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Abstract: An investor has some funds invested through investment firms. By the end of the year,
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according to the firms' performance. While the investor tries to maximize her total expected
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the investor. We show that an optimal reward scheme exists under quite general conditions.
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1 Introduction

There is a whole range of papers® offer a variety of theories and models in an attempt
to explain the 2007-2009 financial crisis. This paper highlights and focuses on one key
aspect of that sort: the gap between the objectives of investors on one hand, and the
incentives of investment funds and brokers on the other.

Consider an investor who has some funds already invested through investment
firms. She wants to reallocate her funds among the firms according to their perfor-
mance. While the goal of the investor is to maximize her total expected earnings,
each investment firm tries to maximize the overall amount of funds bestowed in its
hands to manage. The rule by which the investor reallocates her funds determines
the environment in which the investment firms operate: it determines their incentives
and ultimately their modus operandi. This rule is referred to as a reward scheme.
Reward schemes are supposed to guarantee that financial managers will make every
effort necessary to produce the optimal possible investments for their investors.

Even though these goals are rather clear, their effects are relatively vague. When
the outcomes are stochastic and the schemes are based on past performance, the agents?
(in order to serve their own interests) might take unnecessary risks, from the investors’
perspectives. Therefore, the formulation of rewards schemes must guarantee that the
agents will act according to the best interests of the investors.

In the current paper we address this issue through a simple set-up. We assume
that a decision maker (DM) invests her funds through several investment firms. By
the end of the year, she uses the net profits for her personal needs, and reallocates the
funds according to a reward scheme that depends on the firms’ performance.

This general set-up may also accommodate for other scenarios. One example is a
situation where the DM wishes the invest additional funds based on the earnings the
firms produced in the past year (see Section 2). Yet another example that applies to
out model is a scenario where the DM is a manager who wishes to expand divisions in
her corporation based on their annual return, and so on.

The core of the problem we address lies in the discrepancy between the motivations

1See, e.g., Fligstein and Goldstein (2010); Hansen (2009); and Simpson (2011). In addition, Akerlof
and Romer (1993) gives some theoretical insight into the subject of opportunism in finicial institutions.
For a general survey on the wrong incentives that led to the financial crisis of 20072009, see Fligstein
and Roehrkasse (2013).

2We sometimes refer to the firms as agents, and to the investor as decision maker.



of the economic entities involved. While the firms wish to maximize the total expected
funds they manage, the DM wishes to maximize the expected return of her investment.?
Typically, these two motivations do not agree. By and large, the competition between
firms pushes them to take riskier actions. To make things even worse, the DM cannot
fully monitor the precise actions of the firms. She can typically observe only the
quarterly, or annual, earnings reports. As a result, the investment firms may abuse
this situation to increase their own expected payoffs at the expense of the DM’s profit.
Our objective in this paper is twofold: to establish a formal model for the analysis of
this problem and to introduce constructive methods that will incentivize the investment
firms to act in accordance with the goals of the DM.

The share of the funds a specific firm gets to manage depends not only on its
own past performance, but on other firms’ performance as well. The reward scheme
introduced by the DM will actually induce a competition between the firms, or an
investment game, as we call it. A reward scheme is said to be optimal if in every
equilibrium (of the investment game) all firms act according to the best interest of the
DM.

We first prove that for every market, i.e., for every set of possible actions of the
investment firms, the DM can find an optimal reward scheme. This means that by
properly designing the reward scheme, the DM can have the firms act in any equilibrium
so as to maximize the DM’s profits. The proof we provide is constructive and holds
for a general number of firms and actions. More specifically, we present an optimal
reward scheme that is linear in the sum of differences of the firms’ earnings.

When the market changes frequently and the set of actions changes considerably,
the DM might not be able to design, in advance, an optimal scheme. The question
arises whether there is a universal optimal reward scheme that could cater to any set
of possible actions. It turns out that here things are less optimistic. We show that
one cannot devise a reward scheme which remains optimal for every set of actions. In
other words, in order to be able to design an optimal reward scheme, the DM should
either know what investment options are available for the firms (for investment), or at
least the bound of their yields.

This paper differs from the related literature in several respects. In most previous

3We first consider a risk-neutral DM, i.e., an investor who wishes only to maximize her expected
profits. Subsequently, we generalize our results to any expected utility maximizer DM. In other words,
we extend our results to include risk aversion, risk loving, and so on.



works (see Subsection 1.1 ahead), the DM faces agents of various types and various
abilities. While the DM cannot distinguish between agents of different types, their
types do affect the DM’s utility. For instance, different workers vary in their produc-
tivity rates, thus affecting their employers’ profit. A leading question in the literature
is whether the DM can design a reward scheme that rewards skilled agents, and screens
out unskilled ones.

In our setting, in contrast, all agents are potentially of the same type. They are all
experts, all exposed to the same data and, most importantly, all have the same set of
possible actions.* This assumption distinguishes our work from most previous financial
studies. In our set-up, using agents of the same type requires almost no assumptions
over the information structure and over the probability space. However, the effects
of private information and different trading abilities, that are the main focus in most
previous studies, remain vague.

Nevertheless, the idea that all the information is available to the agents is consistent
with studies showing that returns are, mostly in the short term and to some extent
also in the long run, predictable.’ For this reason, we assume that investment firms
have value-enhancing trading abilities. From a clear theoretical point of view, this is
not unprecedented, as can be seen in Treynor and Black (1973); Admati and Pfleiderer
(1997); and Elton and Gruber (2004).

We show that the outcome, in a scenario of homogeneous agents, could still be
unfavourable to the DM. Such a scenario is illustrated in the motivating example
(Section 2). In this example, an investor has her funds managed by some investment
firms. In order to induce a profit-maximizing competition between the firms, she
considers reallocating the funds according to a winner-takes-all reward scheme. It
turns out that in the unique equilibrium of the investment game induced, all firms
invest in the portfolio that serves worst the interests of the DM.

In our context, even in the presence of skilled and unskilled fund managers, and even
if the investor succeeds in screening out the unskilled ones, the skilled fund managers
can still fail to deliver significant returns. This may happen due to the fact that their

incentives are ill-matched with the objectives of the investor. In this paper we focus

4In contrast, e.g., to the set-up of Sharpe (1981); Berk and Green (2004); and Dybvig et al. (2010),
among many others.

°See, e.g.,Dai and Singleton (2002); Lewellen (2004); Torous et al. (2004); Cochrane and Piazzesi
(2005); Campbell and Yogo (2006); Ang and Bekaert (2007); and Lettau and Van Nieuwerburgh
(2008).



on the issue of ensuring an optimal outcome for the DM, independently of the agents’
skill level. In a broad sense, our main goal resembles the optimal auction design of
Myerson (1981), whose goal is to provide an optimal mechanism that serves best the
goals of the seller (and in our case, maximizes the DM’s revenue).

Though we mainly use the terms ‘investor’ and ‘investment firms’, our model is not
limited to this environment alone. The model we propose applies to many environ-
ments, and is especially relevant to the relations between shareholders and managers
of financial institutions. These relations were, and still are, a central issue in the eco-
nomic world. A key aspect in these relations is the disparity between the managers’
self-interests and those of the company, and thus of the shareholders. A clear evidence
for this tension could be found in the words of the 13" Federal Reserve chairman, Alan
Greenspan: “I made a mistake in presuming that the self-interests of organizations,
specifically banks and others, were such as that they were best capable of protecting

their own shareholders and their equity in the firms”.%

1.1 Related literature

Taking a broad perspective of the subject, our work lies between the economic lit-
erature and the financial one. On one hand, we are using basic game theory and
mechanism design approach to tackle the problem of an optimal incentive scheme in
a general principle-agent problem. On the other hand, we apply our results mainly
to the problem of delegated portfolio management in financial markets. Both fields
are well-studied, and therefore we will not be able to relate specifically to all previous
works (See Stracca (2006) for a comprehensive survey of the field).

