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Abstract

We study complete information all-pay contests with n players and two heterogeneous prizes with
distinct values. Among the players, n — 1 are symmetric (i.e., they evaluate the prizes in a similar
manner), whereas the remaining player has different valuations than his opponents for each of the prizes.
Our analysis focuses on the equilibrium profiles and expected payoffs for the case of three players, and we
partially extend our analysis for cases with additional players. Our results show that in all-pay auctions
with heterogeneous prizes, the ordering of the players according to their expected payoffs in equilibrium
might vary significantly, depending on both prizes. In particular, a relatively high first prize does not

necessarily entail a high (or even positive) expected payoff compared to a relatively high second prize.
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1 Introduction

In our society, contests in which multiple prizes are awarded are quite ubiquitous. Examples include em-
ployees who exert effort for the purpose of promotions in organizational hierarchies, students who compete
over grades (and the adjacent ranking), political competitions for ranked places in parliamentary systems,
and obviously sports events where athletes compete over medals or various monetary prizes. Such contests
with multiple prizes can be modeled in several ways, one of the most well-known being the all-pay auction.’
In this contest form, the players with the highest bids receive the prizes, but all the players, including those
who do not win anything, bear the costs of their bids.

Thus far, most of the contest literature has focused on single-prize all-pay auctions where the highest bid-
der is awarded the prize (known as the winner-take-all contest), whereas studies concerning all-pay auctions
with multiple prizes, especially heterogenous ones, are rather neglected. The reason for this is quite straight-
forward - there is a substantial difference, in terms of complexity, between the analysis of a single-prize
all-pay auction or even one with several identical prizes, and that of an all-pay auction with heterogenous
prizes. For example, in a complete information single-prize contest, the player with the highest valuation
wins the prize with the highest probability and has the highest expected payoff. Moreover, if one player
has a strictly higher valuation for winning compared to all the other players, then only he has a positive
expected payoff, while all others have an expected payoff of zero (see Baye et al. 1996). Likewise, in a
complete information all-pay auction with k& > 2 identical prizes, the players with the k highest values gain
positive expected payoffs, where a higher private value entails a higher expected payoff.

In contrast, when there are at least two heterogeneous prizes and the ordering of the players’ valuations
vary across prizes, the identity of the winners for each of the prizes, as well as the order of the players’
expected payoffs, are ambiguous. A priori, it is unclear how one should evaluate the winning probability and
expected payoff of a player with a high value for the first prize and a low value for the second one to those

of a player with a lower value for the first prize and a higher value for the second one.

1See, among others, Hillman and Samet (1987), Hillman and Riley (1989), Baye et al. (1993), Amman and Leininger (1996),
Krishna and Morgan (1997), Che and Gale (1998), Lizzeri and Persico (2000), Siegel (2009), Sela (2012), Hart (2016), Einy et

al. (2017), and Lu and Parreiras (2017).



To illustrate the above argument, consider an all-pay auction with two heterogeneous prizes and four
players, all with different values for both prizes, while the sum of their values is the same. In addition,
for each of the players, the value for the first prize is higher than the value for the second one. In such a
case, it can be shown that the player who has the highest value for the first prize and the lowest value for
the second prize gains the highest expected payoff. Moreover, the player who has the highest value for the
second prize and the lowest value for the first prize has the second highest expected payoff. This result is
somewhat puzzling since each of the four players can potentially win each of the prizes.

In this paper, we try to shed light on the players’ behavior in all-pay auctions with heterogenous prizes
(i.e., the players’ valuations vary across prizes). We assume that each player has a higher value for the first
prize than for the second one, but the player with the highest value for each prize is not necessarily the same.
In order to deal with the players’ behavior in such complex contests, we assume that each of the n players
is one of two types such that there are n — 1 symmetric players all of whom have the same valuations for
each of the prizes (to be clear, all have different values for the first and second prize), while the remaining
player has different values for both prizes compared to his opponents (note that all valuations are public).
The contest evolves as follows. First, each player chooses a bid. Next, the player with the highest bid wins
the first prize, and the player with the second highest bid wins the second prize. Finally, all players bear the
cost of their bids, independently of their winning status.

It turns out that the most complex scenario in our model is when there are only three players, namely, two
symmetric players and a single asymmetric one. The rationale is that if there are more than two symmetric
players, in any equilibrium their expected payoff will necessarily be zero since the number of prizes is smaller
than the number of the symmetric players. On the other hand, if there are only two symmetric players,
they might have positive expected payoffs. Thus, most of the present paper focuses on three players, while
providing some generalizations for n > 3 players.

In contrast to the equilibrium profiles in the all-pay auction with a single prize in which the players’
efforts (or bids) are derived from a common support, in the all-pay auction with two heterogenous prizes,
they are not necessarily derived from the same support. Moreover, the supports of the players’ strategies are

not necessarily convex, namely, they include gaps such that the players’ mixed strategies (distributions over



bids) are not strictly increasing. Thus, we divide our analysis into five cases according to the relationship
between the players’ values for the prizes. For each case, we provide sufficient conditions ensuring that the
players’ distributions of bids are strictly increasing, and then analyze the players’ equilibrium bids. Since
we provide an explicit solution of the players’ equilibrium strategies, we are able to calculate the players’
expected payoffs as well.

A player type with the higher (lower) value for the first prize will be referred to as an S-type player
(W-type player, respectively). Our equilibrium analysis shows that, depending on the players’ values for the
prizes, either the W-type player(s) or the S-type player(s) has a positive expected payoff, but both types
never have positive expected payoffs at the same time. Furthermore, if the S-type player is the asymmetric
player, he is the only one who has a positive expected payoff. On the other hand, if the S-type players
are the symmetric players, the asymmetric W-type player does not necessarily have an expected payoff of
zero. In that case, depending on his value for the second prize, he might be the only player with a positive
expected payoff although he is allegedly considered the weaker player. Hence, we conclude that although the
values for the first (larger) prize have the greatest effect on the identity of the players with positive expected
payoffs, the value of the second prize might have a non-negligible effect. In other words, the order of the
players according to their expected payoffs depends on the valuations of all the prizes.

We then consider the all-pay auction with n > 3 players. Although we do not provide a complete analysis
of this case, we do show how our results for three players can be generalized. We prove that the asymmetric
player may have a positive expected payoff, whether or not he has the higher value for the first prize. On
the other hand, the n — 1 symmetric players will always have an expected payoff of zero. This is due to the
fact that even if these players have higher values for either the first prize or for both prizes, the competition
among them yields an expected payoff of zero.

