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Abstract We study rockburst generation in discontinuous

rock masses using theoretical and numerical approaches.

We begin by developing an analytical solution for the

energy change due to tunneling in a continuous rock mass

using linear elasticity. We show that the affected zone

where most of the increase in elastic strain energy takes

place is restricted to an annulus that extends to a distance

of three diameters from the tunnel center, regardless of

initial tunnel diameter, magnitude of in situ stress, and

in situ stress ratio. By considering local elastic strain

concentrations, we further delineate the Rockbursting

Prone Zone found to be concentrated in an annulus that

extends to one diameter from the tunnel center, regardless

of original stress ratio, magnitude, and the stiffness of the

rock mass. We proceed by arguing that in initially dis-

continuous rock masses shear stress amplification due to

tunneling will inevitably trigger block displacements along

preexisting discontinuities much before shear failure of

intact rock elements will ensue, because of the lower shear

strength of discontinuities with respect to intact rock ele-

ments, provided of course that the blocks are removable.

We employ the numerical discrete element DDA method to

obtain, quantitatively, the kinetic energy, the elastic strain

energy, and the dissipated energy in the affected zone in a

discontinuous rock due to tunneling. We show that the

kinetic energy of ejected blocks due to strain relaxation

increases with increasing initial stress and with decreasing

frictional resistance of preexisting discontinuities. Finally,

we demonstrate how controlled strain energy release by

means of top heading and bench excavation methodology

can assist in mitigating rockburst hazards due to stain

relaxation.

Keywords Rockburst � Deep underground excavations �
DDA � Dynamic deformation � Energy considerations

1 Introduction

Rockbursts pose a very serious risk to the safety of deep

underground excavations, and yet the underlying mecha-

nism for rockburst generation is still not completely

understood. Because of the great risk to workers safety and

the extensive damage to equipment, rockbursts are indeed

considered by many as the biggest unresolved problem in

deep underground excavations. Rockbursts are defined as

‘‘a sudden displacement of rock that occurs in the boundary

of an excavation, and cause substantial damage to the

excavation (Brady and Brown 2006)’’. Rockbursts may

appear as rock slices or rock falls that pop out of the free

surface surrounding the excavation, or as violent rock

block ejections, all of which are typically accompanied by

characteristic acoustic emissions. As of now, two basic

mechanisms are discussed in the rock mechanics litera-

tures: (1) strain relaxation due to the formation of new

underground space in a highly stressed environment, (2)

response to dynamic wave propagation induced by explo-

sions and drilling in which case the source and the damage

might be separate in distance and time (Ortlepp and Stacey

1994). Typically, deep excavations can release a large

amount of accumulated elastic energy accompanied with
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intensive dynamic loading (Cook 1966). The stored strain

energy in the rock mass cannot be dissipated entirely by

shear sliding along joints, and part of the released strain

energy may be converted into kinetic energy that leads to

strong shock coupled with block ejections.

In the past several decades, vast research related to the

causative mechanism of rockbursts has been performed.

In situ measurements of rock displacement in deep tun-

neling projects since the 1960s suggest that the mechanical

response of the rock mass in rockburst events is essentially

elastic in nature (Mitri 1999). Generally, rockbursts usually

fall under one of three classifications: (1) strain burst, (2)

pillar burst and (3) fault slip burst (Müller 1991). Any type

of rockburst is attributed to some generation mechanism,

either self-initiated or triggered remotely. Rockbursts are

either mining-induced by energy release causing damage at

the source or triggered by significant dynamic stress

changes from remote seismic events. In civil works the

most common phenomena are referred to as strain bursts,

although buckling and face crushing may occur as well (He

et al. 2015). As pointed out, rockbursts are a violent failure

phenomenon associated with a seismic event, which often

occurs in deep, highly stressed ground (Kaiser et al. 1996),

the response of which cannot be addressed by static theo-

ries of rock behavior. Consequently, a deep insight into the

dynamic mechanisms and the application of this knowl-

edge to the excavation and support of underground open-

ings are essential for possible reduction of the risk

associated with the rockburst phenomenon (Durrheim et al.

1998). To date, the rockburst phenomenon has been studied

in the field using in situ micro seismic monitoring, at the

lab using true triaxial tests, and theoretically using ana-

lytical and numerical approaches.

In situ monitoring of micro seismicity has been con-

ducted in various projects, in America (Brady and Leighton

1977), South Africa (Ortlepp and Stacey 1994), Canada

(Kaiser and Maloney 1997), India (Srinivasan et al. 1997),

Australia (Heal 2010) and China (Feng et al. 2015; Lu et al.

2013), in an effort to understand spatial and temporal

intensities of rockburst events during underground mining.

Interestingly, spatial precursor events were determined a

few days before the occurrence of major rockbursts.

Moreover, micro seismicity monitoring enabled resolving

the moment tensor associated with rockbursting to analyze

the shearing mechanism of rockbursts (Cai et al. 2004).

Laboratory dynamic unloading tests under true triaxial

conditions were performed to obtain the frequency–am-

plitude relationship of acoustic emissions resulting from

rockbursts of a single rock block (He et al. 2015; Zhao

et al. 2014). Analysis of such laboratory induced ‘‘strain-

bursts’’ in granitic rocks revealed that strain-bursts are non-

linear, dynamic phenomena that occur when a large

amount of energy is released towards a pre-existing free

face by sliding along pre-existing discontinuities. Through

triaxial unloading tests it was found that the unloading

elastic modulus is lower than under loading, and that the

ultimate strength decreases with the increasing rate of

unloading (Huang et al. 2001).

Theoretical study of the rockburst phenomenon focused

on energy considerations and indeed some conceptual

expressions of the related energy components were pro-

posed and derived for the general case, although consid-

eration of specific parametric variables such as geometry

and initial stresses was not attempted (Walsh 1977; Sala-

mon 1984). Numerical methods have also been utilized in

the study of rockbursts, primarily with the aim of capturing

the precursors for rockbursts to enable development of

precautionary measures (Zhu et al. 2010). Various indices,

including energy release rate (ERR), excess shear stress

(ESS) together with local energy release rate (LERR), have

been proposed to analyze the risk associated with rock-

bursts (Jiang et al. 2010). Continuum approaches have been

widely applied in engineering analyses of strainbursts

based on static calculations (Zubelewicz and Mróz 1983;

Sharan 2007), as well as the distinct element method

UDEC with its explicit time integration algorithm (Gu and

Ozbay 2014). Using RFPA2D (Rock Failure Process

Analysis) it was found that the energy release and micro

seismic events tend to increase with increasing rockburst-

ing (Tang and Kaiser 1998). Although these approaches

improved our understanding of the rockburst phenomenon,

specific evaluation of the various energy components

involved in rockburst deformation, i.e., elastic strain

energy, kinetic energy of the block system and energy

dissipation due to shear sliding along pre-existing discon-

tinuities, has not been proposed to date.

The purpose of this paper is to clarify the physical

mechanism of rockburst generation due to strain relaxation in

an elastic rock mass, with specific emphasis on the kinetic

energy of the block system. The transient release of strain

elastic energy triggers rockbursting and therefore its quanti-

tative evaluation will assist in assessing the rockburst

potential and its expected magnitude in specific underground

conditions, already at the design stage. We derive an ana-

lytical solution of energy changes in the surrounding rock

mass before and after excavation from first principles of

theory of elasticity. We investigate the correlation between

energy density concentration and initial principal stress ratio,

as well as the effective depth of surrounding rock from newly

opening boundary for mitigating rockburst hazard. We vali-

date and employ the numerical, implicit, discrete element

discontinuous deformation analysis (DDA) method which is

based on the principle of minimum potential energy (Shi

1988), to obtain better understanding of the underlying

mechanisms for strain burst generation due to strain relax-

ation in discontinuous rock masses. For the specific purposes
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of this study we use an enhanced version of DDA that

incorporates non-reflective boundaries (Bao et al. 2012) and

excavation sequence capabilities (Tal et al. 2014). The

modified version has been verified using analytical solutions

(Bao et al. 2014) as well as field case studies (Hatzor et al.