Numerous studies were conducted on the importance of performance-based payofts
and reputation in non-deterministic markets. These studies were conducted for a good
reason: the need to sustain a high-level of reputation is the one objective nearly all
agents have in common in almost any market, and specifically so in non-deterministic,
performance-based markets.

This need is sometimes translated to a well-known phenomenon called “herding”,
where agents tend to mimic other agents, though they can perform better indepen-
dently. Mimicking other competitors enables the agents to level their returns relative

to the market, and therefore preserve their reputation. One can even track back this

6New York Times, “Greenspan ‘shocked’ that free markets are flawed”, October 23, 2008.



concept to the words of Keynes (1936): “Worldly wisdom teaches that it is better for
reputation to fail conventionally than to succeed unconventionally.” (Book 4, Chapter
12, page 158).

This phenomenon is a key element in our work, and is best exemplified by the
motivating example in Section 2. In our set-up, the agents can always choose an optimal
portfolio for the investor. Yet they chose to balance their gains and losses relative to
the other agents by investing (like their competitors) in a sub-optimal manner.

In this context, a reward scheme is a sophisticated ranking mechanism by which
firms are ranked according to their past performance. Nonetheless, an important dis-
tinction should be made. Our result show that the reputation should not be limited
to an ordinal ranking. In the optimal reward scheme we propose, the cardinality is
crucial. Specifically, our optimal reward scheme states that every firm starts out with
the same basic share. Any deviation from this basic share is proportional to the firm’s
excess return relative to the market’s average.

One of the first papers to deal with the problem of herding is Scharfstein and
Stein (1990). It shows that under certain circumstances agents simply mimic the
behaviour of others, ignoring substantive information they posses. Specifically, when
the market assesses the capabilities of an agent according to his performance, as well
as his conventionality, agents may mimic each other, thus leading to a sub-optimal
outcome.

Dasgupta and Prat (2006) continues this line of work. It studies the effect of fund-
managers’ career concerns on their performance. Given a specific model, Dasgupta and
Prat show that without career concerns, only fund managers with special abilities will
trade. However, they also prove that career concerns may lead to an equilibrium where
unskilled fund managers have to trade in order to stand out, which may involve taking
unnecessary risks. This work is generalized to a dynamic model in Dasgupta and Prat
(2008). However, the latter focuses on the effect of career concerns on market prices
and trading volume. In both cases the investors are risk-neutral return maximizers.

In general, the manipulability abilities of unskilled agents were proven to exist in
more than a few papers, such as Lehrer (2001); Sandroni et al. (2003); Sandroni (2003);
Shmaya (2008); and Olszewski and Sandroni (2008).

Foster and Young (2010) proves that it is almost impossible to generate a reward
scheme in which skilled agents are rewarded while unskilled ones are eliminated from

the market. This result is based on the assumption that the agents’ strategies and



tactics are not observable. Recently, He et al. (2015) showed that this result could be
inverted when a liquidation boundary is set along with a requirement from the agents
to deposit their own money to offset potential losses.

In the financial literature, Sharpe (1981) is one of the first studies that deals with
the issue of using multiple asset managers, and the need to provide good incentives
(or otherwise coordinate between different managers). This work was later followed
by Barry and Starks (1984) and more recently by Van Binsbergen et al. (2008). In
general, these papers focus on the impact of decentralized investment management
when using multiple investment firms. These papers require much more structure over
the available assets in the entire market, and for each investment firm, separately.

Our non-existence theorem regarding a universal optimal reward scheme also has
some parallels in the literature. Holmstrom and Milgrom (1991) studies the principal-
agent problem in a set-up completely different from ours, yet it reaches a similar
conclusion according to which, sometimes the only optimal reward scheme is constant.
It proves that in order to increase their payoff, agents would divert their effort to where
it is easier to measure their performance, and derives implications with respect to job
design. For example, teachers that receive bonuses according to their students’ test
scores, might neglect other important aspects.

Assuming that some actions are known to the risk-neutral investor, Carroll (2015)
examines contracts where the investor evaluates the performance of the agent through
a worst-case criterion consistent with her own knowledge. Under these conditions, it
shows that linear contracts are optimal. Nevertheless, one should not confuse this
linearity and our proposed linear reward scheme. In Carroll (2015) the conclusion is
that a fixed share of the return is optimal, whereas we suggest a contract where the
linearity is taken with comparison to other agents.

Although we mainly consider a market with competing firms, the problem we dis-
cuss relates to studies where economic incentives, in accordance with social norms,
affect the production within firms. Huck et al. (2012) uses a simple model of team
production to show that contract designing can increase or decrease the total effort
exerted by workers. They study team-pay contracts- i.e., contracts that depend on
the total effort of the workers, when employees are either selfish, or team spirited-
and relative-performance contracts that depend on individual efforts. In their setup,
they show that a competition between workers can decrease the overall production of

the firm, while team incentives can increase the production of each worker. They also



prove that higher bonuses can reduce efforts by reducing the social pressure of other
workers on the individual worker.” The model of Huck et al. (2012) and similar ones

relate to the dynamic model that we present later, in Section 5.

1.2 Outline of the paper

The paper is organized as follows. Section 2 presents a simple 2-firm reward-scheme
problem that illustrates the drawbacks of results-based incentives in competitive non-
deterministic markets. In Section 3 we present the model along with the main assump-
tions. Section 4 includes the main results, divided into three parts: in Subsection 4.1
we show how to formulate an optimal reward scheme for any specific market and a
risk-neutral DM. These results are extended in Subsection 4.2 to an expected-utility
maximizer DM. In Subsection 4.3 we prove that, unless independent of the outcomes,
every reward scheme might fail as the market evolves. Concluding remarks and addi-

tional comments are presented in Section 5.

2 A motivating example: a 2-firm reward-scheme
problem

An investor wishes to invest some funds through one of two investment firms: Firm
1 and Firm 2. The DM has already some funds invested through these firms and she
wishes to allocate additional funds according to some predetermined rule that depends
on the firms’ yearly earnings.

The goal of the DM is to maximize the expected earnings of current and future
investments. However, as she is not aware of the possible bonds in the market, she
chooses to allocate the entire available amount to the firm which presents the highest
earnings by the end of the year (i.e., a winner-takes-all reward scheme). In case both
firms present the same earnings, the funds are equally divided between the two firms.

Suppose that the firms can invest either in Bond X, which yields 5% per year with
probability (w.p.) 1, or in Bond X5, which yields 5.1% per year w.p. 0.6 and 0% per

year w.p. 0.4%. The goal of the firms is to maximize their expected earnings and to

"This line of investigation could be traced back to the work of Kandel and Lazear (1992), on how
profit sharing and peer pressure affect the actions of workers in a company. In addition, one should
acknowledge the contributions of Holmstrom and Milgrom (1990); Bacharach (1999); and Fischer and
Huddart (2008), to this field.



maximize the overall amount of funds they manage, according to the utility functions
given below.

In this example we prove that, although investing in Bond X, is substantially
worse than investing in Bond X; (in terms of both expected return and risk), the
unique equilibrium in the induced game is when both firms invest in Xo.

Formally, let A = {X, X5} be the set of (pure) actions available to the firms. The
distributions of X and X5 (when considered as random variables) is the following:

1.051, per year w.

X1 =105 per year w.p. 1, X, = { p-
p.

Y

by ot

1.0, per year w.

These distributions are common knowledge between the firms. The firms can also mix
between X; and X,. That is, Firm ¢ may decide to invest, say, a portion «; € [0, 1]
of the money it manages in X; and 1 — ; in X5. To such a strategy we refer as a
diversified strategy.