As mentioned earlier, we are not the first to deal with the all-pay auction with heterogeneous prizes.
Incomplete information auctions where only the common distribution of private values is commonly known
has been studied, among others, by Moldovanu and Sela (2001, 2006), Moldovanu et al. (2012), and Liu and
Lu (2017). Complete information auctions with identical prizes and linear costs in which the players’ values

are common knowledge has been studied by Barut and Kovenock (1998), and Clark and Riis (1998). Siegel



(2010) analyzed such contests with nonlinear costs. Bulow and Levin (2006) studied all-pay auctions with
heterogenous prizes and linear costs in which the first-order differences in successive prizes are constants,
and Gonzalez-Diaz and Siegel (2013) extended this work by allowing nonlinear costs. Later, Xiao (2016)
investigated another version of the all-pay auction with heterogenous prizes in which either the ratio of
successive prizes is constant or the second-order differences are a positive constant.

The model most similar to ours, namely, with two symmetric players and one asymmetric player who
compete over two prizes, was studied by Dahm (2018). However, this work places several restrictions on the
prizes’ values so that the value of the second prize is zero for the asymmetric player. Thus, Dahm is mainly
interested in one prize, and considered the symmetric players’ values for the first prize to be larger than the
respective asymmetric player’s value. Xiao (2018) also studied all-pay auctions with two nonidentical prizes,
but he assumed that the sequence of prizes is either convex or concave, that is, the second-order differences
(among prizes) are either a positive or a negative constant. Therefore, in these studies the heterogeneity
among the prizes is limited due to some special properties imposed on the sequence of the prizes’ valuations.?
Furthermore, it is assumed that the ratio of the values for every pair of prizes is the same for all the players
who differ from each other by their ability or, alternatively, their bid cost. In other words, the players
technically have the same value for each prize, but due to the heterogenous cost functions, they differ in
their expected payoff for winning. Nevertheless, the ratio between the values of each pair of prizes is identical
among all the players. In contrast, in our model the players differ in their prize valuations and in the ratios
among these valuations. In other words, the heterogeneity of the prizes between the two types of players in
our model is unrestricted.

The rest of the paper proceeds as follows. In Section 2, we introduce the model, and in Section 3, we
present general properties of the equilibria. In Section 4, we analyze the equilibrium strategies with three
players and two heterogenous prizes where the players’ supports are convex. In Section 5, we illustrate an
equilibrium with non-convex supports, and generalize our equilibrium analysis to contests with more than

three players. Section 6 concludes. Most of the proofs appear in the Appendix.

2In Olzewski and Siegel (2016) the heterogeneity of the prizes is not limited, but they assume that the numbers of prizes

and players go to infinity.



2 The model

We first consider a two-prize all-pay auction with three players. There are two types of players who differ
in their prize valuations: the ‘strong’ type, denoted by S, has valuations s; and so for the first and second
prize, and the ‘weak’ type, denoted by W, has valuations w; and ws for the first and second prizes. Note
that s > s = 0 and w; > wy = 0. We refer to the types as strong and weak since s; > w; is the
basic assumption that affects the type which has a positive expected payoff in equilibrium. Unless stated
otherwise, we assume that among the three players, there are two S-type players and one W-type player.

The bid set of each player is R, and, without loss of generality, we can assume that the bids of S-type
and W-type players are bounded on [0, s1] and [0, w ], respectively. A strategy of a player is a distribution
over the set of feasible bids (i.e., the CDF) which is denoted by Fr for every T € {S,W}. We denote the
random bids of the S-type and W-type players by Xg € Is and Xy € Iy, where Ig and Iy are the relevant
supports. For clarity of exposition, the analysis is confined to symmetric equilibria with respect to the
players’ types.

Under the mentioned assumptions and given a strategy profile (Fs, Fy), the expected payoffs of both

types under a bid of = € R are

Us(z|Fs, Fw) = siFs(@)Fw(x) + s2[Fw (2)(1 = Fs()) + Fs(x)(1 — Fw(2))] — = (1)

= [(s1 —2s2)Fs(x) + s2] Fw (x) + s2Fs(x) — x

and

Uw (x| Fs, Fw) wy F2(x) + 2wy Fs(z)(1 — Fs(x)) — (2)

= (w; —2wo)F2(2) + 2woFs(x) — @

Note that the expected payoffs do not account for possible ties since ties occur with 0-probability in

equilibrium.



3 General properties of equilibria

We first introduce some general properties of the equilibrium profile (Fs, Fy/) when there are several S-type

players and one W-type player.
Lemma 1 In a symmetric equilibrium, Fs has no atoms in [0,s1) and Fy has no atoms in (0,wq).

Proof. We begin with the CDF Fg. Assume, by contradiction, that there exists a symmetric equilibrium
where all S-type players support some atom a € [0, s1). There are at least two S-type players, so a tie occurs
with positive probability, and a symmetric tie-breaking rule dictates a final allocation. Now consider an
infinitesimal and unilateral upward-deviation of an S-type player, from a to a + € < s;. On the one hand,
this deviation increases the player’s cost by an infinitesimal amount, but on the other, the expected prize
increases by a strictly positive and relatively high amount due to the increased probability of winning without
the need to split the prize according to some tie-breaking rule.> Thus, in a symmetric equilibrium, the bids’
distributions of S-type players have no atoms in [0, s1).

For the CDF Fy, we assume, by contradiction, that there exists a symmetric equilibrium in which the
W-type player supports some atom a € (0,w;). Since a cannot be an atom of Xg, either there exists some
small € > 0 such that Pr(Xg € (a —¢,a)) > 0, or there exists €* > 0 such that Pr(Xg € (a —¢€,a)) =0
for every € € (0, ¢*). If the latter is the case, then the W-type player has a profitable deviation downwards.

Specifically, for some € > 0, bids in (a — €, a) are not supported by the S-type players, so the W-type player

£
2

can shift his atom from a to a — § such that the probability of getting a prize is not affected while the
cost decreases. If, however, there exists some small € > 0 such that Pr(Xg € (a — ¢,a)) > 0, then any of
the S-type players can shift bids from this small interval upwards to a + €, for some small ¢ > 0. Such a
deviation increases the expected payoff by strictly increasing the probability of winning the first prize, while

the increased cost is infinitesimal. Thus, we can conclude that this cannot be an equilibrium, and Fy, has

no interior atoms in equilibrium. [

Corollary 1 In a symmetric equilibrium, if Pr(Xw € [0,€)) > 0 for any ¢ > 0, Uy («|Fs, Fw) = 0 for any

J,'Efw.

3The tie-breaking rule does not have to be symmetric, and any rule would motivate at least one player to shift the private

bid upwards.



The proof is omitted since it is a straightforward conclusion from the fact that Fg is non-atomic at 0.
Namely, since the payoffs are right-side continuous and without an atom at 0 of an S-type player, then the
point-wise expected payoff of the W-type player converges to zero when a bid = approaches 0. Therefore,

by the indifference principle, the expected payoff must be zero.