2015). Ultimately, the combination of the analytical and

numerical approaches provides an in-depth understanding of

the physical mechanism that controls rockbursts due to strain

relaxation both in continuous as well as discontinuous rock

masses. Specifically for discontinuous rock masses where

ejection of rock blocks is assumed the dominant mechanism,

we derive the mutual transformation of the energy compo-

nents among elastic strain energy, kinetic energy of the entire

block system in the Rockbursting Prone Zone (RPZ) and

energy dissipation due to shear sliding along pre-existing

discontinuities. We investigate the influence of frictional

resistance and in situ stress on the intensity of rockbursting so

that we can now identify the conditions at which violent

rockbursts are most likely to occur in a discontinuous, rela-

tively stiff, rock mass. An important mitigating measure

would be the release of stored strain energy where the

potential for rockbursts is high (Xu et al. 2015). An example

of rockburst mitigation using top heading distressing in

comparison with full-face excavation is demonstrated using

the Jinping hydroelectric project as a case study.

2 The Affected Area and the Rockbursting Prone
Zone Based on Energy Considerations

It is generally accepted that rockbursts are a manifestation of

rapid release of a large amount of elastic energy stored in the

rock mass. Therefore, inspection of the energy change due to

tunneling in highly stressed environments can provide a

meaningful insight into the mechanics of rockbursts. Below

we derive analytical expressions for the change in elastic

strain energy and for the energy concentration ratio due to

tunneling using linear elasticity. These analytical expres-

sions are used to delineate the affected area due to tunneling

and the zone most likely to generate rockbursts, the

‘‘Rockbursting Prone Zone’’ (RPZ).

2.1 Energy Change Due to Excavation

We consider a semi-infinite underground space subjected

to initial far field stresses under plane-strain conditions (see

Fig. 1) assuming for now a continuous linear elastic rock

mass. To enable clarifying the strain energy budget due to

tunneling, no support is considered hereinafter and body

forces are ignored. The sign convention used throughout

this paper is that compressive stresses and strains are

positive.

Assuming rox , r
o
y , and roz are principal stresses under

plane-strain, the shear stresses in the cross-sectional planes

are zero (soyz ¼ sozx ¼ soxy ¼ 0). The elastic strain energy in

the initial state before the excavation can be expressed as

(see also Fig. 2):

Uo
A;B ¼ uo � SA;B

¼ 1þ t
2E

1� tð Þðrox þ royÞ
2 � 2roxr

o
y

h i
� SA;B ð1Þ

were the complete derivation of Eq. (1) is provided in the

‘‘Appendix’’.

To help demonstrate our approach we will use quanti-

tative examples as we go along. Let us consider a linear

elastic rock with m = 0.22 and E = 25.3 GPa, subjected to

initial stresses of rox = 60 MPa, and roy = 30 MPa.

Assuming plane-strain, by means of Eq. (1) the strain

energy density of unit volume before the excavation is:

uo ¼ 1þ 0:22

2� 25:3� 109
1� 0:22ð Þ � 60; 000; 000ð½

þ30; 000; 000Þ2�2� 60; 000; 000� 30; 000; 000
i

¼ 65; 532:81 ðJ m�3Þ

Let the tunnel shown in Fig. 1b have radius a = 4 m

and let the analyzed domain extend to a radius b = 12 m.

The total elastic strain energy in the initial state (before the

excavation) is found by superposition:

It can be shown (for complete derivation see ‘‘Ap-

pendix’’) that the total elastic strain energy stored in an

annulus SB around a circular opening after the excavation

(see Fig. 2) may be expressed as:

Uo
A ¼

R
SA

uodS ¼
R a
0

R 2p
0

uordhdr ¼
R 4
0

R 2p
0

65; 532:81� rdhdr ¼ 32; 94; 038 ðJÞ

Uo
B ¼

R
SB

uodS ¼
R b
a

R 2p
0

uordhdr ¼
R 12
4

R 2p
0

65; 532:81� rdhdr ¼ 26; 352; 310 ðJÞ

Uo ¼ Uo
A þ Uo

B ¼ 29; 646; 348 ðJÞ

8>>><
>>>:

ð2Þ
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U�
B ¼ p

E
1� t2
� � Z b

a

rox þ roy

� �2
r þ 2 rox � roy

� �2a4
r3

� �
dr

�

þ 2 1þ tð Þ
Z b

a

rox þ roy

� �2

4

a4

r3
þ

rox � roy

� �2
a4

4

2
64

� 2

r3
� 12a2

r5
þ 9a4

r7

	 

� roxr

o
yrdr

��

¼ p
E

1þ t2
� � 1

2
rox þ roy

� �2
r2
��b
a
� rox � roy

� �2
a4

1

r2

����
b

a

" #(

þ 2 1þ tð Þ �
rox þ roy

� �2

8
a4

1

r2

����
b

a

þ
rox � roy

� �2
a4

4

2
64

� � 1

r2

����
b

a

þ3a2
1

r4

����
b

a

� 3

2
a4

1

r6

����
b

a

 !
�
roxr

o
y

2
r2
��b
a

#

ð3Þ

With the parameters used in the previous example, the

total elastic strain energy stored in annulus SB after exca-

vation by means of Eq. (3) is U�
B = 31,599,350 J whereas

before the excavation we get Uo
A = 3,294,038 J,

Uo
B = 26,352,310 J (see Eq. (2)). The relative energy

changes due to the excavation for this particular example

can be expressed using the following expressions:

U�
B � Uo

B

Uo
B

� 100 % ¼ 19:911 %

U�
B � Uo

B

Uo
A

� 100 % ¼ 159:29 %

ð4Þ

The term U�
B � Uo

B

� �
Uo

B scales the energy change in

the annulus with respect to the original annulus energy. It

will decrease with increasing domain boundary (b) and will

tend to zero at infinity. The term U�
B � Uo

B

� �
Uo

A scales the

energy change in the annulus with respect to the energy of

the tunnel before excavation. It will therefore increase with

increasing domain boundary (b) until it will reach some

constant value at infinity (see Table 1). Note that the

mechanical stiffness of the rock mass, as scaled by the

Young’s modulus, does not influence these ratios [see

Eq. (4)].

To summarize this section, it now becomes apparent that

two factors directly influence the amount of strain energy

that will be concentrated in the rock mass following the

excavation, thus increasing the risk for instantaneous

(a) (b)

SB

VB

SA

a
b

z

x
y

o
xσ

o
xσ

o
yσ

o
yσ

）））） ooo
yxz σσνσ

Fig. 1 Stresses around a

circular opening: circular

opening radius of a and external

research domain radius of b:

a three-dimensional sign

convention; b schematic

diagram of analyzed domain.

Note that per unit length of the

tunnel is considered here

assuming plane strain

a

Excavation ∗
BU

o
BU

o
AU

Fig. 2 Scheme of excavation-

induced energy of surrounding

rock
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energy release in the affected zone: (1) tunnel diameter, (2)

level of initial in situ stress.