The utility functions of the investment firms depend on a parameter A € [0, 1]. Let
o; = a; X1 + (1 — ;) X5 be the strategy of Firm i. The utility of Firm 1, U; is defined

as follows:®

|
Ul(gl’ag) - )\E(Ul) + (1 - )‘)E <1{01>02} + { 12 2}) -

= )\E(Oéle + (1 - Oél)Xg) + (1)
Pr((a; — a)[ X7 — X5] = 0)) ‘
2

+ (1-2X) (Pr((al —a)[X1 — Xs] > 0) +

In words, the utility function of Firm 1 is a weighted average (A vs. 1 — \) of its
earnings (e.g., E(a; X7 + (1 — a1)X3)) and the probability that the additional funds
are allocated to Firm 1. Firms 2’s utility function is defined in a similar fashion.

The following lemma shows that while the firms maximize their profits, the result
is unfavorable to the DM.

Lemma 1. For every 0 < \ < ﬁ ~ 0.83, the unique equilibrium is when both firms

choose to invest only in Bond X,.

While the expected earnings per year of Bond X, is 3.006%, that of Bond X; is 5%.

It turns out that the reward scheme (i.e., the winner-takes-all mechanism) is adversarial

8In what follows E stands for the expectation.



to the interests of the DM: the unique equilibrium is (X5, X5), which from the DM’s
perspective is the worst possible result. Moreover, even from the firms’ perspective
the equilibrium (X3, X3) is Pareto-dominated by any other profile (o1, 05), such that
o1 = 0.

Proof. Fix A\ € [0, ﬁ). Assume that Firm 1 employs 01 = oy X7 + (1 — )Xo
and Firm 2 employs 03 = @ X7 + (1 — @)Xy, where 0 < ag,ay < 1. The first term
AE(0q) of Firm 1’s utility equals A(1.0306 4+ 0.0194¢ ), which is linearly increasing in

a1 when A > 0. The second term equals

1 3/57 if o < Qo,
(1-X) <Pr(01 > 09) + §Pr(01 = 02)) =(1=X)-{1/2, if a; = as,
2/5, if a1 > Q.

When \ = 0, the strategy o1 = X5 (i.e., a3 = 0) is a dominant strategy and the result

holds. We may thus assume that \ € (0, ﬁ). By the linearity in «;, a profile of

strategies in which o; < a_; cannot be an equilibrium, since Firm ¢ has a profitable

deviation to %te=:

. This deviation increases the first term of Firm ¢’s utility without
affecting the second term.

In addition, if a; = ay > 0, then any firm can make an infinitesimal deviation

to a; — € € (0, ;) and gain 3(15_’\) instead of 152 with an infinitesimal loss in AE(0;).
Therefore, we only need to consider the profile where a; = ay = 0, that is, (Xs, X5).
A direct computation shows that no profitable deviation exists and the result holds.
We point out that the linearity of AE(0;) in «; implies that we only need to verify that
deviating to X7 is not profitable.

It is important to note that the utility functions in this example are not linear.
If we would let the firms invest their entire allocation either in X; or in X5, without
allowing diversified investments, we would get a game where each firm has only two

possible actions at its disposal. In such case the payoff matrix would be the following:

X1 Xo
X1 | 0.5+0.55), 0.5+ 0.55\ 0.4 + 0.65\ , 0.6 + 0.4306
X5 0.6 4+ 0.4306A, 0.4 4+ 0.65A | 0.5 + 0.5306A, 0.5 + 0.5306A

Table 1: The two pure-action game.



Table 1 presents a 2-player game with the relevant expected values. It is easy to

1
1.194°

sufficient for showing that X5 is a dominant strategy. The reason is that the utility

see that X, is dominating X; for every A < Note, however, that this is not
function of Firm 1 (see Eq. (1)), as well as that of Firm 2, are not linear. That is,
Up(a1 Xy + (1 — aq) X, 09) is typically not equal to ayUy (X1, 09) + (1 — a1)U; (X3, 09).
This implies that although X5 is dominant over X, the action X, is not necessarily
dominant over all other mixtures between the two. The lack of linearity (let alone the
lack of continuity) might also impede the existence of an equilibrium . In our example,
one can verify that an equilibrium does not exist’ when %94 <A< [ ]

This example illustrates the problem in case there are two firms and two pure
actions, and a specific winner-takes-all reward scheme. The model presented in the
following section concerns a more general case. In order to maintain simplicity we
assume that firms care only about the volume of their allocations (related to the
second summand of the RHS of Eq. (1)) and not about the actual performance (the

LHS of Eq. (1)) of the fund they manage. That is, A = 0.

3 The model

There are k investment firms in the market. Let A = {X7,..., X,,} be a set of random
variables with a finite expectation. This is the set of possible investment options
available to every firm. The yield of the i-th investment!? is represented by the random
variable X;. The elements composing A will be referred to later as assets or pure
strategy.

A diversified strategy o; of player i is a mixture of random variables in A. Formally,!!
op =2 ol X;, where o} > 0 and I o) = 1. The set of diversified strategies is
denoted by ). For instance, a firm taking a pure action X; invests all its managed

funds in the j-th asset, where as in case it chooses to use the diversified strategy

9A simple computation shows that (Xs, X5) is no longer an equilibrium, because a deviation to X;
is profitable. All other profiles are not equilibria by the same reasoning given in the proof of Lemma
1.

10 Any investment in a financial asset, such as a bond, a stock, or an option, as well as any other
sort of investment, such as in real estate or in a commodity.
1U'We sometimes denote a diversified strategy o; as a distribution (o}

PR

., o) over the set of pure
n

actions A. Nevertheless, the formal definition states that o; is the new random variable > 7, ol X;,

which is a convex combination of pure strategies given the weights (o7,...,0%).

()

10



_ n J ) . . . J
o; = Zj:1 0; X, it invests a proportion o

%

of its managed funds in the j-th asset.!?

Initially, the investor, or the decision maker (DM), has some funds invested through
the k firms. For simplicity and without loss of generality, we assume that the funds
are equally divided between the firms and each firm gets a normalized initial amount
of 1.

The DM is willing to reallocate her funds among the investment firms based on
their performance. For this purpose we introduce the notion of a reward scheme. Let
r; be the measurement of Firm ¢’s performance. That is, r; denotes the realization
of player i’s diversified strategy o;. Note that the DM is not familiar with the assets
included in A. She does not know their distributions, nor their expected payoffs, and
can only observe the performances (ry, ..., ) of the firms at the end of a single time

period.

Definition 1. A reward scheme is a function f : R¥ — [0,1]* such that for every

reRF,
k
D L) =1 (2)
i-1
In words, given a vector (71, ..., 7;) of the firms’ performances, a proportion f;(ry, ...

of the available funds is to be allocated to Firm 1.

The DM publicly commits to a reward scheme f. This, in turn, defines a k-player
game, called an investment game and denoted Gy, as follows. Firm i (referred to also
as Player i) chooses a strategy o; € Q). Player i’s payoff depends not only on its own
strategy, but on all other players’ strategies as well. When o = (0y,...,0%) € QF is

the profile of strategies used by the players, the expected payoff of Player 7 is

E[fi(0)].

In words, the payoff of Firm ¢ is the expected proportion of the funds it is going to
manage. This game is symmetric in all respects: all the players are homogeneous in

their utility function and have the same set of strategies.

Definition 2. A profile of strategies o € Q is a Nash equilibrium in the investment
game Gy if
E[fi(0i,0.3)] = E[fi(0,0.3)],

12In game theory, a diversified strategy is commonly perceived as a pure strategy.
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for every Player i and for every strategy o, € Q.

In the situation under consideration, the DM is actually a mechanism designer. She
announces a reward scheme and thereby defines an investment game. The investment
firms are the players in this game. They wish to maximize their expected payoffs. The
goal of the DM, on the other hand, is to design a game G in a way that in any Nash
equilibrium o = (071, ..., 0%), the strategy of Firm ¢ maximizes the expected return of
the DM:

E[oi] = paxE [X;]-

Remark 1. In Subsection 4.2, we introduce a utility function U : R — R for the DM.
Given a utility function U, the goal of the DM is to maximize E [U (Zle 0i>]. In the

current set-up, we assume that the DM is risk-neutral, e.g., U(x) = x for all x € R.