Lemma 2 In a symmetric equilibrium, for every open interval I € Ry such that Pr(Xyw € I) > 0, it

follows that Pr(Xg e I) > 0.

Proof. Fix a symmetric equilibrium (Fs, Fyy). Assume, by contradiction, that there is an open interval
I such that Pr(Xw € I) > 0 = Pr(Xg € I). If the W-type player has an atom a € I, then there exists a
strictly profitable deviation downwards from a to o’ € (inf I, a) c I since the probability of winning a prize
does not change while the realized cost strictly decreases. Moreover, even if the W-type player has no atoms
in I, then the player can shift a positive-probability set of values (from I) downwards in a similar manner to
the atom shift, while remaining within 7. Again, this would not change the probability of winning a prize,
whereas the realized cost strictly decreases. Therefore, we conclude that this cannot be an equilibrium since

the W-type player always has a strictly profitable deviation. ]

Remark 1 The last lemma suggests that for every symmetric equilibrium in which the random bids Xg of
the S-type players and the random bid Xy of the W -type player are supported on Ig and Iy, respectively,

then Iy € Is up to a zero-measure deviation of the S-type players.
Lemma 3 In a symmetric equilibrium, Is is a connected set.

Proof. Assume, by contradiction, that Ig is not a connected set. By the lack of interior atoms, there
exists an open interval I < R, such that Pr(Xg > supl)-Pr(Xg <infI) > 0 = Pr(Xg € I). By Lemma 2,
it follows that Pr(Xw € I) = 0. Without loss of generality, take I to be the largest possible interval, which
suggests that Pr(Xg € [sup I,sup I + €)) > 0 for any € > 0.

Now consider two scenarios: either the W-type player has an atom at sup I or he does not have one. If
an atom exists, then the W-type player has a profitable deviation downwards, for example from sup I to
inf I+sup I

2

. This follows from the fact that the probability of winning the prize does not change by this shift,

while the realized price strictly decreases.



If, however, the W-type player does not have an atom at sup I, then the S-type players have a profitable

inf I4+sup
2

deviation from bids x € [sup I,sup I + ¢) downwards, for example, to . Again, by the indifference

principle, all bids produce the same expected payoff and a shift from sup I to inf”%p[

does not entail any
decrease in the winning probability, while the price strictly decreases. Thus, we conclude that this cannot

be an equilibrium, and Ig is indeed a connected set. [

4 Three-player contests with one weak and two strong players

We next analyze the equilibrium in the all-pay auction with three players who compete for two heterogeneous
prizes. We assume that there are two S-type players and one W-type player. Below, we divide our analysis

to four cases A-D, depending on the players’ valuations of the prizes.

Remark 2 Unless stated otherwise, all subsequent proofs are differed to the Appendiz.

4.1 Case A: The weak player stays out of the contest.

The first case depicts an equilibrium where the W-type player stays out of the contest, and the two S-type

players compete against each other, so that each wins one of the prizes.

Proposition 1 In the all-pay auction with two S-type players and one W-type player, if [s1 — s2] =
max{wi, 2ws}, there exists an equilibrium in which both S-type players randomize on the interval [0, s1 — s2]

according to their cumulative distribution bid function Fs(x) which is

-

0, for z < 0,
Fs(l’):{ﬁ, for 0 < z < 81 — 9, (3)
1, for z = s1 — 59,

.

while the W -type player bids 0 with probability 1. Under this equilibrium, the expected payoff of both S-type

players is sa, while the expected payoff of the W -type player is 0.

The following example illustrates an equilibrium under the conditions of Proposition 1.



Example 1 Assume that there are two S-type players whose prize valuations are s; = 10, so = 5, and a
W -type player whose prizes’ valuations are wy = 4, wy = 2, so that the conditions of Proposition 1 hold.

Then, the mized-strategy equilibrium described in Proposition 1 (see Figure 1) is

0, forz <0,
0, for z <0,

Il
A

Fs(z) g, for 0< <5, Fw(z) =
1, for xz >0.

1

, forxz =5,

The expected payoff of each S-type player is 5, and that of the W -type player is 0.

Fs(x) Fy (2)

0.5 { 0.5 |

Figure 1: The distributions of the S- and W-type players, in equilibrium, given s; = 10,52 = 5, w; = 4, and w2 = 2

(values sustain the condition of Proposition 1).

If the conditions of Proposition 1 are violated, the W-type player may actually compete. Then, we would
need to verify that the W-type player’s distribution Fyy, in equilibrium, is well-defined and specifically,

non-decreasing.* Thus, below we now provide several sufficient conditions so that the relevant distribution

4As we will later show, this assumption is not trivial, since the function Fyy, described in Equation (1), might be partially

decreasing in some intervals under various parametric assumptions.

10



is non-decreasing:

[A] wy > 2w

[A,] s1 > 28

[As] 2(wr —wa) > (81— 82);

[A,] Qwasy > 854 (51— 282)(s51 — wy).

4.2 Case B: All the players have symmetric supports

We continue our analysis by describing an equilibrium where all the players compete against each other (i.e.,
support a strictly positive bid with probability 1), and both types, S and W, use mixed strategies with a

common support.

Proposition 2 In the all-pay auction with two S-type players and one W-type player, if wi = s1 — so and
the monotonicity conditions, either (A1, —As, A3, Ay), or (—A1, Aa, Az, Ay) hold, then there exists an equi-
librium in which the players randomize on the interval [0,w1] according to their non-decreasing cumulative

distribution bid functions (Fs, Fy) which are

{ s
0, for z < 0, 0, for z <0,
Fy(z) = { way/u3—2wsarue Fiy(z) = { s=safstr)en—u, 4
s(@) 2wy —w1 , for0<z<w, w(@) (s1—2s2)Fs(z)+s2’ for 0 <z < w, )
1, for z > w1, 1, for z > ws.
\ \

Under the given equilibrium, the expected payoffs of both S-type players is s; — w1, whereas the expected

payoff of the W -type player is 0.

The following example shows that the conditions of Proposition 2 are feasible, and that there are param-

eters which simultaneously support all the required constraints.

Example 2 Assume that there are two S-type players whose prize valuations are s1 = 10,80 = 6, and a

W -type player whose prize valuations are wy = 8, and we = 3, so that the conditions of Proposition 2 hold.

11



Then, a mized-strategy equilibrium (see Figure 2) is

0, for x < 0, 0, for x <0,

Fg(x)z{ix/fﬁrgw—fi7 for 0 <z <8, Fw(x)=<w—577 ng%m, for 0 <z <8,

1, for x > 8, 1, for x > 8.

.

The expected payoff of each S-type player is 4, while the expected payoff of the W -type player is 0.

0.5+

0.33 1

Figure 2: The distributions of the S- and W-type players, in equilibrium, given s1 = 10, s2 = 6, w1 = 8, and wz = 3.

