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9710 W NPAYLNP AWINT 1091 910 2871 9% NOANT 2x7 9on Mv1ona axnl (ii) 7°vaa
Sunrpi

:X27 19182 (3) ARMWA DX 203
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] sin ¢ 0
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0 1
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WO X -2 X, X, MTRI 0w 2% ON 02222517007 257 0N Y 8o n7veT ([17] 2.2 5178
x(T,0,x,u)=x, -0 P u: [0,T]—>U pyoypn? 0% 7972 03700 T 010
N0 MY 2PWn MW NTIPI R WOR ¢, 75 ,(driftless) Ano nom A7 (4) NOWHTY 10N
X277 2RO 217727 SW 119701 NP1 LI2°00 L0DR T Mova

q=2glg.)o +g(q.)v, =Glq. ),
MNOPYT 2100 100 2 RO G(qe)nb:pnmw N aRUNPR DY DT .G =g —¢q, WK

29727770197 1K
10°R27 DOLOWNI MITATR WaNw driftless-1 NIR°1Y X7 NOyn YW N2 0np 11722 nan Yy

-nn 737 C  (accessibility algebra) mw2y7 nI2258 0757 027wn7 M3y :[17] 2.3 5914

AN 79 8 (M -2 o nwpnT mw v Lie algebra) V(M) 5w 202 mups 79258

'f’gl""’gm

W MR AT P, X = (x,,...,x, ) N, g,(x) g, (x) 20 M mw My 2.4 ama

N7 982 (g, g, ] *"Y 001 Lie Bracket 89737
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ox ox

:0°N377 Lie brackets-i7 2w 085 mxranp w1 C 5w 257 %5 :[17] 2.1 1w
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k=0L2,... 0 f,8,,...,8, 7¥372 107 X, i€k TWN

J171-2 80305 1% 2.1 mv0’ 779377 I8
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.C a2 emwp a7 X OIWND

mawpo ¥ Fooam £ =0 K" ,970 0707 0757 22N K97 n9vn7 o8 :[17] 2.3

dim[C(x)]=n o8 I8 27505 2>owT DM MTY Y (- X € F 2pny X € F 995 K"

922509027 9707 D70 NPINDY 89T N2V IN (connected) 1wy X <) x e X 999
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"y 21w°nh NN MWK Lie mx1ap onw ,(4) nanwn Tay

0 —sin@/lcos” ¢

~ 0 | cos@/Icos’ ¢
[21.2.]= icos’4 | [21.[21.2.]]= .
0 0

DI P ,P=17/2 D2 DN WRA I 4 R0 D" X0NT N7 0D MRYTR 1N
NNYID MWD 9 @ NRW TTAWA WANWI OX .+ /2 -n AW W D T 70 09200np
NN MRIT? WK L((3) "vR1Ra PTMA ANTNRT ARMWRT DR IX7) 0, 7P No°1d MY

Bokllairiinih)fr
YO2N DTIPT CINROPDIT 2P0 NRIR Sw Pwon L(4) nonyna YW stabilizability n1onh w2
.(smooth) p5m 2wn "y Lyapunov 7 12172 NORNINOOPK MX7 32 791 ROW 0 Y

,WYNY) PRN WnA W M"Y g, -2 NITWAT DR 9793 2379 MWK 7T PR (NT 13 AR 9277

XY ,[12] Brockett 5w 1wown ¥ Nodann 11 nO2%Hw aREIN .o = v(g) 12 M0 °nha (773
70°107 MIWW NRID 07) 207707 driftless noyn 5w apPn MI2X™Na2 °RN2T0 RINT 0D

15w 77PN .2XNT PINWA 0N AW MDD 00N X7 (g, -2 NMRTD 2190 nha 0MuRIn

0PN K2 937 K10 109,10 R T

212015 0P NP AR 2.2

TWnRA 21701 IR 720PYI NV NN NR2PNAT N3TYNT P NPDNIRNLNRT NNONA T DY
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W TR L, Uy M MDD TN WA INNIW 70N 10 DWW 2H0N) W W NN
NN DT MR XK DR 27P2 200 AT 0n L(T 19201 TIRY aYun y¥a? 2077
U1, gy NIMEIT MO0 2°01X07 2°217017 N92P21 2 N2 1171 82T P92 .20

o2 (4) nownn Yw weren aen Lo () =o(t)-v, () - §(t)=q(t)-q,() > ox
"'y 92PN ¥ 0N
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AWNRD