(8]l

By linearity, the RHS term E [Z?Zl O'Z'] is mazimized if and only if E[0;] = maxy,ea E[X;]

for every Firm 1.

Hence,

E

Remark 2. In general, the DM consumes the net profit and then redistributes the
funds according to a reward scheme f. The actual goal of the DM 1is, therefore, to
maximize the expected net profit and not the expected value Zle o;. Since the two are
equal, up to a constant, we use the latter for the maximization problem. Alternatively,
one could change the set of assets A such that Zle o; represents the net profit of the
DM.

3.1 Optimal Reward Schemes

Incentivizing investment firms through a reward scheme bears some similarities with
the principal-agent problem. The DM can be thought of as a principal who is interested
in motivating her agents (e.g., the investments firms) to produce optimal expected
earnings. The DM cannot monitor the investment strategies used by the firms; she can
observe only the investment results (performance). Based on those results alone, she
wants to create incentives for the firms so that the latter will serve best her interests.

The example given in Section 2 shows that intuitive methods, such as winner-takes-all,

12



might be counterproductive: they might generate a sub-optimal result for the DM.
In the following section we show how to properly design a reward scheme and induce
productive incentives.

Let O < A be the set of optimal assets:

O={X;eA; E[X;] >E[X,] for every X, € A}. (3)
Thus, there exists an € > 0 such that for every X; € O and X, ¢ O,
E[X;]| > E[X/] + €. (4)

Definition 3. A reward scheme f is optimal, if
(i) an equilibrium exists in Gy; and
(ii) in every equilibrium o = (o, ...,0%) and for every i,
E[oi] = ax B [XG]- (5)
In words, f is optimal if in every equilibrium o in G the diversified actions of all

the players produce the maximal expected value; these diversified actions are weighted

averages of pure actions from O.

Remark 3. Due to Eq. (2), for every reward scheme f and every profile of strategies
o it holds that,

E[Z f,-(a)] — 1.

Therefore, the investment game Gy is a fized-sum game in the sense that the sum of the
expected payoffs of all the players is 1. For every reward scheme f and for every game
Gy we can subtract 1/k from each player’s utility function and obtain a symmetric

zero-sum k-player game.

3.2 Interpreting the reward scheme

Though the concept of incentive schemes in the problem of delegated portfolio man-
agement is well-studied, the idea of a reward scheme that sustains the conditions given
in Definition 1, is relatively novel. These conditions go to the very core of our model,

and therefore need to be explained thoroughly.
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Most previous works considered mainly incentive plans that are simple monetary
rewards. These plans do not necessarily sustain the budget constraint given by Equa-
tion (2). However, we think that our reward-scheme model captures an important
property of the portfolio management market.

As most investment firms get a certain percentage of the portfolio they manage, the
ability of the DM to negotiate their incentives is limited. An optimal reward scheme
keeps the firms in accordance with the best interests of the DM, by taking advantage
of her elementary ability to redistribute the funds.

One could also give a different interpretation for a reward scheme. Consider a
scenario where the DM has a fixed sum of money to be used for bonus purposes. The
reward scheme, in this case, is a results-based bonus plan. This exemplifies another
important aspect of the reward scheme - it is bounded. A reward scheme is applicable
for any fixed sum, and the DM need not commit to unbounded rewards.

In addition, the implementation of a reward scheme is trivial. The DM needs but
to observe the actual performances (r1,...,7y) of the firms at the end of a single time
period. Furthermore, we do not require any exogenous benchmark portfolio, as do most
previous works. This simplicity allows a complete layman (in terms of investment) to

employ such an incentives-coordinating mechanism.

4 Main results

In this section we prove the central results of this paper. The first shows that for
every finite set of random variables A, there exists an optimal reward scheme f. The
second result states that for every non-trivial (i.e., non-constant) reward scheme f,
there exists a set A such that f is not optimal.

The combination of these results is significant. On the positive side, in any non-
deterministic market the DM can design rules that ensure that her interests are accom-
plished by the players. On the negative side however, when the market is dynamic-
meaning that the market is constantly changing in terms of possible actions and assets’
yields are constantly growing- and when the DM cannot keep track of these changes,
then no single reward scheme can produce optimal results (in any possible market).
That is, any non-trivial reward scheme can lead to suboptimal results. More formally,
the only reward scheme that induces also equilibria in which players act according to

the DM’s preferences, is a reward scheme which, paradoxically, is independent of the
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players’ actions.

4.1 A fixed set of actions

The first theorem we prove is constructive. For every set of actions A, we specify an
optimal reward scheme f. The optimal reward scheme f that we propose is linear in

terms of the differences between the players’ earnings.

4.1.1 Bounded random variables

We start with the case of bounded random variables. Assume that there exists an
M € R such that Pr(]X;| < M) =1 for every asset X; € A. When such an M exists,
we say that A is uniformly bounded.

Define the Linear Reward Scheme f as,

. I 2k(k—l)M ’
fl(,r) k

L, Loilira) ey el < M,
0, if 3is.t. M <|ryl.

One can verify that f is well-defined, since for every r € R*, the equality Y, fi(r) = 1
holds and f(r) € [0, 1]*.

The Linear Reward Scheme f can be rewritten as

filr) = % + ﬁ [Ti - ﬁ;ﬁ] Lyvi, |rij<nay-

This presentation provides an important economic insight on the optimal reward
scheme f: this reward scheme distributes to all players, before the results are consid-
ered, the same basic share 1/k. When the results are considered, every player gains
or loses relatively to the basic share, a portion that depends on the difference between
his result and the average result of the other players.

In other words, the performance of every player is assessed relatively to the other
players’ average performance, and not to some exogenous benchmark portfolio (which
is the case in most previous studies). This is one crucial aspect of the Linear Reward
Scheme. It generates a competition that, in return, generates a specific benchmark for
each player, which is the average performance of his competitors. In reality, one can
implement the Linear Reward Scheme just by employing an estimated large M (e.g.,

as the maximal result obtained in previous years).
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Theorem 1. For every uniformly-bounded set of assets A, the Linear Reward Scheme

1 optimal.
Remark 4. For the sake of simplicity, and without loss of generality, we assume in
the proof of Theorem 1 that O = {X1}. That is,

E[X\] > E[X], (6)
for every 2 < i < n. This implies that a reward scheme f is optimal if and only if
(X1,...,X1) is a unique equilibrium in Gy.

Proof. We prove that for every Player i, for every profile of diversified actions
(01,09,...,0%) € QF of players 1,..., k respectively, and for every strategy o; # X of
Player 7z, the inequality

E [fz (0-17 s 7Ui—17X170i+1a s 70k)] > E [fz (017 cee agk)] )
holds.

Without loss of generality, assume that ¢ = 1. Therefore

(>0 (o —0y) 1
| ok(k— DM E]

E[fl (0'1,0'2,...,0'k)] = E

- [ (k- 1)oy =X 05 L1

2%k(k —1)M k

_(k —1)X; - ZI?:Z gj 1

E J -

< (kDM k
- E

_25:2 (X1—05) 1
|2k DMk

= E[fi(X1,00,...,004)],

where the first and the last equalities follow from the definition of f, and the inequality

follows from the fact that oy # X; and E[oy] = E[}" | J{Xj] < E[X;]. n
Remark 5. The uniqueness of the equilibrium (X1, . .., X1) is not surprising. It follows

directly from the linearity of fi(r) in r;. This linearity implies that X, is a dominant
strategy for every player. Therefore, the proof of Theorem 1 actually shows that the
Linear Reward Scheme f induces a Dominance-Solvable investment game, and that

the unique Nash equilibrium s in fact a dominant-strateqy equilibrium.
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4.1.2 The self-induced benchmark

The result of Theorem (1) is consistent with the well-known fact that, under risk-
neutrality and no effort costs, paying a share of the output induces the first-best
choice. In this sense, the optimality of any linear reward scheme might seem obvious.
However, our Linear Reward Scheme has another important and novel property we
wish to discuss: a self-induced benchmark.