Note that these parameters meet the conditions of Proposition 2.

4.3 Case C: The weak player has a one-sided short support

In Case C, both types of players participate in the contest and none of them stays out with a positive
probability. However, the W-type player has a shorter support relative to the S-type players, namely, the

W-type player’s maximal bid is smaller than the maximal bids of the S-type players.

Proposition 3 In the all-pay auction with two S-type players and one W -type player, if 2wy > s1—S2 = w,

Ki = 59 — W > 0 and the monotonicity condition As holds (i.e., if s1 > 2s3), then there exists

(2w2)®—(s1—s2)*

an equilibrium in which the W-type player randomizes on the interval [0, ], where a = 1Cwa—wy)

and the S-type players randomize on the interval [0,s1 — K1] according to their non-decreasing cumulative

12



distribution bid functions (Fs, Fy) which are

-

0, for x < 0, (
0, for z < 0,
TN ;’iiiiﬁrwlw, for0<z<a,
Fs(z) = 4 Fy(z) = { 2=seFs@tka g0 0 <z < o (5)

(s1—2s2)Fs(z)+s2’
14+ c+K1—s1

pap—s fora <z <s; — Ky,

7

1, for z > a.
\
1, for z > s1 — K1,

\

Then, the expected payoffs of both S-type players is K1, and that of the W -type player is 0.

The following example shows that the conditions of Proposition 3 are feasible, and that there are param-

eters which simultaneously support all needed constraints.

Example 3 Assume that there are two S-type players whose prize valuations are s1 = 10,89 = 4, and a
W -type player whose prize valuations are wy = 5, and ws = 4, so that the conditions of Proposition 3 hold.

Then, the mized-strategy equilibrium described in Proposition 3 (see Figure 3) is

-

0, for x < 0, (
0, for z < 0,
VI3 - for 0 < < T/3
3 ’ ~ ~ I
F — F = { 3z+44/16—3x2—5
s(z) = 1 w () TR e for 0 <z < 7/3,
ot for 7/3 < x < 19/3,
1, for x > 7/3.
1, for > 19/3,

1

5, while the expected payoff of the W-type player is 0.

The expected payoff of each S-type player is 6

4.4 Case D: The weaker player has a two-sided short support

In this case, both types support a positive bid with a probability of 1, but the W-type player has a shorter
support relative to the S-type players. Specifically, the W-type player’s maximal bid is smaller than that of

the S-type players, and the W-type player’s minimal bid is larger than that of the S-type players.

Proposition 4 In the all-pay auction with two S-type players and one W -type player, if 2wq > s1—S9 = wq,

Ky = W — 89 > 0, and the monotonicity condition Ay holds (i.e., if s1 > 2s2), then there exists

13



Fs(x) Fw ()
I R C L L L e e TE s 14----=c-cocem ‘
| 0.92 | |
0.5 |
0.33 {-------— ‘
i 3 @
2.33 6.33 233 3

Figure 3: The distributions of the S- and W-type players, in equilibrium, given s1 = 10, s2 = 4, w1 = 5, and wo = 4.

These values sustain the conditions of Proposition 3.

an equilibrium where the W -type player randomizes on the interval [aq, o], where

271)27827«\/(211)2782)2741(2(211]27’[1)1)

a1 = 82

2(211)27’(1)1)

and s = s + (51 — $2)

2’[1)2 — (51 - 82)
2(211}2 — wl) ’

and the S-type players randomize on the interval [0,s1] according to the following non-decreasing bid-

distributions

Fs(z) = < wy—/w—(z+K>5)(2ws—w1)

2w —wq

r—S2
s1—827

&

for z < 0,

for 0 <z < ay,

for a; <z < as, Fw () = 3

for ap < x < sq,

for z > s,

r

0,

z—so Fs(x)
(s1—2s2)Fg(x)+s2’

for r < aq,
for a; <z < ao,

for x > as.

(6)

Under this equilibrium, the expected payoffs of the S-type players is 0, while the expected payoff of the W -type

player is Ks.

The following example illustrates that the conditions of Proposition 4 are feasible, and that there are

parameters that simultaneously support all the required constraints.

Example 4 Assume that there are two S-type players whose prize valuations are s1 = 30,9 = 1, and a

14



W -type player whose prize valuations are w1 = 25, and wy = 20, so that the conditions of Proposition 4

hold. Then, the players’ mized-strategy equilibrium-strategies (see Figure 4) are

0, for z < 0,
for 0 < o < 29=y71490 ~ 0.026,

F = { 40—+/1539—60z ~ 39—+/1460 349 ~
s(r) = | 0=VIBI=602 g ,026 & 3910 < 4 < 39 & 11,633,

30 ’ S
T for 11.633 2 349 < 2 < 30,
L, for x > 30,
0, for x < 39=Y1460 & 0,026,

Fy (z) = { 302—40+/1539=60z ~ 39—+/1460 349
w(@) T150-_2svisao ooz or 0026 = =57 < o < 55 = 11.633,

B for z > 339 ~ 11.633.

The expected payoff of each S-type player is 0, and that of the W-type player is 1.2.

L ‘ L pommmmm o
05
I ‘ 1
2.6-102 11.63 30 96.70-2 11.63

Figure 4: The distributions of the S- and W-type players, in equilibrium, given s; = 30,s2 = 1,w; = 25, and

wg = 20. Note that these parameters sustain the conditions of Proposition 4.
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5 Three-player contests with one strong and two weak players

In this section, we assume that there are two W-type players and a single S-type player. Thus, given a

strategy profile (Fs, Fyy), the expected payoffs of all types under a bid of x € R are

Uw(z|Fs, Fyw) = wiFw(x)Fs(z)+ we[Fs(z)(1— Fw(x))+ Fw(x)(1 — Fs(z))] —
= [(w1 — 2we)Fw(x) + we] Fs(z) + woFw (z) — z,
and
Us(z|Fs, Fw) = s1F%(x) 4+ 2s2Fw (2)(1 — Fy () —x

= (s1— 252)F5[/(13) + 280 Fyy () — .

We construct our analysis as follows. First, we define a profile (Fg, Fyy) of strategies. Then, we prove
that the function Fg is a well-defined CDF (specifically, a non-decreasing function), and later we explicitly

use this result to establish an equilibrium.

5.1 Case E: The strong player has a one-sided short support

In this set-up of two W-type players and a single S-type player, our equilibrium analysis shows that both
types participate with a probability of 1, but the S-type player has a shorter support relative to the W-type

players. Specifically, the S-type player’s minimal bid is larger than that of the W-type players.