2.2 Redistribution of Energy Density

Excavation of underground space is typically followed by

radial stress relaxation during which some of the stored

elastic strain energy in the rock mass surrounding the

excavation is released. The radial deformation into the

newly formed space is coupled by tangential stress con-

centration near the opening [see Eq. (18)], leading to

energy concentration at localized positions around the

opening. We investigate here the influence of opening

diameter and initial stress magnitude on energy concen-

trations around the opening, in order to enable a quantita-

tive discussion of excavation induced rockbursting. To that

end, we use again the energy increase ratio U�
B � Uo

B

� �
Uo

A

as defined above, to scale the energy change in the annulus

with respect to the energy of the initial tunnel before

excavation. Results pertaining to three different scenarios

are presented in Table 2. Inspection of the results of this

analysis reveals that most of the energy increase is con-

centrated in an annulus extended to a distance of three

times the opening diameter, regardless of variables such as

the opening diameter, the magnitude of the initial stresses

and the initial principal stress ratio. To appreciate this note

that up to an annulus distance of 3D (D is the diameter of

the circular opening) the energy increase ratio is approxi-

mately 1.7, beyond which the increase is negligible. Since

the same results are obtained for the three possible cases,

including various opening diameters and initial principal

stresses, we conclude that the affected area due to

tunneling generally extends to a distance of three diameters

from the tunnel center.

To study the influence of principal stress ratio on local

energy density concentrations within the affected area we

use an ‘‘energy density concentration index’’, defined here

as: /�=/o. This index provides the ratio between energy

densities before and after the excavation, thus scaling the

increase in strain energy due to the excavation (see Fig. 3).

Although the energy increase ratio U�
B � Uo

B

� �
Uo

A remains

1.7 inside the affected area to a distance of 3D, regardless

of tunnel diameter and initial stress ratio (Table 2), the

energy density concentration indices /�=/o at different

localities in the affected area are distinctly different. The

maximum energy density is parallel to the major far field

principal stress, in this particular case at the roof under

initial principal stress ratio k = r1=r2 = 2. The index

/�=/o drops from extremely high-energy density concen-

tration ratio of 6.46 at the roof to as little as 0.26 at the

sidewall (see Fig. 3a), a difference of 25 times! These great

differences in energy density concentrations must lead to

inhomogeneous release of strain energy around the opening

boundary. At a distance of one fourth of the opening

diameter, a more homogenous redistribution of energy

density ratio is obtained, from a ratio of 2.09 above the roof

to 0.48 behind the sidewall. As would be intuitively

expected, under an initially hydrostatic stress regime (see

Fig. 3b) the energy redistribution is homogenous and

decreases from a ratio of 2.79 at the immediate face to 1.35

at one fourth of the tunnel diameter.

The variations in strain energy densities with distance

from the tunnel boundary in two orthogonal directions

parallel to the principal axes (see Fig. 4) are plotted in

Table 1 Strain energy change with increasing analyzed domain boundary (tunnel diameter D = 8 m)

Analyzed domain radius b (m) 6 m (0.75D) 8 m (1D) 12 m (1.5D) 24 m (3D) 800 m (100D)

Initial energy of annulus SB (Uo
B /kJ) 4118 9882 26,352 115,291 131,758,200

Excavation-induced energy of annulus SB (U�
B /kJ) 7262 14,200 31,599 121,144 131,764,300

U�
B � Uo

B

Uo
B

� 100 %
76.374: 43.698: 19.911: 5.077: 0.0046:

U�
B � Uo

B

Uo
A

� 100 %
95.468: 131.095: 159.290: 177.688: 184.100:

D is the diameter of the circular opening, as 2 times radius a. b represents the distance from the tunnel center and analyzed domain radius

b = 100D can be deemed as infinity

Table 2 Energy increase ratios U�
B � Uo

B

� �
=Uo

A in annulus SB for different initial stresses, tunnel radius (a), and domain boundary (b)

Case no. Initial principal stress (MPa) Excavation radius a (m) Analyzed domain radius b (m)

rox roy k = rox=r
o
y 0.75D (%) 1D (%) 1.5D (%) 3D (%) 100D (%)

No. 1 60 30 2 4 95.47 131.11 159.29 177.69 184.10

No. 2 10 5 2 6

No. 3 30 30 1 4 99.21 133.93 158.73 173.61 178.57
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Fig. 5. For an initial principal stress ratio of k = 2

(Fig. 5a), because the initial horizontal stress (r1 = rx) is
twice the initial vertical stress (r2 = ry), the energy den-

sity concentration index at the roof is much higher than that

at the sidewall, as would be expected considering stress

concentrations around a circular cavity as provided by

Kirsch solution. For a hydrostatic pressure of k = 1

(Fig. 5b), the energy density concentration index is

homogenous around the opening: 2.79. It is apparent from

inspection of the results shown in Fig. 5 that most of the

strain energy increase is restricted to an annulus thickness

of roughly 0.5D outside the tunnel boundary, namely from

0.5D (at the opening boundary) to 1.0D. Therefore, an

annulus of 0.5D thickness from a newly opening boundary

is expected to generate most rockbursting activity. This

annulus is considered as the effective depth to be utilized

for alleviating rockbursts by measures such as distressing

boreholes, top heading excavations, or rock bolting rein-

forcement. At a distance greater than 1D from new opening

boundaries the energy density increase is negligible. We

therefore hereby define the Rockbursting Prone Zone

(a) (b)

0.97

0.26

1.03

4.13

6.46

0.48

1.78

2.09 21 2σσ =

2σ

2.79

2.79

2.79
2.79

1.35
1.35

1.35

1.35

2σ

21 σσ =

Fig. 3 Energy density

concentration index (/*//o) at

opening boundary (solid line)

and at a distance of one fourth

of the opening diameter (dashed

line) for principal stress ratio:

a k = 2; b k = 1. Note that

/*//o is defined as the ratio

between energy densities pre

and post excavation states, to

scale the increase of strain

energy due to excavation. Here

D is the diameter of the

excavation

D

Horizontal path 2

Vertical path 1

Roof

Wall

xσσσ == 21 2

yσσ =2

Fig. 4 Scheme of two measurement paths in two orthogonal

directions parallel to the principal axis

(b)
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Fig. 5 Distribution of strain energy density concentration index

(/*//o) parallel to the principal axis in annulus around boundary

subjected to various in situ principal stress ratios: a k = 2; b k = 1.

Note that the energy density concentration is homogenous around the

opening under hydrostatic stress regime of k = 1
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(RPZ) as an annulus around a circular excavation that

extends to a distance of one diameter from the center of the

opening, regardless of initial tunnel diameter, initial in situ

stress level, and initial tress ratio.

2.3 Local Energy Concentrations Within the RPZ

Probing further into the RPZ as defined above, it is

instructive to consider the distribution of stored strain

energy in concentric increments around the tunnel, as

shown in Fig. 6 for a tunnel diameter of D = 8 m and

principal stress ratio of k = 2. In an annulus between

0.5D and 0.75D measured from the tunnel center the rel-

ative incremental increase in strain energy is 76.37 % and

it drops to 30.36 % in annulus between 0.75D and 1.0D at

the boundary of the RPZ. In annulus between 1.0D and

1.5D the energy increase ratio drops further to 5.64 %. This

analysis further confirms our conclusion that the RPZ

extends to a distance of one diameter from the tunnel

center, in an annulus between 0.5D and 1.0D, measured

from the tunnel center. This conclusion, which is obtained

here theoretically, is supported by observations performed

by Panthi (2012) who measured the rockburst depth impact

in a tunnel in the Himalayas and suggested that the impact

depth depends on the tangential stress and the particular

characteristics of the rock mass. Moreover, extensive field

observations performed during tunneling of the Jinping

headrace tunnels (Shan and Yan 2010) suggest that most

rockbursting activity occurs after the working face has

advanced between 6 and 12 m, which in this case roughly

corresponds to 0.5D–1D, the rockbursting prone zone as

defined in this paper.