Admati and Pfleiderer (1997) presents the problem of using exogenous benchmarks
in various scenarios. The main problem that arises is that the benchmark is not
calibrated to the effort, and sometimes the risk, that the players incur. The same
problem is met in Holmstrom and Milgrom (1987) and Sappington (1991). In fact,
in most frameworks it is well-established that the linear scheme is only a second-best
solution, as it leads to an underinvestment in effort and information, when needed.

The scheme we propose relates to these issues by generating a competition between
the firms. The Linear Reward Scheme defines a competition in which every player is
measured in comparison to the other players, who are also evaluated in the same way.
Therefore, the effort and risk invested by one player are taken with respect to those
invested bu the other players.

In case most firms exert some effort to increase their share, a marginal player is
motivated, due to the competition-based benchmark, to act in the same way. The
competition also solves the problem of risk-sharing, as the strategy of every player is
correlated with its benchmark, via the equilibrium of the investment game.

We believe that this approach can solve the second-best problem presented in Ad-
mati and Pfleiderer (1997), where is it proven that the best use of information is
achieved when the benchmark is optimal. Though we leave the model of costly efforts
to future research, the problem of optimality under risk and uncertainty is discussed

in Section 4.2.

4.1.3 The motivating example — revisited

Before we generalize the Linear Reward Scheme f to unbounded random variables, we
show how it affects the example presented in Section 2.

Recall that there are two players (k = 2), and two pure actions X; and X,. For
the sake of simplicity, fix M = 2 and note that X; < M for every ¢ = 1,2. The utility
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function of Player 1, given the profile of actions (o1, 02), is
Ui(o1,02) = AE(01) + (1 -ME 1(01’02))
_ AE(o, [

(1-XN(4—-E(02)) +(1+ 7)\)E(01)
S :
This utility increases with E(oy), rendering X; a dominant strategy, and (X;, X;) the

unique Nash equilibrium.

4.1.4 Unbounded random variables

Theorem 1 proves that the linear reward scheme is optimal when A is uniformly
bounded. However, the same reward scheme cannot be applied to unbounded ran-
dom variables. Theorem 2 presents a modified linear reward scheme for a general set
of assets, namely for the case where A is not uniformly bounded, and states that it is
optimal.

In the unbounded case the assumption that X; is a unique optimal action (see
Ineq. (6)) limits generality. We therefore analyse the general case: O may contain
several optimal pure actions rather than a unique optimal pure action.

Let Q1 = {qe Q: ¢ =0,YX; € O} be the set of diversified actions in @ where all
the sub-optimal pure actions are taken with probability 0, and let Qs = {g€ Q : ¢' =
0,VX; ¢ O} be the set of diversified actions in () where all the optimal pure actions
in O are assigned probability 0. The following lemma enables us to define f. Recall €

from Ineq. (4).

Lemma 2. There exists an M > 0 such that for every (X, q,a) € Q1 x Q2 x |0,1] and

every m = M,

l\D|m

[|X —4|1ya-a) X+aQI>m}]
The proof is given in the Appendix.

We use the M given in Lemma 2 to define a new reward scheme f, similar to
the Linear Reward Scheme used in Theorem 1. First, define the real-valued function
¢:R—->Ras

-M, ifrx<-—M,
o(r) =<z, if —M<az<M,
M, if x> M.
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For every player i and every vector 7 = (rq,...,7r) € R¥ define the Truncated
Reward Scheme f such that

1 o) = 6(r))]
O T 1)M
1 1
AR [ PR ] -
One can verify that f is well-defined, since
1 1 1 1 1
0% 1+ g3 [ H) - ToT S 00 ] i@ —z<m[¢<ri>—m;¢<7“j>] <
1
& —2M < ¢(r;) — quﬁ(rj) < 2M
J#i
1
< ‘Cb(rz) EZd)(TJ) < 2M,
J#i

and the last inequality holds for every r;,r; € R.
The next theorem concludes subsection 4.1. It states that an optimal reward scheme

exists also when the set A is not uniformly bounded.

Theorem 2. For every set of pure actions A, the Truncated Reward Scheme f is

optimal.

The proof is given in the Appendix.

In this subsection we presented the simple case of optimal reward schemes, in which
the players are concerned only with the share they obtain from the managed funds.
Using the terminology of the example in Section 2, we actually assumed that A = 0 for
every player. It is important to emphasize, though, that our results could be extended
beyond this restriction. One can take A > 0 and show that the previously-defined
reward schemes are still considered optimal. The intuition is clear: once A is greater
than 0, every player has an additional incentive to choose an optimal asset rather than
a sub-optimal one. Therefore, the reward schemes that were previously considered
optimal remain so also when players are concerned with their actual performance and

not only with their share.
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4.1.5 Uniqueness

Theorems 1 and 2 prove that our proposed linear reward schemes are optimal. These
theorems suggest that a sufficient condition for an optimal reward scheme is linearity.
The next question we wish to address is whether this is also a necessary condition. The
following theorem proves that linearity is indeed crucial for optimality. Specifically, if
one wants a reward scheme f to generate an investment game Gy with a dominant-
strategy optimal equilibrium (i.e., an equilibrium that sustains Eq. (5)), then f;(r)

must be linear in r;.

Theorem 3. Fiz M > 0 and assume that for every subset A of strictly-bounded actions
(i.e., Pr(|X;| > M) =1 for every action X;), the investment game Gy has a dominant-

strategy optimal equilibrium. Then, fi(r) is linear in r; for every r_;.

The proof is given in the Appendix.

4.2 An expected utility maximizer DM

Though Theorems 1 and 2 apply for a wide range of assets, the risk-neutrality set-up is
quite restrictive in the context of financial markets. Clearly, it is very difficult to make
sense of financial markets as they are by assuming investors are risk-neutral. For this
reason, we now extend the previous theorems for cases where the DM is an expected
utility maximizer with some non-linear utility function.

Assume that the DM has a general utility function U : R — R. Her main goal, as
mentioned in Remark 1 and explained in Definition 4, is to maximize E [U (Zle 0i>]

where 0 = (0y,...,0%) is a Nash equilibrium in the induced investment game G.

Definition 4. A reward scheme f is U-optimal, if
(i) an equilibrium exists in G¢; and

(ii) in every equilibrium o = (o1, ..., 0%),

U (Z 0)] = max B|U(kg)] . (7)

i=1

E

In words, f is U-optimal if in every equilibrium o in Gf, the combined portfolio Zle o;

produce the maximal expected utility for the DM.!3

13The factor k in the RHS of Eq. (7) follows from the initial amount of 1 given to each firm.
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Note that we do not restrict our attention solely to risk-averse or to risk-loving
decision making. Nevertheless, we do need to draw two assumptions over the utility
function U.

The first assumption is that the utility function is bounded by some large constant
M. Specifically, a utility function U is bounded if there exists an M > 0 such that
|U(x)| < M for every x € R.

The second assumption relates to the number of optimal diversified actions w.r.t.
U. Formally, a utility function U is uniquely mazimized if there exists a diversified

action ¢* € @) such that

E[U(kq*)] > E[U(kq)], Yqe Q\{q"}.

In words, we say that U is uniquely maximized in case the maximal expected utility in
the RHS of Eq. (7) is obtained by a unique diversified action.
In the following theorem, we define the General Reward Scheme, and along with

these two assumptions, we extend the previous results of Theorems 1 and 2.

