort of z = d and player 2 an effort y = d.
The sum of the expected total effort in the above cases is

TEp = TEp  +TEpy+TEp3+TEpy+TEps+TFERg
2d—vo—0 -+ 2d—vso 2d—wvo
- [ [ @ron@pmddys [ [T @i fa)dedy

d’U25

/2d v2/ (z +y)fr(z)faly dxdy+// (z +y) f1(z) f2(y)dzdy

_ 2d — _ 2d —
+v1v U2/$f1( Yz + 2d(1 — d U)(l—vl ng—)i— d— vy
1 1

2d—vo—96 -+ 2d vy 2d—wvo
- / / (x+yddy+/ / EY)
V1V2 2d—vy—8 V102
/2d ”2/ az+y / / x+y
x—5 U1U2 V102

- 2d — — 2d —
+v1 112/ ﬁdw+2d(1— 1}2)(1_’01 vy + ’U2)
v o V2

V2 U1

)

6% +2(2d — v2)8 — 3(2d — v2)6? N 2(2d — v3)6% — &°

201 V9 2v1v2
+2(251 —13)28 — (2d — v3)0° — §° N 53
2’1}11]2 2’1)11]2
+62(v1 — vg) n 2d(vg — (2d — v2))?
20109 V102
C4(2d — 12)%5 — 2(2d — 12)0° + (v — v2)8° + 4d(vs — (2d — v2))?
o 21}11)2 ’

Q.E.D.

6.3 Proof of Proposition 3

We separate the analysis of the expected total effort into eight cases, the first six cases being B1 — B6 from

the proof of Proposition 2. The last two are:

e Case C1: Player 1 exerts an effort of ©+ = d and player 2 an effort of y € [d — §,2d — vq], such that

player 1 exerts a higher effort than player 2.

e Case C2: Player 1 exerts an effort of x € [d — §,2d — vy] and player 2 an effort of y = d, such that

player 2 exerts a higher effort than player 1.

15



The sum of the expected total effort in the above cases is

TEc = TEg+TEc; +TEcos

2d—va 2d—v2 V2
— TEp+ /d /2d (d+ ) f1(2) fo(y)dady + /d /Qd (& + d) f1(2) fo(y)dxdy

_ TEB+/2M2/ CEY) gy +/2dv2/ €29 tray
d 2d—vy U102 d 2d—vy U1V2

4(2d — 12)%6 — 2(2d — v2)8% + (v — v2)0? + 4d(vy — (2d — v2))?

21)1”02
L o2 = (2d = 02))((2d —v2) = (d=08)) | (24 =v2)* = (d = 9)*)((v2 = (2d = v2))
V1V 2'01’02
(2 = (2d = 02))((2d = 02)* = (d = 8)*) | ((2d = va) = (d = §))d((v2 — (2d — v2))
2’01’02 21}1’02
o 4(2d — ’U2)25 — 2(2d — ’U2)52 + (’U1 — U2)52 + 4d(’l}2 — (2d — ’UQ))2
o 20109
d(0s— d) 5d% + (v2)? — 6dvy — 6% + 4dd.
21]11}2

Q.E.D.

6.4 Proof of Proposition 4

By Proposition 3, the players’ expected total effort in the balanced all-pay contest with a threshold of
6 >wvy —dis

4(2d — v9)26 — 2(2d — v2)6% + (v1 — v2)8° + 4d(vy — (2d — v3))?
201 V9
5d% + (v2)? — 6dvy — 6% + 4dd
27)1’02

TE, =

+4(’U2 — d)

The derivative of the expected total effort with respect to the maximum effort constraint is

dTEc 6 )
dd o _’Ul”UQ (d B U2)

Thus, for every d < vs the expected total effort decreases in the value of the maximum effort constraint.
In other words, if § > vy — d every value of the maximum effort constraint d increases the players’ expected
total value with respect to the same contest without any effort constraint (d = vy). Therefore, for every
6 > 0, we can choose a value of the maximum effort constraint d such that there exists § > vo — d, and then

we obtain an expected payoff larger than in the balanced all-pay contest without any constraint.