3 Numerical Modeling of P-Wave Propagation
in Discontinuous Rocks

3.1 The Relevance of Discontinuous Analysis

in Rockburst Research

Once the excavation is created, stress redistribution will

take place where tangential stress (i.e., major principal

stress r1) increases while radial stress (the minimum

principal stress r3) decreases to zero, resulting in the

development of maximum shear stress, i.e., s = (r1 - r3)/
2, at the newly created opening boundary. Where and when

the maximum shear stress exceeds the frictional resistance

of pre-existing joints, instantaneous sliding will occur

provided that the blocks are finite and removable, conse-

quently emitting strong seismic waves, which will propa-

gate through the discontinuous rock mass. Such an event

may be considered as a rockburst generated by slip of

removable blocks along pre-existing discontinuities. We

argue that since the shear strength of pre-existing discon-

tinuities is much lower than the shear strength of intact

rock elements, it is much more likely that at critical

89545.05 kJ88938.99 kJ 0.68 %

17398.92 kJ16470.20 kJ 5.64 %

6938.14 kJ5764.57 kJ 30.36 %

7262.29 kJ4117.55 kJ 76.37 %

0.75D

1D
1.5D

3D

Relative increment

Initial energy Energy after tunnel removal

%100o
annulus

o
annulusannulus ×

−∗

U
UU

o
annulusU *

annulusU

(a) (b)

Fig. 6 Relative increment rate of strain energy stored in every

annulus around the circular excavation: a initial undisturbed state;

b concentration of energy density due to excavation. Note that the

notation U represents stored energy in four annuluses, i.e., the radii of

which are from 0.5D to 0.75D, from 0.75D to 1D, from 1D to

1.5D and from 1.5D to 3D on the x-axis, respectively. Here

0.5D represents the newly opening boundary
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locations around the tunnel boundary the increased shear

stress will exceed the level of available discontinuity shear

strength before it will approach the level of shear strength

of intact rock elements. Therefore, rockbursts due to

dynamic ejection of blocks in the process of strain relax-

ation are much more likely in discontinuous rock masses

than rockbursts due to fracturing of intact rock elements.

This rationale provides the motivation to focus the

numerical analysis in this study on discrete element

methods, and we choose to do this with the numerical,

implicit, DDA method (Shi 1993). In this section, the

capability of DDA to model accurately burst induced P-

wave propagation is first validated, using results from a real

case study. In the next section, DDA is used to study the

energy components of rockburst deformation in discon-

tinuous rock masses.

In this paper, we use two enhancements recently intro-

duced to improve DDA modeling capabilities of dynamic

deformation in the context of deep underground excavations:

(1) introduction of non-reflective boundaries (Bao et al. 2012)

the essentials of which are briefly reviewed below, and (2)

introduction of sequential excavation (Tal et al. 2014).

3.2 Implementation of Non-reflective Boundaries

in DDA

The non-reflective boundary enhancement proposed by

Bao et al. (2012) involves dampers in the normal and

tangential directions, which incorporate the block

velocities:

fn ¼ �qcpvn
fs ¼ �qcsvs

�
ð5Þ

where q is material density; cp and cs are the characteristic

propagation velocities of P- and S-waves in the material; vn
and vs are the normal and tangential velocities of the

boundary block. From elastic wave propagation theory the

characteristic P- and S-wave velocities for the material are:

cp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð1� vÞ

q 1þ vð Þ 1� 2vð Þ

s
ð6Þ

cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E

q 1þ vð Þ

s
ð7Þ

where E and m are the material’s Young’s modulus and

Poisson’s ratio.

The normal and tangential particle velocities of the

boundary in cartesian coordinates can be obtained by the

following relationships:

vn ¼ vx sin a� vy cos a
vt ¼ vx cos aþ vy sin a

�
ð8Þ

where a is the direction angle of the boundary edge cor-

responding to the x-axis; vx and vy are the particle veloci-

ties in the x and y directions, respectively.

3.3 Numerical Model Validation and Calibration

Research performed during construction of the Jinping

hydroelectric station is used here as a case study for

numerical model calibration and validation. Many rock-

bursts have been recorded and documented during the

excavation of seven, 17 km long, parallel tunnels con-

necting between Jinping I and Jinping II hydropower sta-

tions, advanced under a maximum overburden of 2525 m

(Wang et al. 2012). The tunnels were mostly excavated in

marble (Wu et al. 2010). A high-performance integrated

seismic system was employed in the tunnels by Feng et al.

(2015) for rockburst monitoring and warning in order to

reduce the associated rockburst risk and ensure workers

safety and smooth construction operations. Adjacent sen-

sors in the axial direction along the tunnel were labeled a

‘‘group’’ where the qth group of sensors were denoted by

Sq1, …, Sqn (see Fig. 7). The field-test layout as shown in

Fig. 8a was modeled with DDA using the mesh shown in

Fig. 8b.

MS sensor

S21S11 Sq1
Wave

Tunnel
(Excavated)

···

Working face

Tunnel
(Unexcavated)

q th group
of MS sensors

Second group
of MS sensors

First group
of MS sensors

MS source

S1n S2n Sqn

···

Sq2S22S12

O

Fig. 7 Diagram showing MS monitoring in Jinping drainage tunnel (modified after Feng et al. 2015). Microseismic event labeled O
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To simulate a blasting source with DDA, loading points

were positioned at the centroids of eight octagonal shaped

blocks, each of 1 m width (see Fig. 9). Each loading point

was loaded with a pressure time history function of the

following form (Drake et al. 1989):

Pt ¼ P0 � e
� t�1:1tað Þ

ta ð9Þ

where Pt and P0 are shock stress at time t and peak shock

stress, respectively. Note that t is the elapsed time from

blasting at the source and ta is the arrival time to distance

R where ta = R/c and c is the characteristic P-wave

velocity of the material. We use a peak force in this sim-

ulation of 10,000 kN, resulting in normally incident peak

stress of 10 MPa at the edges of the octagonal load ele-

ments. The mechanical parameters for the material used in

the simulation are Young’s modulus E = 25.3 GPa, Pois-

son’s ratio m = 0.22, initial cohesion 23.9 MPa and tensile

strength 1.5 MPa, following measurements performed in

the field (Li et al. 2012). The Mohr–Coulomb failure cri-

terion is applied to model shear sliding along pre-discon-

tinuities in DDA, a discontinuity friction angle of 46� is

assumed here for all discontinuities. Viscous boundaries as

reviewed above are employed in the DDA simulations to

avoid artificial reflections from the boundaries that may

obscure the results of the simulation. The time step size is

set at 10-5 s which, based on our experience (Zelig et al.

2015), should minimize numeric errors in the given con-

figuration. The results of the validation study are shown in

Fig. 10. In Fig. 10a, b the DDA time histories for moni-

toring stations S1 and S2 are shown. The theoretical arrival

times at each point, as obtained from the material proper-

ties used [Eq. (6)] are plotted as red solid triangles and

indeed, an excellent agreement is obtained between DDA

and the theoretical arrival times at each station. The actual

arrivals as measured in the field in each station are plotted

as (*) and they are clearly much earlier than obtained either

numerically, or theoretically. We believe the discrepancy is

due to difference in material properties between the

assumed for numerical or theoretical computations and the

actually encountered values in the field near the face.