Theorem 4. For every set of actions A such that U is bounded and uniquely mazxi-

mized, the following General Reward Scheme f is U-optimal:

filr) = % + ﬁ U(kr) — ﬁ;iU(kw) Livi, jukrl<my-
The proof is given in the Appendix, and follows the same steps as the proof of
Theorem 1.
The economic interpretation of the General Reward Scheme is therefore clear. The
DM uses his own utility function in order to produce an incentive scheme that is linear
with respect to U. The performance of each player is first assessed via the DM’s utility

function, and later compared to the utility-based performance of the other players.

Remark 6. The requirement that every equilibrium is optimal in Definitions (3) and
(4) is quite restrictive, especially in the context of delegated portfolio management.
Another possibility is to define optimality by the existence of an optimal equilibrium,
in the sense of Equations (5) and (7). This alternation is given in Definition (5) that
follows. Note that under this weaker assumption the uniquely-maximized condition in

Theorem (4) is redundant.
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Remark 7. Under the weaker definition, given in the previous remark, and without
the uniquely-maximized condition, the result of Theorem / still holds, even when the
players are not risk-neutral, but using a constant absolute risk aversion (CARA) utility
function. Specifically, since we do not restrict ourselves to normal distributions, assume
that player i tries to mavimize E[X]—3Var[X]| when X is player i’s payoff and assume
that the DM has a bounded utility function U. In this case, the optimal equilibrium
given in the proof of Theorem (4) still holds. The proof is straightforward since a
deviation of one player can only increase his variance,'* without increasing the expected
value. This extends previously-known results based only on a risk-averse DM with a
CARA wutility function and a CARA utility mazimizing players (under the assumption

of normal distributions).

4.3 A universal reward scheme

Theorems 1, 2, and 4 show that for a given set of actions, one can design an optimal
reward scheme. The next question that we address is whether or not there exists a

reward scheme that is optimal®® for every set of actions A.

Definition 5. A reward scheme f is said to be universal if for every set of actions
A = {Xy,...,X,}, the induced investment game Gy has an equilibrium (oy, ...,0%)

where E[0;] = maxy,ca E[X;] for everyi=1,... k.

In words, f is a universal reward scheme if for every finite set of actions there
exists an equilibrium that sustains the optimality condition given in Eq. (5). When
comparing a universal reward scheme and an optimal reward scheme, one should notice
two differences. A reward scheme is optimal if every equilibrium is optimal, whereas a
reward scheme is universal if an optimal equilibrium exists. Secondly, a reward scheme
f is universal if for every set of actions A the induced investment game Gy has an
optimal equilibrium. An optimal reward scheme, on the other hand, relates only to a
specific set of actions.

The following theorem states that a non-constant universal reward scheme does not

exist.

14The variance is minimal since the strategy of every player and his benchmark are correlated, as
explained in Subsection 4.1.2
15Tn this subsection we consider a risk-neutral DM.
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Theorem 5. In the case of two players, there is no non-constant universal reward

scheme.

The proof is given in the Appendix.

A generalization of Theorem 5 to any number of players k£ > 3 is not trivial though.
For example, take any non-constant reward scheme f : R* — R¥ such that f;(r) = 1/k
for every r € R that has at least two identical coordinates. In this case, for every
action X, the profile of strategies (Xj, ..., X;) is an equilibrium, because a unilateral
deviation would still leave at least two identical coordinates of at least two other players,
in which case the share would be determined as 1/k. In other words, any deviation of
a single player will not bear any influence on the payoffs. On the other hand, requiring
that all equilibria satisfy Eq. (5) will not hold when f is constant, because in this case
all profiles are equilibria. Therefore, when the number of players is three or more, we

must introduce a stronger requirement .

Definition 6. A reward scheme f is said to be strongly universal if for every set
A ={Xy,...,X,}, every optimal profile of strategies (i.e., satisfying Eq. (5)) in Gy

constitutes necessarily an equilibrium.

Note that if a Nash equilibrium exists, then any strongly universal reward scheme

is a universal reward scheme.

Theorem 6. If f is a strongly universal reward scheme, then every profile of strategies

15 an equilibrium.

The proof is given in the Appendix.

5 Concluding remarks

5.1 Varying portfolio preferences

The results presented in this paper have two complementary aspects: practical and
theoretical. On the practical level, we provide a specific description of a reward scheme
that guarantees that agents are motivated to act according to the DM’s interests. On
the theoretical side, we show that an always-optimal reward scheme simply does not

exist.
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This work focuses on an investor who naturally tries to maximize her expected
utility. Although this assumption is common in the literature, one can still follow
the line of Holmstrom and Milgrom (1991) and assume that the DM simultaneously
incorporates into her utility function different aspects of the managed profile, such
as expected return and some measurement of riskiness. One can assume in general
that the investor has a preference relation over the set of possible portfolios, and thus
try to find a reward scheme that induces an optimal equilibrium (with respect to this

preference relation). We leave this problem for future research.

5.2 A dynamic model

The model we consider in this paper in static. One can naturally extend this model
to a dynamic one, where the firms take into account the future volume of the funds
they manage. At any stage the DM redistributes available funds (including her yearly
earnings and her already-allocated funds) according to the firms’ previous performance,
ans following a reward scheme she has conceived. In return, each firm receives a fixed
percentage of the entire volume it manages. As a result, each firm wants to excel at the
present period in order to receive more funds to manage in the future. In other words,
the firms are primarily concerned with getting as greater a portion of the available
funds as possible.

In more formal terms, the stage-payoff of a firm resembles the utility function
discussed in Section 3 — it takes into account only the volume of the funds allocated
for it to manage. In regard to the example in Section 2, the stage-payoff of a firm in
a dynamic setting may resemble that in Eq. (1) with A = 0. This implies that the
actual performance of a firm is important only as long as it affects the volume of the
funds allocated for that firm to manage. However, a more general model could take
into consideration a situation where the firms balance between making the cake bigger
and at the same time, getting a larger slice of it in the future. To a certain extent, this
latter model resembles the one in Huck et al. (2012), where workers consider both the

common prosperity and their own personal good.

5.3 Non-homogeneous firms

In this paper we analysed a model in which the assets available (i.e., set A) are common

to all players. This is quite a natural assumption. The model, however, can accom-
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modate for a more general scenario, where actions sets are firm specific. The results
above can be easily stated in these terms as well.

What about the case where firms may have private information or different levels
of expertise? A dynamic Bayesian model with asymmetric reward schemes is left for a

future investigation.

5.4 Multiple decision makers

Chevalier and Ellison (1997) study how the inflow of investments and the actions of
investment firms relate to one another. In general, it is clear that the behaviour of
additional investors can distort incentives generated by a single DM. These effects are
significant and have been demonstrated in many empirical studies. We leave the prob-
lem of multiple investors and the implications of these issues on regulatory decisions

for future research.
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6 Appendix

Lemma 2. There exists an M > 0 such that for every (X, q,a) € Q1 x Q2 x [0,1] and
every m = M,

E[IX = qllja-a)xrag>m]| < %

Proof. By the optimality of the actions in (); and the sub-optimality of the actions

in @2, we know that E[X — ¢] > € for every X € (); and every ¢ € (J2. In addition,

for every a € [0, 1], one can choose a sufficiently large Mx ,, > 0 such that for every

m =z MX,q,on
- (8)
This follows from the fact that for every (X, ¢, a) € Q1 x Q2 x [0, 1], the set of

random variables {|X —q|)1{j1—a)x+aq>m} men is a sequence of real-valued measurable

E [|X - Q|1{|(1fa)X+o¢q\>m}] <

DO ™

functions that are weakly dominated by an integrable function | X — ¢|. That is,

|X - Q|1{|(1fa)X+aq\>m} < |X - q|

for every m € N. The sequence converges pointwise to 0 as m — oo. Hence, by the

dominated convergence theorem,
E[|X — ql1ja-a)xtag-vi=mi| = 0 as m — .