OB YIOE S ORI 0)

oq

101 LW W
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0 0 cosd,lth,(t 0 sind,(t) O
0= (00,0 1 el e ol
0 0 0 v, (t)/1cos® @, (¢) tang, (t)/1 0
0 0 0 0 0 1

1RO 9002 90 7072 7202 DPARCID NAvan 9 25 2w X
720 -7 2307 N2 B(-)-1 A() mxawn7 o ma :[7] 2.6 11
i(t) = A(e)x(e)+ BleJule)
72010 £, > b, DU ON t,-3 DPRawnp AR BT 2307 aNwn o .owve (n—1) mn
ty om2 x, 98 x(ty) PN pnwn Ry, g 7003 1o x, 299 x(t,) obw
1R27 VOWNA MO NI AT M APIRTY 1WA MW NPYIZUNRY IR
720 -7 2307 N2 B(-)-1 A() mxmniT o ma :[7] 2.2 vown
i(t) = A(e)x(e)+ BleJule)
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M, (t)=—A@)M (¢)+ %Mk (), k=01,2,..,n-1
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MINI XD 083 199 *992 I MM Yw mn R prom awp [M (¢ )M, (4, )M, ()]
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v, =—3sinfsin ¢u1/lcos 0 +Ilcos” Ocos” pu,,

:n =4 1My (6)-2 110 DWW DX N7IPNN
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10, TDMT MR DR 23p1 (11)-1(10) -n

TN OEENEAQESHON (14)
v, (t)> &Vt *3%apnn TR AN PR MRS v, DR PPN AYIENA P2 9N 1000 WRD
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DW IR0 217°P2 1R wanw (‘A 7901 IRT) NUORMDOLDIN X0 DY 00T TP 20X AT Phna

2199 TP MXEAW NN MRNW

g = A{)g + B,

AWRI
0 0 —sind,(t),(?) 0 cos@,(t) 0
0 0 cosd,lt),(t 0 sind,(t) O
Ale)= (6o, (¢) i ., B()= 4 (¢) .
0 0 0 v, (t)/1cos? 8,(¢) tan@,(t)/1 0
0 0 0 0 0 1
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T
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0
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)'c:f(t,x)

[of jox] oy nyom D ={xeR" | x|, < b2 amm f£:[0,0)xD - R o

(t-27150 85) t-2 7708 77132 D -2 Lipschitz ‘Nan np>p0) mon

T

of
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NYT ON PINDD-N827 NIIWT N2V 020 DOONEINDOPN X Dpwn MW DT NIT MUNT N
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0
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R2TPWA YV Lyapunov DYPND 7771
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T(OP()A()+ AT ()P()- P()B(e)R BT (£)P(e)+ 0] G (e)

vwoan (19) 79pan P DR (25) TIn? 2081 NYd

(26)

V@O _ar (0ae)- BR8] PO+ 7 ()Pl - BOR B (P()]7()-
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—Ale) P(t) P(e)A(t)+ P(c)B(c)R™B" (c)P()- 017 (¢)= (27)

-3 ([P)BOR"B ()P(1)+ 0)a(e) <[l

PORORINDOPR 7278 NOWHT 19N

O

X277 R"'T) 719°¥7 77w NI 121 NOWRIT N2°202 7m0 IRIPYIT NOIVA 23 MIRIAY 1N 1H3pon
.(mwX77 n2°202 Lipschitz n1on X nn»pn
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NRMWA DR DM NPXM0 N3 TN87 . 0<¢ <7 Do omna F(t)-‘? 717 930 aMp T
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PR NIRYIN
P27 VIR0 HW RPNT 120
X277 21920057 "INR 2IPY° 2277w W7
x,(t)=t,y,(t)=sint,
2577 MY 'R AANa RN ox A . T =10sec Hw a1 P79 N