Proposition 5 In the all-pay auction with two W -type players and one S-type player, if

0<a= 2X(23) [—232 + wy 4+ /(250 — wo)2 + 4A(s)(s1 — wl)] <wy , A(s)=s1 —2s2 >0,

and the monotonicity condition 4ss > 2ws > wy hold, then there exists an equilibrium in which the W -type

players randomize on the interval [0,w1], and the S-type player randomizes on the interval [, wy] according

16



to their non-decreasing cumulative distribution bid functions (Fs, Fy) which are

0, for z < 0,
0, for r < a,
Z for0<z < a,
Fy (z) = < Fg(z) = < z—ws Fw (z)

-2 F )
—s2+4/s3+A(s)(s1 w1 +x) (w1 —2w2) Fy () +w2
A(s) ’

for a < x < wy,

for a <z < ws,

1, for z > ws.

, for © > w1,

Then, the expected payoff of both W -type players is 0, and that of the S-type player is s1 — w;.

The following example shows that the conditions of Proposition 5 are feasible, and that there are param-

eters which simultaneously support all the required constraints.

Example 5 Assume that there is a single S-type player whose prize valuations are s; = 5,89 = 2, and two
W -type players whose prize valuations are w1 = 3, and ws = 2, so that the conditions of Proposition 5 hold,

where

a = 5% [—232 +wy + /(259 — wa)? 4+ 4A(s) (51 — wl)] =12 -2.

Then, the players’ mized-strategy equilibrium-strategies described in Proposition 5 (see Figure 5) are

=

for z < 0, (
0, for x < /12 — 2,
for 0 < x < /12 -2,
Fy (x) = 4 Fs($)=<% SO for V12 -2 < 2 <3,
—24+6+z, forvV12—2<x<3,

I8

, for z > 3.
1

, for x > 3,

The expected payoff of the S-type player is 2, while that of each of the W -type players is 0.

6 Extensions

6.1 A non-convex support for the ‘weak’ player

Thus far, we have provided sufficient conditions such that the W-type player’s distribution over bids, Fyy,

is monotonically increasing. However, in some cases, these conditions do not hold and a different type of

17
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Figure 5: The distributions of the S- and W-type players, in equilibrium, given s; = 5,52 = 2, w1 = 3, and w2 = 2.

These values sustain the conditions of Proposition 5.

equilibrium arises. Specifically, according to Proposition 2, if A, is violated, then Fy may decrease close
to zero. Thus, we need to depict new equilibrium strategies for which the support of the W-type player’s

strategy is non-convex.

Claim 1 Assume that there are two S-type players whose values of the prizes are s; = 8,82 = 6, and a

single W -type player whose values are wy; = 4, and wy = 0. Then, a mized-strategy equilibrium (see Figure

6) is
( (
0, for z < 0, 0, for z < 0,
32 for 0 <z < 25/9 3 for 0 <& < 25/9,
Fg(z) = Py (z) = | (8)
YE for 25/9 <z < 4 SR for 25/9 <@ <4
1, for x > 4, L1, for x > 4.

Note that Fy (x) is not strictly increasing, and is fized for all 0 < x < 25/9. In that case, the expected

payoffs of both S-type players is 4, and that of the W -type player is 0.

6.2 More than three players

We now proceed to study the case of n > 3 players, where there are at least three players of the same type

and one player of a different type. This model is not only tractable, but even simpler to analyze than the
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Figure 6: The distributions of the S- and W-type players, in equilibrium, given s1 = 8,52 = 6,w1 = 4, and w2 =0

(as given in Claim 1).

three-player contest, since the competition among more than two players of the same type, regardless of
whether their type is S or W, implies that their expected payoffs are zero. This is demonstrated in the
following propositions, where in Proposition 6 there are multiple S-type players, and in Proposition 7 there

are multiple W-type players.

Proposition 6 In the all-pay auction with n — 1 S-type players and one W -type player, where either [s1 —
(n—2)s3] = max{wy, (n — L)wa} or (n—2)sy = (n— 1)wy hold, there exists an equilibrium where the S-type
players randomize on the interval [0, s1] according to their cumulative distribution bid function Fs(x) which
is given by

s1F572(x) + s2(n — 2)F§3(2)[1 — Fs(x)] — = 0, (9)

while the single W -type player bids 0 with a probability of 1. Then, the expected payoffs of all the players is

0.

Now, let us consider the case with more-than-two W-type players and a single S-type one.
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Proposition 7 Consider an all-pay auction with n—1 W -type players, one S-type player, and the functions

0, for x <0, (
1 0, for z < aq,
[w%] (n=2) , for0< 7z <a, ,
FW(ZL‘) = 4 FS(JJ) = < x_w2F€V7 (y) < <
P @l (n—2)ws) P @ rws(n—g)] 1OF 01 S TS Wy
G(x), for o1 <z < wi,
1, for z > wr,
1, for z > wy, Ny
\
(10)
where ay and G(x) are given by
(n—1)/(n—2) 1/(n—2)
si—wi o = 85 [g—;] +s2(n—2)5t 1—[2‘)—;] )
si—wi+x = 51G"7H ) + s9(n — 2)G" 2 (x)[1 — G(x)].

If F5(+) is non-decreasing on [a1,w1] and s1 = sa(n—2), then there exists an equilibrium in which the W -type
players randomize on the interval [0,w1] and the S-type player randomizes on the interval [a1,w1] according
to the given strategies (Fs, Fyw). Moreover, under this equilibrium, the expected payoffs of all W -type players

are 0, while the expected payoff of the single S-type player is s1 — wy.

7 Conclusion

Most of the contest literature has focused on the all-pay auction with a single prize or several identical
prizes. In the current work, we study all-pay auctions with heterogeneous prizes and demonstrate that
the equilibrium strategies might be rather complex. In particular, we show that the players’ distributions
over bids are not necessarily strictly increasing. When the players’ distributions are strictly increasing, we
analyze the equilibrium strategies and show that the results may significantly differ from the standard all-pay
auctions, with either identical prizes or heterogeneous prizes where the ratio of each pair of prizes is the same
for all the players. We demonstrate that the identity of the dominant player, namely, the player with the
highest expected payoff changes (in a non-trivial manner) depending on the heterogeneity of the prizes. Due
to the complexity of the analysis of our model with heterogeneous prizes, we assume a partial asymmetry
among the players. Obviously a sharper asymmetry among the players will produce less predictable and

plausibly, even more interesting results.
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8 Appendix

8.1 Proof of Proposition 1

Proof. Consider the strategy profile (Fs, Fyy) in which Fy (x) = 0 and Fg(x) is given by (3), and under

which, the expected payoffs of all the players for a bid of = € [0, s1 — s2] are

Us(z|Fs, Fw) = s1Fs(x)+ s2[l — Fg(z)] —=
= (51— 82)" + S2 —x = 853,
S1 — 82
Uw (z|Fs, Fiw) = wiF2(x) +2wyFs(z)[1 — Fs(z)] —x
5 W1 — 2w 2wy — 81 + So

(31 - 52)2 ! 51 — 82
Clearly, the S-type players have no profitable deviations upwards which would induce a higher cost while
the probability of winning then is identical when the bid is equal to x = s; — ss.