Since Ineq. (8) is strict, there exists an open set By 4o S @* xR containing (X, ¢, ),
such that this inequality holds for every (X', ¢, a’) € Bx 4. and every m = Mx g 4.

The collection of open sets { B X7q,a}( X,q,0)eQ1 xQ2x[0,1] 18 an open cover of the compact
set Q1 X Q2 x [0,1], hence a finite subcover B exists. Fix a positive number M =
maxp, , .8 Mx g and note that (8) holds for every (X,q,a) € Q1 x Q2 x [0,1] and
every m = M. [ ]

Theorem 2. For every set of pure actions A, the Truncated Reward Scheme f is

optimal.

Proof. Fix a a strategy o7 € Q\Q1 and o9, ..., s, € Q. There exist X € (); and
q € Q2 such that o1 = (1—a)X +aq, where o > 0. Without loss of generality, we relate
only to Player 1 and prove that E[f;(X, 09,...,sx)] > E[fi(01,09,...,5s)]. In words,
for every profile of strategies o = (071, ..., 0), Player 1 can increase his expected payoff

by passing to a diversified action that includes only optimal actions.
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By the linearity of the sum in f;, it suffices to prove that

E[¢(X))] > E[¢((1 — @)X + aq)], (9)

and every diversified action o1 ¢ ()1, that includes sub-optimal actions ¢, is dominated
by some diversified action X € Q).
Assume to the contrary that (9) does not hold, i.e. that

E[¢(X)] < E[¢((1 - )X + ag)]. (10)

Consider the real-valued function ¢ (z) = = — ¢(z), and note that ¢(x) = = — (x).
Then, Ineq. (10) is recast as

E[X —¢(X)] <E[(1 - )X + ag —¢((1 — )X + aq)]
or, equivalently,
E[X] - E[(1—a)X +aq] < E[p(X)] - B[¥((1 - )X +ag)]. (1)

Since X is a convex combination of optimal actions and ¢ is a convex combination of

sub-optimal actions, it follows from (3) that

EX]|-E[(l-ao)X+aq] = E[X—-(1-a)X —aq]
= oE[X —¢]

> (€.

Combining the last inequality with Ineq. (11) we obtain

E[$(X) = ¢(X — (X —q))] E[¢(X)] = E[¢((1 — a)X + aq)]

E[X] -E[(1 - o)X + aq]

A\

\%

Qe.

Denote v = 9(X) — (X — a(X — ¢q)). We contradict the last inequality by showing
that E[y] < ae.
Consider the intervals I} = (—oo, —M), Iy = [-M, M], and I3 = (M, o0). One can
write 1) explicitly as
x+ M, if xel,
P(z) =<0, if xely,
x—M, if xels.
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Note that ¢(z) < 0iff z € [; and ¢(x) > 0 iff x € I5.
Overall, there are 9 cases we need to consider where X € [; and X —a(X —q) € 1,

for every i,j = 1,2,3 (denote these events by A;;):
Event Ay;. If i = j =1, then

v o= X+M—-[X—-aX-q+M=aX-q).
Event As;. If i = j = 3, then

v = X-M-[X—-—aX—-—q)—M]=a(X —q).
Event Ay. If i =75 =2 theny=0—-0=0.

Event Aj,. If i =1 and j = 2, then v = X + M < 0. The inequality v < 0 also holds

in events Az and Ajs.

Event Aj. If i =3 and j = 2, then X — (X — q) < M, or equivalently, X — M <
a(X — q). This means that v = ¢(X) = X — M < a(X —q).

Event Aj;. If i = 3 and j = 1, then
v = X-M-—(X—aX—q)+ M)
= a(X —q)—2M
< a(X —q).

Event A,. If i =2 and j = 1, then —M < X < M, which implies that —X — M < 0.
Thus,
7= 0-(X —aX —q)+ M)
= - X—-—M+a(X —gq)
< a(X —q).
This covers all nine possible cases. To conclude, we showed that in A;; when

i = 1,2, and in As; when j = 1,2,3, the inequality 7 < a(X — ¢) holds, and in all
other events v < 0. Note that Uj’:1 Asj ={X > M} < {|X| > M} and

Anv Ay = {X <M X—-aX-q) <-Mj
= {(X<M 1-a)X +ag<—-M}
c {|[(1-a)X +aq|> M}.
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Therefore,

E[fY] = Z E (71Aij)

< VE(a(X ~gia,) + Y B ([a(X ~)lls,)

i=1 j=1

= aB[(X — Q)l{X>M}] + aE [(X - C])l{XgM, Xfa(qu)<fM}]

< OéEHX — Q|1{X>M}] + aoE [|X - q|]-{X<M7 Xfa(qu)<fM}] (12)
< aE[|IX — ¢[1xpan] + aE[|X — 10 a)xrag>m)] (13)
< a% + ag = «e. (14)

Here, Ineq. (12) follows from the abosulte values, Ineq. (13) follows from increasing
the subset over which the expected values are taken, and Ineq. (14) follows from (8).
A contradiction.

We proved that for every player, every optimal strategy (pure or diversified) X €
()1 dominates every sub-optimal strategy o7 = (1 — )X + ag € Q\Q;. Hence, by
eliminating sub-optimal strategies, the players will play only optimal strategies.

Let Ag, be the probability simplex over the respective pure actions in ;. That
is, every diversified optimal action of a player ¢ could be represented by a probability
vector in Ag,. By the fixed point theorem on a convex compact set Ag,, we know

that an equilibrium exists, and the result follows. ]

Theorem 3. Fiz M > 0 and assume that for every subset A of strictly-bounded actions
(i.e., Pr(|X;| > M) =1 for every action X;), the investment game G¢ has a dominant-

strategy optimal equilibrium. Then, fi(r) is linear in r; for every r_;.

Proof. Without loss of generality, fixi = land taker_; = (ro,...,7%) € (=M, M)+ !
such that r; > r; 4 for every 2 < i < k — 1. Define g(t) = f1(¢,r_;). We need to prove
that g(t) is linear.

Fix r; > ry and consider —M < y < x < M and A € (0,1) such that r =
Az + (1 — A)y. We start by proving that g(Az + (1 — N)y) = Ag(z) + (1 — N)g(y).

Define the constant random variables X; = r; for every 1 < j < k. Take € > 0 such

that A + € < 1 and define Z, such that

T, W.p. A+e¢
Z+ ==
Yy, w.p.l—XA—e

32



Clearly, E[Z.] > E[X|] for every 1 < j < k. Let A, = {X3,Xs,..., X, Z;} be a
set of strictly-bounded actions. Since an optimal dominant-strategy equilibrium exists,

it follows that 7, is a dominant strategy of player 1. Thus,

fl()‘ ( )ya )
E[fi(X1, Xy,..., X4)]

E[f (Z+7X27" Xk)]
e)filw,r—i) + (L= A—e)fily,r-:)
e)g(z) + (1 = A= e)g(y).

Taking the limit when e tends to 0, gives the inequality g(Ax + (1 — A\)y) < Ag(x) +

(1= N)g().
Now, take € > 0 such that A — e > 0 and define Z_ such that

7 {x, W.p. A — €,

9z + (1= Ny)

N

(A +
(A+

Yy, wp.l—XA+e.

Let A = {X1,Xs,..., Xy, Z } be a set of strictly-bounded actions, and similarly to
the previous reasoning, we get that X; is a dominant strategy, as E[X] = r; > E[Z_].
Therefore,

gz +(1=Ny) = fidz+ (1 =Ny, )
= E[fi(X1, Xy, ..., X})]
> E[f(Z_, Xo....,X})]
A=) filz,r—) + (1= A+ ) fily,7-)
A=egle) + (1= A+ e)g(y).
Taking the limit where e — 0, it follows that g(Az + (1 — AN)y) = Ag(z) + (1 — N\)g(y).