Indeed, the rock mass parameters quoted and used in our

analysis were not measured between chainage K10 ? 245-

K ? 135 where the validation study is performed, but in

test tunnels between stations K08 ? 680 to K08 ? 750 (Li

et al. 2012) where similar rock mass conditions and rock-

bursts were encountered.

In Fig. 10c time histories measured near the right

boundary are plotted along with the theoretically calculated

arrival times using Eq. (6). Again, a very good agreement

is obtained between DDA and the theoretical values.

Moreover, the time histories plotted in Fig. 10c demon-

strate very clearly the efficiency of the viscous boundary

used, as no reflections are obtained with DDA at all. This

absorbing capacity of the viscous boundaries enables

accurate representation of an infinite medium using a finite

analyzed domain in further simulations.

(b)

(a)

30mS2 S1 77m
18m

10
m

Rockburst

Rockburst areaFirst group of 
MS sensors

Second group 
of MS sensors

77m30m

Chainage (m) K10 + 135145155165175185195205215225245 235

Wave
Advance of 

working face

Fig. 8 Configuration of blasting source and monitoring points: a field-test layout of microseismic sensors (data from Feng et al. 2015); b DDA

mesh with non-reflective boundaries (red boundary lines) (color figure online)
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4 Rockburst Energy Distribution
in a Discontinuous Rock Mass

4.1 Modeling Deformation of the Affected Area

with DDA

We have shown that the increase in energy in the affected

area, to a distance of 3D from the tunnel center, amounted

to 170 % more than the originally stored energy. This

energy increase must be balanced, once the excavation is

formed, by three energy components in the block system as

shown in Eq. (10):

Uo
B þ 1:7� Uo

A ¼ U�
e;B þ U�

k;B þ U�
d;B ð10Þ

where U�
e;B = strain energy stored in the rock blocks,

U�
k;B = kinetic energy of the block system, U�

d;B = dissi-

pated energy due to frictional sliding along pre-existing

discontinuities.

Before we proceed any further it should be pointed out that

the DDA method (Shi 1993) is formulated in plane stress

whereasour analytical approachassumesplain strain conditions.

It can easily be shown that under plane strain rz ¼ mðrx þ ryÞ.
Inserting this special case into the general form of the constitu-

tive law (Eq. (13) in Appendix), the two-dimensional strain

components under plane strain conditions are:

ex ¼
1� m2

E
rx �

m
1� m

ry
� �

ey ¼
1� m2

E
ry �

m
1� m

rx
� �

cxy ¼
2 1þ mð Þ

E
sxy

8>>>>><
>>>>>:

ð11Þ

Therefore, if the values of E and m in DDA are replaced

with E
1�m2 and

m
1�m, DDA in its plane stress formulation can

be applied for plane strain conditions, without any further

modifications.

We impose in situ stresses before the tunnel is removed,

and forward DDA modeling is performed under no gravity

as body forces are also ignored in the development of our

analytical expression for the energy increase due to tunnel-

ing. The following elastic parameters are assumed for the

rock mass: material density q = 2563 kg/m3, Young’s

Modulus E = 25.3 GPa and Poisson’s ratio m = 0.22. Two

inclined intersecting joint sets are considered in this two

dimensional simulation dipping 45� to the left and 30� to the
right of the cross section, with spacing of 5 m (see Fig. 11a).

The changes in energy components in the affected area

are computed as a function of time for different values of

discontinuity friction and stress. 70 blocks comprise the

affected area (dashed circle in Fig. 11b) the deformation of

which is computed by DDA at measurement points that are

positioned at the centroid of the each one of the 70 blocks.

4.2 Influence of Frictional Resistance on Rockburst

Energy

The evolution of the shock wave with time as expressed in

terms of the kinetic energy of the block system as obtained

with DDA is shown in Fig. 12 for a discontinuous medium

subjected to principal stress magnitudes of r1 = rx =
60 MPa, r2 = ry = 30 MPa acting in the horizontal and

vertical directions, respectively. Using the sequential

excavation enhancement to DDA (Tal et al. 2014) the

opening is created 0.3 s after the beginning of the simu-

lation. The kinetic energy of the block system rises dra-

matically once the excavation is created. A peak value of

instantaneous kinetic energy is attained very rapidly,

approximately 0.0028 s after the excavation is created, and

it drops rapidly 0.006 s after the peak. Eventually, the

kinetic energy of the system attains a constant value, cor-

responding to the kinetic energy of the single ejected key

block (recall that no gravity is applied and therefore the

ejected block maintains a constant kinetic energy).

The kinetic energy of the block system in the affected

area can be obtained by summing the kinetic energies

of all the individual blocks in the affected area:

U�
k;B ¼

P70
i¼1

1
2
mv2i , the velocities of which are recorded at

(a) (b) (c)

8 m

Ejected 
keyblock

3D

Fig. 11 A two dimensional model utilizing modified version of DDA: a blocky rock mass system; b analyzed domain; c ejected key block
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measurement points that are positioned at the centroid of

the each one of the 70 blocks in the DDA mesh. Block

stresses are also recorded at the same measurement points

and are used to compute the elastic strain energy of the

each one of the 70 blocks so that the total elastic strain

energy of the affected area may be computed as:

U�
e;B ¼

P70
i¼1 /iAi. From a viewpoint of energy transfor-

mation, both the strain and kinetic energies are recoverable

and can be transferred to other forms of energy compo-

nents, whereas the dissipated energy, here mainly due to

shear displacement along discontinuities, is not recover-

able. The difference between the total energy at time of

excavation and the recoverable energy components during

rockbursting is the dissipated energy which can be deter-

mined using Eq. (10).

The various energy components as obtained with DDA

using Eq. (10) are plotted in Fig. 13 as a function of dis-

continuity friction. Inspection of Fig. 13 reveals that fric-

tion plays an important role in rearrangement of energy

components, especially the instantaneous kinetic energy of

the block system (red line in Fig. 13) that triggers a strong

shock in the surrounding rock mass. Both the kinetic

energy of the block system and the dissipated energy due to

shear sliding decrease with increasing friction coefficient,

as would be intuitively expected, but the elastic strain

energy stored in the rock mass increases with increasing

friction, which is less intuitive. The kinetic energy of the

block system is the lowest among the three energy com-

ponents whereas the elastic strain energy stored in the rock

is much greater than both the dissipated and kinetic energy

components of the block system (note that the energy axis

scale is logarithmic in Fig. 13). This is because the affected

area in the simulation is 36 times larger than the area of the

excavation.

4.3 Influence of In Situ Stress on Rockburst Energy

To explore the role of initial stress, four cases with vari-

ous initial stress magnitudes are calculated and the results

are shown in Fig. 14 for a constant principal stress ratio of

k = 2. The four maximum principal stresses (r1 = rx) are

30
ffiffiffi
2

p
, 60, 60

ffiffiffi
2

p
and 120 MPa, respectively. As would be

expected, all the energy components correlate well with

the initial stress level. Indeed, the kinetic energy of the

block system increases approximately four times from

414 kJ with rx = 30
ffiffiffi
2

p
MPa up to 1540 kJ with

rx = 120 MPa.