Now, to see that the W-type player has no profitable deviation from x = 0, note that Uy (x|Fs, Fy)
is a quadratic function of x. For x = s1 — s2, we get Uw(s1 — $2|Fs, Fw) = w1 — $1 + s2 < 0, where the

inequality follows from the lemma’s conditions. So, we now need to verify that the derivative of Uy, at x = 0

is negative. Specifically, Uy, (0|Fs, Fyy) = Zw2=s1itsz — 2wa 1 <1 1 =0, and the W-type player has

§1—82 S1—S2

no profitable deviations as well, thus concluding the proof. [

8.2 Proof of Proposition 2

Proof. Cousider the strategy profile (Fgs, Fiy) given by (4). The proof is divided into two parts: First
we establish that Fy is non-decreasing on [0,w], and then we prove that the given profile (Fg, Fy) is an
equilibrium.

Part I: Fyy is non-decreasing on [0, w].

It easy to verify that Fg(z) is strictly increasing on [0, w;], and its derivative is

fs(x) = % [w3 — 2(2w; — wl)]fl/zl

Note that A; implies that Fs is concave (i.e., f§(z) < 0 for every x € [0, w1]), and —A; suggests that Fg is

convex (i.e., fg(z) = 0 for every x € [0, w]).
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Denote A(s) = (s1 — 2s3). To see that Fyy(x) is strictly increasing on [0,w] as well, we differentiate

both sides of the equation Ug(z|Fs, Fyy) = s1 — w1, and then we get

0 = A(s)fs(z)Fw(z) + A(s)Fs(x) fw(z) + s2 fw (@) + s2fs(z) — 1.
1

— [A(s)Fw (2) + s2] fs(2)

@) = A Fa(@) + ]

Note that [A(s)Fs(x) + s2] > 0 for every z € [0, w;], since
[A(s)Fs(0) + s2] =s2>0 , [A(s)Fs(w1) + s2] =51 — 52 >0,
and Fg(x) in increasing on [0,w;]. Therefore, Fyy (z) is increasing if and only if
[A(s)Fw(z) + s2] fs(x) < 1, for all z € [0, w;].

If Fyy is either convex or concave (which means that fy is a monotone function), we only need to verify
that Fy is increasing near the end points of its support, 0 and w;. If that is indeed the case (namely, if
fw(x) >0, for = 0,w;), then Fyy is increasing on the interval [0, w;]. Therefore, we can differentiate the

previous equation once more, and get

0 = A@)[fs@)Fw(x) +2fs(@)fw (@) + Fs(@) fiy (2)] + s2lfiv (z) + fs(2)],

—fs(@)[s2 + A(s)Fw (z)] — 2A(s) fs (@) fw (2)
so + A(s)Fs(x) ’

fw(z) =

The conditions (A;, —As) imply that f{;,(x) > 0 and Fy is convex, while the conditions (—A;, A2) ensure
that f{;(z) < 0 and Fw is concave. In any case, fy is monotone, and we need to verify that fy (z) > 0

for z = 0, w;. Specifically,

[A(s)Fw (w1) + s2] fs(w1) = [A(s) + s2] m < 1,
[A(s)Fiw (0) + s2] f5(0) = | A(s) L —2 +32] QL _ A(s)(s; —w)+s5 g
52 Wy Wa Sy

where the first inequality follows from Az, and the second inequality follows from A4, thus concluding the
first part of the proof.
Part II: (Fg, Fy) is an equilibrium.

We begin by showing that both functions are well-defined CDF's given that Fy is non-decreasing. Note

that Fy (0) = 2= > Fg(0) = 0, where the inequality follows from the assumption that wq, > s; — so.

S2
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Also, note that Fy(w;) = Fs(w;1) = 1, and that one can easily verify that Fg(x) is strictly increasing on

[0,w1]. Thus, the functions Fs and Fyy are well-defined CDF's, and we can now evaluate the players’ payoffs

at every point x, to establish an equilibrium.

Under the given strategy profile, the expected payoff of all S-type players for a bid of x € [0,w;] is

Us(z|Fs, Fwv) =

A(s)Fs(z)Fw (z) + s2 [Fw(x) + Fs(z)] —

x — s9Fs(x) + 81 —wy . x — s9Fg(x) + 81 —wy
A(s)Fs(z) + s2 ? A(s)Fs(z) + s2
A(s) [¢Fs (@) = s2F3 ()] Laset s2A(s)F§(x)

A(s)Fs(z) + s2 A(s)Fs(z) + s2
A(s)xFs(x) + xso
A(s)Fs(z) + so

A(s)Fs(x)

+F5(1;)] —

A(S)Fs(x) + So
+ (81 - wl)m — T

+S81 —wy —x =8 —W;.

Therefore, all the S-type players are indifferent between any bid « € [0, w;], and no player has an incentive

to deviate upwards above w;. The expected payoff of the W-type player for a bid of = € [0, w1] is

Uw (z|Fs, Fw)

[wi — 2ws] F2(x) + 2wy Fs(z) —

2
wy — A/w} — 2war + wix o, W2 A wE = 2war + Wiz B
2’11}2—’101

[w1 — 2w2] l

2w2 — W1

w% — 2w2\/w§ — 2wox + wix + w% — 2wex + W x
2w2 — W1

wy — A/w} — 2war + wyx
2wo —x
2’[02 — w1

2war/ w3 — 2wax + w1 T + 2WeT — w1 T — 2War/ W3 — 2waT + Wy T

2’LU2 — w1
2WoT — U T

—z =0.
2’(1)2—101

Thus, the W-type player has no profitable deviation, as well, and the profile is indeed an equilibrium with

expected payoffs s; —w; and 0, as stated. [

8.3 Proof of Proposition 3

Proof. Consider the strategy profile (Fs, Fyy) given by (5). The proof is divided into two parts: First we

establish that Fy is non-decreasing on [0, w;], and second we prove that the given profile (Fgs, Fyy) is an

equilibrium.

Part I: Fyy is non-decreasing on [0, w1 .
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Note that Fg(z) is strictly increasing on [0, ], and its derivative is

fs(z) = % [w3 — z(2ws — wl)]_1/2.

Note that 2wy > s1 — so > wy implies that Fg is convex (i.e., fg(x) = 0 for every = € [0,w;]). Recall that
A(s) = (s1 —2s2). Similarly to the first part of the proof of Proposition 2, we differentiate both sides of the

equation Ug(z|Fs, Fw) = K1, and we get

1 —[A(s)Fw (z) + s2] fs(x)

fw (@) = =A@ Fs (@) + 5]

Thus, we conclude that Fy (z) is non-decreasing in [0, o] if and only if
[A(s)Fw (z) + s2] fs(x) <1, for all z € [0,a].