(x(0), »(0). 6(0). $(0))= (- 2.-1,0,0),

theta

721 O IR
10 0 0 O 0 0 0O
0 10 0 O 10 0 0 0 0O
= 4 R = s P(t) |t:505ec: :
0O 0 10 O 0 10 0 0 0O
0O 0 0 10 0 0 0O
DIN2T NMIRXINT DX L)JPJ
# coordinate of the car Y coordinate of the car
15 . : 7
— Desired — Desired
T} P — - Actual | — - Actual |

a ] 10 a ] 10

t t
Theta arientation of the car Phi orientation of the front wheel
1 - 1 e
— Desired — Desired
A —— - Actual _ — - Actual

0 5 10 0 5 10

25977 B MUBTNRP — 3 MWK
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%1 forward velocity of the car
"Il I I I I I I I I I
bbb b [~ Desired
) S SR S SO IS SN S S — - Actual

. . . — Desired
| SEssa R T PRI oo RREEE SRS o ene S — - Actual

L PP
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1 D D e
.y ! ! ! ! ! L | xerar

o y errar
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— ul error
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DWW D712 WYY NOYRDOVOIN 1Ip2 3.2.2
DWW NTXA WANWI? 9TV 1971 RO1H 71217 2P DWW NN 7327 2.2 P92 1RIW 09D
7M1 1DIRD 237 KW 0593 1IN DWW NTNR HW 2XNT MIRNWA % TITI PRI X2 2w
MY xR (7 =4 M)

X, =u,

X, =u,

Xy =X, Uy

xn = xn—lul
MY XN DI DTN TWRD
Xy =Up,
xz,d =Uyy

X3g =X Uy

xn,d = xn—l,dul,d'

:R27T 19IN2 0T 1919017 DM MINCAWIT) QOWTN AXA CINWH TN

:M22PNAY 2XN7T MRNWH 197

é =1u,

é, =1,

ey =uy e, +X, U, +e,u, (28)
e, =uqe,, +x, u +e, u,.

MW (PNINRT I2°RT) SINCD K27 2RI DR 72212 WINT NOPDIT 97T N22PY 0D NMIRIY N
DR 7IXT) NO9°291017 NPIRC1Y N2IYR NapNR T ARXIND L2¥NT A7) S MININRT NIRNWAT
(2.3

ele)= Ale)ele)+ Ble)u(r)
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0 .. el e 00 3 3
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0
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Abstract

In recent years much attention has been devoted to the problem of controlling non-
holonomic systems in general and autonomous vehicles in particular. In this work, we
investigate strategies for controlling a vehicle which is constrained to move in a plane.
The control problems which are dealt with in this paper may be classified as follows:
1. Trajectory tracking — the vehicle is forced to reach and follow a trajectory in
the plane (i.e., a geometric path, parameterized by time), starting at a given
initial position.
2. Point stabilization - the vehicle is forced to reach a desired target starting at a
given initial position.
The vehicle is capable of producing an autonomous motion by controlling its
actuators. The main feature of the kinematic model of the mobile robot is the presence
of non-holonomic constraints, which make the kinematic model non-linear and the
control problem more complex. This system has two velocity inputs: the first is
responsible for driving and the other for steering.
Although any driver’s experience indicates that a car-like robot should be completely
controllable, it is not trivial to establish such a property on a mathematical basis. In
this work we prove this statement and discuss the reasoning for using different types
of controllers for carrying out each one of the two control tasks which have been
defined above.
The first task is to follow a given trajectory. Linearizating the system about the
trajectory yields a linear time-varying system. Later we establish the controllability of

the linear system and propose several H_ and optimal controllers. Computer

simulations show a satisfactory rate of convergence to a given trajectory, while the
input magnitude remains bounded. It should be stressed that these controllers stabilize
the system only locally, meaning that the initial position should be close enough to the
desired trajectory. However, this deficiency is removed later.

To solve the second problem we use non-continuous transformations to yield a linear
sub-system for which the design of a suitable controller becomes a trivial task. The

effectiveness of the proposed controller is shown also by the simulations.
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