Studying a single ejected keyblock as a result of strain

relaxation (see Fig. 11c) helps facilitate the understanding

of rockburst potential in discontinuous rock masses. The

violent ejection of the keyblock from the immediate face of

the excavation is attributed to the transfer of a small part of

the kinetic energy of the block system to seismic energy.

The evolution of the kinetic energy of the ejected keyblock

is demonstrated in Fig. 15, taking into account four in situ

stress magnitudes and a discontinuity friction angle of 45�.
As would be expected, with increasing in situ stress the

kinetic energy of the ejected key block increases due to the

increasing release of kinetic energy of the block system in

the affected area.
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To summarize this section, we may conclude that two

factors directly influence the magnitude of the kinetic

energy of the block system which is a proxy for rockburst

hazard: (1) frictional resistance as an internally intrinsic

factor, (2) level of in situ stress as an externally driving

factor.

5 Discussion

5.1 Relative Significance of Energy Components

in Discontinuous Rocks

Once the shear stress acting on the sliding plane of a

potential key block exceeds the shear strength across that

plane, a seismic event will instantaneously take place in the

form of shear sliding (Singh 1988). The kinetic energy of

the block system that generates an instantaneous shock in

the affected area can assist in gaining an insight into some

of the fundamental aspects of rockbursts. In the sense of

kinetics transformation, with decreasing frictional resis-

tance of pre-existing discontinuities the sudden release of

strain energy due to tunneling is increased in highly

stressed environments, resulting in stronger instantaneous

shock energy, thus increasing the likelihood for rockbursts;

see Figs. 12 and 13. We find that the kinetic energy of the

block system, considered as the intrinsic source of rock-

bursting, is most sensitive to frictional resistance offered by

pre-existing discontinuities. The kinetic energy in the

affected area drops by a factor of 5 (!) from 2589 to 525 kJ

when joint friction is increased over a reasonable range for

rock discontinues, from l = 0.25 to l = 1.0 (see Fig. 13).

Regarding the minor influence of friction coefficient on

the dissipated energy the flowing argument may be put

forth. With decreasing frictional resistance the magnitude

of shear displacement increases ðds "Þ and therefore more

energy is available to be released as seismic energy toge-

ther with a stronger rockburst shock. Yet, considering the

Mohr–Coulomb failure criterion, with decreasing friction

coefficient the shear resistance ðrn � l #Þ is reduced

assuming constant normal stress ðrnÞ on the joints.

Therefore, the dissipated energy ðrn � l # �ds "Þ due to

shear sliding is not very sensitive to the frictional resistance

(refer to blue line in Fig. 13).

It should be pointed out that at the Jinping II hydro-

electric project, energy levels of microseismicity based on

real-time monitoring systems have been established for

predicting various intensities of rockbursts defined by

amplitude of acoustic emissions (Feng et al. 2012). Here,

we simulated the evolution of kinetic energy of the block

system in the process of rockbursts. We believe the

instantaneous shock energy of the block system as com-

puted with DDA is a good proxy for the temporal behavior

of micro-seismic energy as monitored in the field. This

should be an area of further research.

5.2 Mitigating Rockburst Potential by Top Heading

Distressing

As discussed in previous sections, with increasing size of

excavation increasing elastic strain energy will be transferred

to the surrounding rock near the opening boundary, thus

increasing the kinetic energy of the affected area and the

potential for stronger rockbursts. In practice, when a relatively

large cross sectional area is required the working face is

commonly divided into several parts to be excavated

sequentially, to reduceboth the sudden releaseof strain energy

as well as the instantaneous kinetic energy of the system.

During construction of the Jinping II hydropower station

in China under a maximum overburden depth of 2525 m, a

number of extremely intense rockbursts occurred when

excavating the auxiliary and drainage tunnels. Two of the

four parallel 12.4 m diameter headrace tunnels were

excavated using large diameter TBMs thus significantly

increasing the rockbursting potential (Zhang et al. 2012);

see Fig. 16. To enable alleviating the extremely intensive
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rockbursts, a top heading excavation was conducted in the

field (refer to Fig. 17). To study the efficiency of top

heading and bench excavation methodology in alleviating

rockbursting potential we model three geometries with

DDA, as shown in Fig. 18. Note that the top heading of

half the tunnel height (Fig. 18b) was actually applied in the

Rockburst location 
behind the shield

(a) (b)

(c) (d)

Fig. 16 The rockburst events in

the construction of the tunnel in

Jinping hydropower station,

China: a the moderate rockburst

behind finger-shaped shield on

March 7, 2009; b the intensive

rockburst on the south sidewall

on August 17, 2008; c the

intensive rockburst on the north

sidewall on September 12,

2008; d the extremely intense

rockburst on November 28,

2009 (modified after Zhang

et al. 2012)

7.
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Fig. 17 Sketch map of pilot

tunnels adopted in Jinping

hydropower station for

mitigating rockbursts (unit: m):

a top heading with half height of
tunnel; b upper pilot tunnel;

c center pilot tunnel (modified

after Wang et al. 2012)
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Fig. 18 Excavation sequence schemes of three scenarios (unit: m): a full-face excavation; b top heading with half height of tunnel; c top heading
with one-third height of tunnel
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Jinping hydroelectric project to mitigate the risk of rock-

bursts. Using accurate sliding micrometer data obtained

during the excavation of a research tunnel within the Jin-

ping tunnel complex, the in situ stress field in Jinping

tunnels was obtained by inversion using the numerical

manifold method (Tal et al. 2014) and the resulting stress

state is shown in Fig. 19a. The material properties used in

the simulations here are the values obtained in the field (Li

et al. 2012): Young’s modulus (E = 25.3 GPa) and Pois-

son’s ratio (m = 0.22) and are kept constant throughout our

simulations. The modeled cross section in DDA is shown

in Fig. 19b. With the real span of D = 12.4 m as excavated

in Jinping, the number of monitoring blocks in the affected

area in the DDA mesh is 125.

The evolution of kinetic energy in the affected area in

response to top heading and bench excavation is shown in

Fig. 20 for different top heading and bench geometries.

Full-face excavation (red line in Fig. 20) gives rise to the

highest kinetic energy in the affected zone of 3577 kJ,

triggering the strongest instantaneous shock among the

three excavation scenarios. Top heading of half the height

of tunnel (blue line in Fig. 20) drops the kinetic energy of

the block system to 2014 kJ, a reduction of 56 %, indi-

cating that top heading excavation can reduce the kinetic

energy so as to effectively reduce the intensity of rock-

bursting. Excavation of the bench (at 0.40 s) results in only

minor kinetic energy of the block system of 354 kJ, which

is negligible during the construction.

The DDA results are in good agreement with monitored

rockburst events experienced during construction of the

Jinping hydroelectric project. Between August, 2008 and

November, 2009, intense and extremely intense rockbursts

were recorded at tunnels excavated with full-face approach

(Zhang et al. 2012); see Fig. 16. On November 28, 2009,

an extremely intense rockburst occurred and the TBM

equipment was buried along a 28 m long section. Then top

heading excavation of half tunnel height was employed to

distress and partly release the stored strain energy. There-

after, neither intense nor extremely intense rockbursts were

monitored when top heading of half tunnel height was

utilized; all monitored rockbursts were classified as mod-

erate when top heading excavation was utilized. Moreover,

rockbursts never occurred during lower bench excavation.

The relative height of the top heading with respect to the

tunnel height is also significant. When the top heading is

1/3 the tunnel height the kinetic energy of the system drops

further to 654 kJ (green line in Fig. 20), however when the

bench is removed in this configuration the kinetic energy of

the block system increases to 1273 kJ. The height of top

heading should therefore be optimized using numerical

approaches as demonstrated here.