Again, as in the proof of Proposition 2, the conditions 2wy > s1 — s2 = w; and Ay ensure that Fjj,(xz) <0
and that Fyy is concave. Thus, fy is a monotone function and it remains to verify that fy (z) = 0 for x =0

and z = a. Specifically, for x = 0 we get

2’Ll)2

[2wy — (51 — 52)]?
4s9(2we — w1) ] + 82] ng
A(s)[2wg — (51 — 52)]2] 1
4s9(2ws — w1) $1 — 8o
A(s)[2wz — (51 — 52)]?

— < 1’
482(81 — 82)(21112 — wl)

[A(s)Fw (0) + s2] f5(0) A(s)— + s2

52

[ K, ]1

= |A®s) [1 -

< S1 — S9 —

where the first inequality follows from the condition 2wy > s; — s2, and the second inequality follows from

the fact that ﬁiﬁ?ﬁ’;gi;?&g > 0. Moving on to = = «a, we get

1
A(s)Fy + = [A(s)-1+
(G Fv@) + 52l fs(a) = 1A(6) 1+ 0] s
1
[s1 = 2] Gual (152
\/4w§ — 42wy — wy) Ze) ()t

as needed. This concludes the first part of the proof.
Part II: (Fg, Fy) is an equilibrium.
We begin by showing that both functions are well-defined CDF's, given that Fyy is non-decreasing. Note

that Fy(0) = % > Fg(0) = 0, where the inequality follows from the assumption that K; > 0. Also note

24



that Fg(sy — K1) = 1, and that

2wy)2 —(s1—82)2
F(a)=w2_\/w%+w(w1_2w2):w2_81252:1+0¢+K1—81
’ 2wz — w1 2wy —wy s1— 82

(1)

Therefore, (s1 — s2)Fs(a) = a + K1 — so. Hence,

a —soFs(a) + Ky _ a — soFs(a) + Ky

F = =
w() (s1 —s2)Fs(a) —soFs(a) +s2  a+ Ky — sy — saFg(a) + s2

=1.

Similarly to the proof of Proposition 2, it is straightforward to verify that Fg(x) is strictly increasing on
[0,w1]. We thus conclude that the functions Fs and Fy are well-defined CDFs, and can now evaluate the
players’ point-wise payoffs in order to establish an equilibrium.

Under the given strategy profile, the expected payoffs of the W-type player for a bid of = € [0, o] is

Uw(z|Fs, Fyy) = [w1 — 2ws] Fg(x) + 2wy Fs(x) —x

—\/2—2 + 2 —\/ 2_2
w w WX w1r w w Wok + W1x
[w1—2w2] 2 2 2 ! ] +2’LU2 2 2 2 ! —

211}2 — w1

211]2 — W1

w3 — 2war/wd — 2wex + w1T + WE — 2waw + Wi
211)2 — w1

Wy — /w3 — 2wax + wy T .

+ 2’(1}2
2102 — w1
2Wok — U T
= === 1" _s-o0.
2’(1)2 — w1

Therefore, the W-type player is indifferent between any bid x € [0, a]. In addition, a bid of x € (a, 51 — K]
would produce a negative payoff for the W-type player as [Fg(z) — 1](s1 — s2) + s1 — K1 = 2 and
Uw (z|Fs, Fiw) = [wy —2ws] F2(x) + 2wy Fs(x) — [Fs(x) — 1](s1 — s2) — 51 + K3

A(w)t? + 2wy — A(s))t — 52 + K7,

where t = F2(z), A(w) = w; —2ws, and A(s") = s; —s2. Denote H(t) = A(w)t? + (2ws — A(s"))t — s2 + K7,
which is a parabolic function with a unique maximum point (by the assumption that A(w) < 0) and

H(Fs(«)) = 0. Moreover, H'(t) = 2A(w)t + (2wy — A(s")) and

H'(Fs(a)) = 2A(w)Fs(a) + (2w — A(s)) = =2 [we — 25°2] + (2w2 — A(s)) = 0,

where the second equality follows from Equation (11). Thus, H(t) is decreasing for every ¢t > Fg(«), which
implies that Uw (z|Fs, Fyw) < 0 for every > «, as needed. Thus, the W-type player has an incentive to

deviate upwards, above a.
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We now consider the S-type players. Denote A(s) = s; — 2s3. The expected payoff of the S-type players

for a bid of x € [0, o] is

Us(z|Fs, Fw) = A(s)Fs(@)Fw(x) + s2 [Fw(z) + Fs(z)] — =
_ x — soFs(x) + K x — soFg(x) + K
- AR S R ) -
A(s) [zFs(x) — s2F3(x)]  xsy + s9A(s)F2(x) A(s)Fs(x) + so

A(s)Fg(z) + s2 A(s)Fs(z) + s2 A(s)Fs(z) + s2
A(s)xFs(x) + xso
A(s)Fs(z) + s2

+K1—$=K1,

and for a bid of z € [a, s1 — K1], the expected payoff is

Us(z|Fs, Fw)

A(s)Fs(z) + so[1 + Fs(z)] — =

= A(s)Fs(z) +s2—x

.’E+K1—81

] s

:|+82—{E

= A )+z+ K| —s1+s2—x=Kj.

Thus, no player has a profitable deviation, and the stated profile is indeed an equilibrium, with expected

payoffs of K; and 0, as needed. [

8.4 Proof of Proposition 4

Proof. Consider the strategy profile (Fs, Fyy) given by (6). The proof is divided into two parts: First we
establish that Fyy is non-decreasing on [0, w;], and then we prove that this profile is an equilibrium.
Part I: Fyy is non-decreasing on [0, w].

Note that Fg(z) is strictly increasing on [0, ], and its derivative is
1, -1/2
fs(z) = 3 [w2 — (z + K2)(2wy — wl)] .

Note that 2wy > s1 — so = wy implies that Fg is convex (i.e., f(x) = 0 for every = € [0,w:]). Recall that
A(s) = (s1 —2s2). Similarly to the first part of the proof of Proposition 2, we differentiate both sides of the

equation Ug(z|Fs, Fw) = 0, and we get




We can conclude that Fy (z) is non-decreasing in [aq, ae] if and only if

[A(s)Fw(z) + s2] fs(x) <1, for all z € [ag, az].

As in the proof of Proposition 2, the conditions 2ws > s1 — s2 = w; and Ag ensure that fi,(x) <0 and

Fy is concave. Thus, fy is a monotone function and it remains to verify that fy (z) = 0 for x = aq, as.