16



6.5 Proof of Proposition 5

We separate the analysis of the expected total effort into five cases as follows:

e Case D1: Player 1 exerts an effort of 2 € [b,va — ] and player 2 exerts an effort of y € [z, z + J], such

that player 2 exerts a higher effort than player 1.

e Case D2: Player 1 exerts an effort of x € [vy — §,v2] and player 2 an effort of y € [z,v2], such that

player 2 exerts a higher effort than player 1.

e Case D3: Player 1 exerts an effort of x € [b+ 0, vs] and player 2 an effort of y € [z — J,x], such that

player 1 exerts a higher effort than player 2.

e Case D4: Player 1 exerts an effort of x € [b,b + 0] and player 2 an effort of y € [b, z], such that player

1 exerts a higher effort than player 2.

e Case D5: Player 1 exerts an effort of = b and player 2 an effort of y € [b,b+ §], such that player 2

exerts a higher effort than player 1.
The sum of the expected total effort in the above cases is
TEp = TEp1+TEps+TEp3s+TEpy+TEps =
vo—0 T+ v2 v2
[ ernn@pedy+ [ @@ nad
T Vo — x

Vo x b+48 x

[ ] ernn@p@ad+ [ [ @enne sy
+o Jx—

b+6
+— (b+y) f2(y)dy

'UQ 0
vo—38 x+8 V2 ()
= / / x+yd3:dy+/ / m—i_yda:dy
b z U1U2 vo—8Jz  V1U2

Vo x b+4d T
—|—/ / ch—i_yda:cly—i—/ / x+yd$dy
b+6 Ju—5 V12 b p UV1U2

+b b+5b+y

— dx

V2 0 V1
3 (53 +2(v2)20 — 3v20” — 26%5 — b62) N (211262 — 5
h 2”01’[)2 2’01’()2

2(v9)%6 — vad? — 2626 — 305 — 6% 2662 4+ 5°  4b?5 + b6?
+( )+ ( +
20109 20102 201 V9

_ 4(12)%6 — 2098° — b6?
o 2’011]2 '
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Q.E.D.

7 Proof of Proposition 6

We separate the analysis of the expected total effort into seven cases. The first five are D1 — D5 which

appear in the proof of Proposition 5. The last two cases are:

e Case E1: Player 1 exerts an effort of x = b and player 2 an effort of y = 0, such that, player 1 exerts

a higher effort than player 2.

e Case E2: Player 1 exerts an effort of z € [b,d], and player 2 an effort of y = 0, such that, player 1

exerts a higher effort than player 2.

The sum of the expected total effort in the above cases is

TEE = TED + TEEl + TEE2
b _ _ 3

= TEp+p2 1) (o) / zfi(z)dx

V2 U1 U1 b
4(02)%6 — 20967 — b6% B (v1 —v2)  (v1 —v2) (6% — b?)

2v1v2 V2 U1 U1 29

C 4(v2)%0 — 3020” — b6 + v16° + b2 (v1 — va)

B 2’()11)2 ’

Q.E.D.

7.1 Proof of Proposition 7

By Proposition 5, the players’ expected total effort in the balanced all-pay contest with a threshold § > b is

4(v2)%6 — 20967 — b6*

TEp =
b 2’()11}2

The derivative of the expected total effort with respect to the minimum effort constraint is

dTEp 52

db o _2’01”02 '

ar

Thus, for every § > b we obtain that dlgD < 0. That is, if 6 > b, the expected payoff decreases in the value

of the minimum effort constraint b.
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Now, if § < b, by Proposition 6, the players’ expected total effort in the balanced all-pay contest is

4(1)2)2(5 — 31)2(52 — b52 + 1}162 + bQ(Ul - 1}2)
TEp = .
21)11)2

The derivative of the expected total effort with respect to the minimum effort constraint is

. 52
ThuS, if 2(1)177

dTEr  2b(v; —vs) — 67

db 2111 V2

> b we obtain that deE < 0, namely, the players’ expected total effort decreases in the

'UQ) d

value of the minimum effort constraint b, and, otherwise it increases. Q.E.D.
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