Interestingly, similar to the top heading distressing for

reducing the cross sectional area, Huang et al. (2001)
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Fig. 19 Modified DDA

modelling for Jinping

hydroelectric station: a in situ

stresses components; b the DDA

model with non-reflective

boundaries. Note the input

in situ stress (Tal et al. 2014)
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proposed that rockbursts during tunneling could be con-

trolled by lowering the excavation speed in the tunnel axis

direction, the principle of which is the same as top heading

distressing, that is, reducing the volume of one-time

opening.

Finally, it should be noted that this study does not take

into consideration time-dependent strength degradation of

the rock mass, yet it has been shown that the long-term

strength of rock mass is less than 0.7 times the short-term

strength (Martin 1993). Time dependent strength degra-

dation of the rock mass can explain why some rockbursts

occur 5–20 h after the excavation is formed. Instabilities in

the form of seismic events can be initiated by the smallest

changes in stress if any point in the rock mass is close to

unstable equilibrium. The modeling of this failure mecha-

nism, however, is beyond the scope of this study.

6 Summary and Conclusions

• Based on theoretical and numerical analyses, we pro-

pose a new model to quantitatively calculate energy

components during rockburst generation, and identify

the conditions at which violent rockbursts are most

likely to occur in discontinuous, relatively stiff, rock

masses, with the aim of providing an in-depth under-

standing of the physical mechanism of rockburst gen-

eration due to strain relaxation.

• Using theoretical analysis based on linear elasticity we

find that the creation of a circular opening results in

initial strain energy increase by approximately 1.7

times to a distance of three diameters from the tunnel

center, regardless of radius of excavation, initial

principal stresses and elastic modulus of the rock. This

result defines the affected area around the excavation.

• We find that an annulus thickness of half tunnel

diameter from the opening boundary is expected to

generate most rockbursting activity, thus defining the

RPZ around the excavation. The RPZ is the effective

depth to be utilized for alleviating rockbursts, by

distressing boreholes, top heading excavations or rock

bolting.

• The numerical discrete element DDA method is first

validated using field measurements particularly with

respect to radial P-wave propagation from a point source,

and is then utilized to derive the energy components

during rockbursts in discontinuous rock masses.

• The three dynamic energy components involved in

energy transformation during rockbursting deforma-

tion: energy dissipation due to shear sliding, kinetic

energy of the block system and residual strain energy

stored in rock mass around excavation, are determined

for a discontinuous rock system using DDA. The

kinetic energy of the block system provides an insight

into the mechanism of strain rockburst generation. We

believe the instantaneous shock energy of the block

system as computed with DDA can be used as a good

proxy for temporal microseismicity monitored in the

field.

• With increasing initial stresses, energy dissipation due

to frictional sliding increases and so does the kinetic

energy of the ejected blocks, leading to greater intensity

of rockbursts. We find that with decreasing frictional

resistance of pre-existing discontinuities, the sudden

release of strain energy associated with tunneling is

increased, thus increasing the potential for rockbursting

in the RPZ.

• Top heading distressing can alleviate rockbursting

energy by decreasing the instantaneous shock associ-

ated with single face boring. The effect of top heading

distressing in reducing rockburst energy as modeled

here with DDA is supported by field measurements

performed during excavation of the Jinping hydroelec-

tric complex. Using the numerical approach proposed

here the height of the top heading with respect to the

height of the excavation can be optimized.
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Appendix: Analytical Solution for the Energy
Change Due to Tunneling in a Continuous Rock
Mass Using Linear Elasticity

To obtain the energy change due to tunneling in an infinite

elastic plate consisting of isotropic material we will

investigate the total elastic strain energy stored in an

annulus SB pre and post excavation (see Fig. 1).

Initial Energy in Analyzed Domain

The elastic strain energy density (/) stored in a rock sub-

jected to a three-dimensional stress field is given by:

/ ¼ 1=2 rxex þ ryey þ rzez þ sxycxy þ syzcyz þ szxczx
� �

ð12Þ

Assuming linear elastic rock, the general form of the

constitutive equation is as follows (Timoshenko and

Goodier 1970):
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ex ¼
1

E
rx � m ry þ rz

� �� �

ey ¼
1

E
ry � m rx þ rzð Þ
� �

ez ¼
1

E
rz � m rx þ ry

� �� �

cxy ¼
2 1þ mð Þ

E
sxy; cyz ¼

2 1þ mð Þ
E

syz; czx ¼
2 1þ mð Þ

E
szx

8>>>>>>>><
>>>>>>>>:

ð13Þ

Substituting Eq. (13) into Eq. (12), we can express the

general solution of elastic strain energy density by stress

components:

/ ¼ 1

2E
r2x þ r2y þ r2z

� �
� 2t ryrz þ rzrx þ rxry

� �h

þ2 1þ tð Þ s2yz þ s2zx þ s2xy

� �i
ð14Þ

In the notation adopted here pre and post excavation

states will be indicated by superscripts (o) and (*),

respectively; for the general case no superscript is used.

Assuming plane-strain, the strain parallel to the tunnel axis

(Fig. 1a) is given by: ez ¼ 1
E

roz � mðrox þ royÞ
h i

¼ 0 and

therefore the axial stress is: roz ¼ mðrox þ royÞ. Assuming rox ,

roy , and roz are principal stresses, the shear stresses in the

cross-sectional planes are zero (soyz ¼ sozx ¼ soxy ¼ 0). It can

be shown, however, that once the excavation space is

created, the shear stress component s�xy 6¼ 0 (see ‘‘Energy

Change Due to Excavation’’ section in Appendix), whereas

s�yz ¼ s�zx ¼ 0. Substituting these stress components into

Eq. (14), we obtain the elastic strain energy density

expression for pre and post excavation states under plane-

strain conditions:

/ ¼ 1

2E
r2x þ r2y þ t2ðrx þ ryÞ2
� �

� 2t tryðrx þ ryÞ
�n

þtðrx þ ryÞrx þ rxry
�
þ 2 1þ tð Þs2xy

o

¼ 1þ t
2E

1� tð Þðrx þ ryÞ2 � 2rxry þ 2s2xy

h i
ð15Þ

The elastic strain energy in the initial state (before

excavation) can be obtained:

Uo
A;B ¼

Z

SB

/odV

¼ 1þ t
2E

1� tð Þðrox þ royÞ
2 � 2roxr

o
y

h i
� SA;B ð16Þ

The excavation-induced energy can be obtained by

integrating Eq. (15) within volume element dVB, for unit

length of the tunnel under plane-strain conditions (see

Fig. 1b):

U�
B ¼

Z

SB

/�dV ¼
Z

SB

/�dS� 1 m

¼ 1þ t
2E

1� tð Þ
Z

SB

ðr�x þ r�yÞ
2
dS� 2

Z

SB

r�xr
�
ydSþ 2

Z

SB

s�2xydS

2
64

3
75

ð17Þ

where SB is the annulus area in cross-sectional plane (see

Fig. 1b).