To conclude, we proved that g(Az+ (1 —X\)y) = Ag(z)+ (1 —N)g(y) for the specific case
where Az + (1 — \)y = r; = ro. Nevertheless, this result holds for every y < r < z,

-
(

and a straightforward examination shows that

g(y) —g(r)  g(x)—g(r1)  gly) —g(x)

- - I

y—n r—Tr y—x

which implies linearity, as required. [ ]
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Theorem 4. For every set of actions A such that U is bounded and uniquely maxi-

mized, the following General Reward Scheme f is U-optimal:

1

1
fl(T') = E + m U(k?"l) — —ZU k?"] 1{Vz |U(kr:)|<M}-
J#i

Proof. Let ¢* € @ be the unique diversified action such that E[U(kq*)] > E[U(kq)]
for every ¢ € Q\{¢*}. We prove that for every Player i, for every profile of diversified
actions (oy,09,...,0%) € QF of players 1,...,k respectively, and for every strategy

o; # q* of Player 7, the inequality

E[fz (017 s 70—i717q*70—i+17 cee 70k)] > E [fz (017 s >Jk)]7

holds.

Similarly to the proof of Theorem 1, assume w.l.o.g. that ¢ = 1 and

11 d
E[fl(q*,<727...,0'k)] = E[E+M<U /{7 ]ZQU]C(%)]

11
- ¢+ o B0 - 2y DB UG
SO _E[U(k Z Uk

ko 2MEk el 14 (ko]

Il
=

1 1 k
E—I-m([]kal ; m)]
= E[fl (01,02,~--70k)]-

The inequality implies that ¢* is a strictly dominant strategy for every player i. Thus,
(¢%,...,q*) € Q" is a dominant-strategy equilibrium. Since all the players use the same
diversified action ¢* in the unique equilibrium o, Eq. (7) is satisfied and the result

follows. ]

Theorem 5. In the case of two players, there is no non-constant universal reward

scheme.
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Proof. Let x < y < z. We first prove that fi(y,y) = fi(z,y). Assume to the
contrary that fi(y,y) < fi(z,y). Let A = {X;, Xo} be a set of two actions X; and Xo
with a joint probability distribution

(XX [z [y
x 010
Y 110

Note that E[X;]| > E[X;]. However,

E[/1(X2, X1)] = filz,y) > fily,y) = E[f1(X1, X3)],

implying that (X;,X;) is not an equilibrium in Gy, since Player 1 can benefit from
deviating to X5. Thus,

fily,y) = filz,y). (15)
For similar reasons,
oy y) = foly, @) (16)

Next we prove that fi(x,z) = fi(y,z). Let p be a number in (0,1) and let A =
{X1, X2} be a set of two actions X; and X, with a joint probability distribution,

XN @y

T 0 D
z 1—p1|0

A direct computation shows that

E[/1(Xy, X)] = E[A(Xe, X)) = p(file,2) = fily, 7)) + (1 = p) (f1(2,2) = fi(z, 2)).

Recall that fi(z, z) — fi(z, 2) is bounded. If fi(z,x) < fi(y,x), then there is p smaller
than, but sufficiently close to 1, such that for every z, E[f1(X1, X1)| —E[fi1(X2, X1)] <

0. In other words,
E[f1(X1, X1)] < E[/i(X2, X1)]. (17)

Now one can choose z to be sufficiently large, so that E[X;] > E|[X3]. Inequality
(17) implies that (X7, X7) is not an equilibrium in Gy, since Player 1 can benefit from

deviating to Xs. Hence,

file, ) = fily, ). (18)
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A similar argument shows that

falw, ) = folx,y). (19)

We now sum up inequalities (15), (16), (18), and (19) to obtain, fi(y,y)+ f2(y,y) +

fuw) + fale ) > Fiey) + olyx) + Fi(.2) + fola.y). Due to Eq. (2), equality
holds. Thus, (15), (16), (18), and (19) are actually equalities. Therefore,

filz,x) = filz,y) = fily,2) = fily, ),

and the proof is complete. [ ]

Theorem 6. If f is a strongly universal reward scheme, then every profile of strategies

18 an equilibrium.

Proof. Let f be a strongly universal reward scheme. Clearly, Theorem 5 implies
that the result holds for the case of k = 2. Fix k > 3. We prove the theorem by showing
that for every player i and for every vector of outcomes r € R¥, the ith coordinate f;(r)
of the reward scheme is non-decreasing and non-increasing in 7;.

Assume to the contrary that there exists a player i, a vector of outcomes r € R¥,
and w; € R, such that fi(w;,r—;) > fi(r;,r—;) where w; < r;. Define the random
variable X such that Pr(X = z) > 0if x = r; when 1 < j < k. Assume that
Pr(X = r;) > Pr(X = r;) for every j # i. In addition, define a set of i.i.d. random
variables X; ~ X where 1 < j < k. Define the vector-valued random variable (W, X_;)
by

Pr(W,X_;) =z) =Pr((X;, X_;) =x), VY #r,

and
PI‘((VV, X—z) = (wi,r_i)) = PI‘((X“X_Z) = 7”).

Clearly, (W, X ;) and W are well defined. A direct computation shows that E[W] <
E[X]. However, the vector (X;, X_;) is not an equilibrium, as Player i can deviate to W
and increase his payoff, since f;(w;,r_;) > fi(r;,r—;). Hence, f;(-,r_;) is non-decreasing
for every ¢ and every r_;.

Now assume to the contrary that f;(r;,7_;) is strictly increasing in r;. That is,
there exists a player i, a vector of outcomes r € R* and y; € R, such that fi(y;,7_;) >

fi(ri,r—;) where y; > ;.
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Let z, z € R be two real numbers such that Z > r; > z for every 1 < j < k and let p
be a number in (0,1). Define the random variable Y such that, w.p. p, it follows that
Pr(Y =r;) > 0 for every 1 < j < k. Assume that Pr(Y = r;) > Pr(Y = r;) for every
j # 1. In addition, w.p. 1 — p, the random variable Y equals Z. Define a set of i.i.d.
random variables Y; ~ Y where 1 < j < k. Define the vector-valued random variable
(Z,Y_;) by

Pr((Z,Y_;) =y) = Pr((Y;,Yi) = y) Yy #r,y; # 2 V),

Pr((Z,Y.:) = (yi,r—i)) = Pr((Yi, Y) = 1),
and if there exists a coordinate j of y € R* such that y; = z, then
Pr((Z,Y_;) = (z,y-)) = Pr((Yi,Y=;) = y).

Clearly, (Z,Y ;) and Z are well defined. Note that

E(fi(Z,Y_)] = E [fz‘(Yi, Y_i) 1y ey, 22 v]'}] + filys, r—i)Pr((Yi, Y_;) = 1)
+ ) filzy)Pr((Yi, Vo) = y)

yeRF:
35y =2
> E [fz‘(E'?Y—i)l{Yj;ez Vj}] + Z filz, y—i)Pr((Ys, Y=5) = y) (20)
yeRE:
d3yj=%
= E[fi(Y;,Y)] + Z (filz,y—i) = fily))Pr((Yi, Yoi) = y), (21)
yer”:

where Ineq. (20) follows from the assumption that f;(y;,7—_;) > fi(r;,7—;). The sum in
Eq. (21) is bounded, therefore we can choose a p sufficiently close to 1 (but still smaller
than 1), such that E[f;(Z,Y_;)] > E [fi(Yi, Y_;)] for every z. Taking a sufficiently large
z and a sufficiently low z guarantees that E[Y] > E[Z].

In conclusion, the vector (Y;, Y_;) is not an equilibrium, as Player i can deviate to Z
and increase his payoff. A contradiction. Hence, f;(-,7_;) is non-increasing for every i
and every r_;. The combination of the two results proves that f; is independent of the
1th coordinate. This implies that the expected payoff of every player ¢ is independent

of the player’s actions and that every profile of actions is an equilibrium. [ ]
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