Energy Change Due to Excavation

Let us find now the change in energy due to excavation of a

circular tunnel. The stress concentrations in cylindrical

coordinates around the circular tunnel can be found by

direct application of the well-known Kirsch solution

(Kirsch 1898):

r�r ¼
rox þ roy

2
1� a2

r2

	 

þ
rox � roy

2
1� a2

r2

	 

1� 3a2

r2

	 

cos 2h

r�h ¼
rox þ roy

2
1þ a2

r2

	 

�
rox � roy

2
1þ 3a4

r4

	 

cos 2h

s�rh ¼ �
rox � roy

2
1� a2

r2

	 

1þ 3a2

r2

	 

sin 2h

8>>>>>>>><
>>>>>>>>:

ð18Þ

To obtain the total elastic strain energy after excavation

we must evaluate the three expressions in Eq. (17)

(
R
SB

r�x þ r�y

� �2
dS;

R
SB

r�xr
�
ydS;

R
SB

s�2xydS) in terms of cylin-

drical coordinates so that Kirsch solution may be conve-

niently applied.

Deriving
R
SB

r�x þ r�y

� �2
dS: by employing the first stress

invariant and Eq. (18) we may write:

r�x þ r�y ¼ r�r þ r�h ¼ rox þ roy � 2 rox � roy

� � a2
r2

cos 2h ð19Þ

Using Eq. (19) and integrating within annulus SB we

get:
Z

SB

r�x þ r�y

� �2
dS¼

Z b

a

Z 2p

0

ðr�x þ r�yÞ
2
rdhdr

¼ 2p
Z b

a

rox þ roy

� �2
rdr þ 2p

Z b

a

2 rox � roy

� �2a4
r3

dr

ð20Þ

Deriving
R
SB

r�xr
�
ydS: the rotation matrix from cylindrical

to Cartesian coordinate systems (Fig. 21) is:

Qij ¼
cos h � sin h
sin h cos h

� �
ð21Þ
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Employing the second-order matrix transformation of iso-

tropic tensor from Cylindrical to Cartesian coordinate systems,

we get:

r� x;yð Þ ¼Qij�r� r;hð Þ�QT
ij

r�x s�xy
s�yx r�y

" #
¼

cosh � sinh

sinh cosh

� �
r�r s�rh
s�hr r�h

� �
cosh � sinh

sinh cosh

� �T

¼
coshr�r � sinhs�rh coshs�rh� sinhr�h
sinhr�r þ coshs�hr sinhs�rhþ coshr�h

� �

�
cosh sinh

� sinh cosh

� �
ð22Þ

Using Eq. (22) the stress components (r�x , r
�
y , s

�
xy) after

the excavation in terms of cylindrical coordinate are:

r�x ¼ cos2 hr�r � sin 2hs�rh þ sin2 hr�h
r�y ¼ sin2 hr�r þ sin 2hs�rh þ cos2 hr�h

s�xy ¼
1

2
sin 2h r�r � r�h

� �
þ cos 2hs�rh

8>><
>>:

ð23Þ

and therefore the magnitude of the term r�xr
�
y at every point

around the circular opening is:

r�xr
�
y ¼

1

8
1� cos 4hð Þr�2r þ 1

2
sin 4hr�rs

�
rh

þ 3þ cos 4h
4

	 

r�hr

�
r þ

cos 4h� 1

2
s�2rh

� 1

2
sin 4hr�hs

�
rh þ

1

8
1� cos 4hð Þr�2h ð24Þ

The six components of Eq. (24) are:

From application of Kirsch solution the term r�2r is:

ð25Þ

θ

y

x

θ

r

O

Fig. 21 Second order tensor coordination transformation
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A1¼ 1

8

rox þroy
2

	 
2

1� a2

r2

	 
2

þ
rox �roy

2

	 
2

1� a2

r2

	 
2
"

1� 3a2

r2

	 
2
1þ cos4h

2
þ
ro2x �ro2y

2
1� a2

r2

	 
2

1� 3a2

r2

	 

cos2h

#

ð26Þ

Since
R 2p
0

sin nhdh ¼ 1
n
cos nhj2p0 ¼ 0 ¼

R 2p
0

cos nhdh, the
following terms in term A1 of Eq. (26), must all equal zero:

Z r

a

Z 2p

0

rox �roy
2

	 
2

1�a2

r2

	 
2

1�3a2

r2

	 
2
cos4h
2

rdhdr

¼
Z r

a

Z 2p

0

cos4h
2

dh

	 

rox �roy

2

	 
2

1�a2

r2

	 
2

1�3a2

r2

	 
2

rdr

¼
Z r

a

Z 2p

0

ro2x �ro2y
2

1�a2

r2

	 
2

1� 3a2

r2

	 

cos2hrdhdr

¼ 0

After deleting the terms containing the expression cos nh

we obtain
R b
a

R 2p
0

A1� rdhdr ¼
R b
a

R 2p
0

A10 � rdhdr, where
A10 is A1 after deleting the terms containing cos nh. Sub-

stituting Eq. (25) into
R
r�xr

�
ydAxy using integration, we get:

ð27Þ

Similarly, after removing the terms containing the

expression cos nh, A10 and B10 can be written as:

A10 ¼ 1

8

rox þ roy
2

	 
2

1� a2

r2

	 
2

þ
rox � roy

2

	 
2
"

� 1� a2

r2

	 
2

1� 3a2

r2

	 
2
1

2

#

B10 ¼ � 1

8

rox � roy

� �2

16
1� a2

r2

	 
2

1� 3a2

r2

	 
2

The first component is:

ð28Þ
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In the same manner as above, after deleting all terms

containing the expression cos nh the remaining five com-

ponents of Eq. (27) can be expressed as:

Adding up all the components after deleting the zero

terms we get:

Substituting Eq. (30) into
R
r�xr

�
ydS we can integrate the

annulus domain SB:

ð29Þ

ð30Þ

ð31Þ
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Deriving
R
SB

s�2xydS: substituting Eq. (18) into the

expression for s�xy in Eq. (23), we obtain the excavation-

induced shear stress:

s�xy ¼ �
rox þ roy

2

a2

r2
sin 2h�

rox � roy
2

2a2

r2
� 3a4

r4

	 

sin 4h

ð32Þ

Note that Eq. (32) confirms that the shear stress com-

ponent s�xy is no longer zero after the excavation has been

created. Recalling that
R 2p
0

sin nhdh ¼0 ¼
R 2p
0

cos nhdh, we
obtain:

Z

SB

s�2xydS¼
Z b

a

Z 2p

0

s�2xy rdhdr ¼2p
Z b

a

rox þ roy

� �2

8

a4

r3

þ
rox � roy

� �2
a4

8

4

r3
� 12a2

r5
þ 9a4

r7

	 

dr

ð33Þ

To get the total elastic strain energy stored in an annulus

SB around a circular opening after excavation (see Fig. 2),

we substitute Eqs. (20), (31) and (33) into Eq. (17):

U�
B ¼ p

E
1� t2
� � Z b

a

rox þ roy

� �2
r þ 2 rox � roy

� �2a4
r3

� ��
dr

þ 2 1þ tð Þ
Z b

a

rox þ roy

� �2

4

a4

r3
þ

rox � roy

� �2
a4

4

2
64

� 2

r3
� 12a2

r5
þ 9a4

r7

	 

� roxr

o
yrdr

��

¼ p
E

1� t2
� � 1

2
rox þ roy

� �2
r2
��b
a
� rox � roy

� �2
a4

1

r2

����
b

a

" #(

þ2 1þ tð Þ �
rox þ roy

� �2

8
a4

1

r2

����
b

a

þ
rox � roy

� �2
a4

4

2
64

� � 1

r2

����
b

a

þ3a2
1

r4

����
b

a

� 3

2
a4

1

r6

����
b

a

 !
�
roxr

o
y

2
r2
��b
a

�g

ð34Þ

to obtain the total energy after the excavation in annulus

SB.
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