Note that
2wg — (51— 82)  [2w2 — (51 — 2)]?
K, = _ _
oz + A2 52+ (31 82) 2(211)2 — ’LUl) 4(211}2 — wl) 52
(S s )2102—(81 —82) 4’LU% —4w2(31 —32) +(81 —52)2
e 2(2wqe — wy) 4(2we — wr)
—(s1—s2)? | 4w3 + (s1—s2)*  4wi — (s1 — s2)?
2(211}2 - ’LU1) 4(211)2 - wl) B 4(211.)2 - wl)
and
1.5 -1/2
fs(ag) = 5 [w2 — (OZQ + KQ)(Q'UJQ — ’U.)l)]
—1/2
[ 5 4w3 —(s1—s2)2 1
= w2 T2 TR (g, — = .
2 [w2 4(211)2 - U)l) ( w2 ’LU1) S1 — S2

In addition, since a1 < ag, we get

fs(ar) = % [w2 = (a1 + Ka2) (2w —wy)] 7% < L [w2 = (g + Ka2)(2wy —w;)] ™ = L

N

S1 — S2

Thus, using Ay (i.e., s; > 2s9), for each i = 1,2, it follows that

[A(s)Fw (i) + s2] fs(oi) < [A(s) -1+ s2]

51— 82

=1

= [(51 —2s2) + 52]

9

81— 82

as needed. Thus, we conclude the first part of the proof.
Part II: (Fg, Fy) is an equilibrium.

We begin by showing that both functions are well-defined CDFs, given that Fyy is non-decreasing. Note
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that Fs(0) =0 < Fs(s1) = 1 and Fj is strictly increasing in [0, s1]. Also note that

271}2 — S99 — \/(211)2 — 82)2 — 4K2(2w2 — wl)

(03] = 89

2(2’(1)2 — wl)
N — o — 2wy — 559)2 — 4 2w —(s1—s2)]® _ Qv —
W2 — 52 (2wg — s2) 2(2wa—w1) 52 ) (2wg — wy)
- % 2(211]2 — wl)
_ 2we — Sg — \/23132 — s% + 4s1we — 450w
N 2 2(2’[02 - wl)
< s 2’LU2—82—\/28182—8%+281(81 —82)—482(81 —82)
= 2 2(2’[1}2 — wl)
2wy — sg — /ST — 48951 + 453
= s
2 2(211}2 — wl)
2w2 — So — (51 — 282)
= S
2 2(2w2 — wl)
Qo — -
_ oGP oy

2(2wg — wy)
as needed. Moreover, we can show that the proposition’s conditions imply that a; = 0 (i.e., 2ws > s3), and
it is a straightforward to verify that Fs is continuous, specifically at x = aq, as. Therefore, we can conclude
that both functions are well defined.
Let us now verify that the profile of strategies which consists of Fy and Fs constitutes an equilibrium.

We begin with the W-type player. For z € [aq, as] we get

Uw(x|Fs, Fw) = [w1 —2ws] F2(z) + 2wy Fs(x) — x
2
— [wy — 2] wy — A/w} — (z + K2) (2w — wy)
! 2 2’LU2 — w1

9 wg—\/wg—(x—FKg)(?wg—wl)
w2 —

211)2 — w1
_ _2w§—(x—i—Kg)(ng—wl)—2w2\/w§—(x+K2)(2w2—w1)
B 2’(1)2 — w1
PP Vw3 — (z + K2)(2ws — wy) B
211)2 — w1
K. _
_ (x + K2)(2wy —wy) Ce— .
211}2 — W1

Therefore, the W-type player is indifferent between all values of « € [a, az] that produce an expected payoff

of KQ.
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Now consider z € [0, aq),

Uw (z|Fs, Fw) = [w1 —2ws] Fg(x) + 2wy Fs(x) —x

2
T x
= [w1 —2wz] & +2wp— —z.
S5 S92

Thus, for z € [0, 1), the function Uy (x|Fs, Fw) is parabolic with Uy (0|Fs, Fyw) = 0, U{;,(0|Fs, F) = 0

(which follows from 2wg > $1 — s9 = wy and Ko > 0 ) and

2
Uly(on|Fs, F) = 2[wy —2wy] S% + 222 1
S5 S92

2wy — g — \/(2w2 —$9)2 —4K5(2wy —wy)  2we

= 2[w —2 + 22
[wr = 2wo] 52 22wy — wy)s3 S9
_ 2102 — SS9 — \/(211)2 — 82)2 — 4K2(2U)2 — ’LU1) i 211)2 — 8o
- S2 52
— 2 —

_ \/(211)2 82) 4K2(2U}2 wl) 2 0

52

Since Uw (a1|Fs, Fi) = Ko and Uw (z|Fs, Fyy) is increasing for « € [0, a1 ), we conclude that Uy (z|Fs, Fiy) <
K, for every x € [0, 1), and that there exists no profitable deviation downwards for the W-type player.

We now consider x € (aa, s1].

Uw (z|Fs, Fyw) = [w —2wy] F2(z) + 2wy Fs(x) —x
(r — 59)2 T — $9
= — 92 - % 42 —_
[wl wQ] (51 _ 52)2 w2 51 — 5o
So,
s2 (s —s) sl — ) o
Uly (as|Fs, =2w—2w( i =2
W( 2| S W) [ 1 2] (81 —82)2 51 — 89
_ _2’LU2—(51—52) + 211.)2 _1207
51 — 52 51 — 82

while Uy (as|Fs, Fw) = Ko, and Uw(s1|Fs, Fw) = w; — s1 < 0. Therefore, we can conclude that
Uw (z|Fs, Fw) < K3 for every € (ag,s1], as needed. Therefore, we have established that the W-type
player has no profitable deviations.

We now consider the S-type players. For x € [0, ay), we get

Us(z|Fs, Fw) = (s1—282)Fs(z)Fw(z)+ so[Fw(z) + Fs(z)] —x

(s1 —2s9)Fs(x) -0+ s9 [O + :] —z =0,
2
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whereas, for x € (a2, s1], we get

Us(z|Fs, Fw) = (s1—2s2)Fs(z)Fw(z)+ s2[Fw(z) + Fs(z)] —x
= (31—252)x_82 -1+ 89 [1—#— m—sz] —x
81— 8o S1 — 82
- —2
= (51—252)m > +82x+31 82—x=0,
S1 — 89 S1 — S2

Therefore, in these intervals, the S-type players get an expected payoff of 0 for every bid. In addition, for

x € [aq, az],

Us(z|Fs, Fw) = (s1—2s2)Fs(x) o :CQ_SQS)zFF;S(%)_F - + 59 [(51 :E;923)2£S((;))+ - Fs(z)| —z
x — soFg(x)

= [(s1 = 2s2)Fs(z) + s2] + s9Fs(z) —x = 0.

(81 — 252)Fs($) + So
Hence, we can conclude that the S-type players have an expected payoff of 0 for every x € [0, s1], and that

there are no profitable deviations for any of the players, thus establishing an equilibrium. [

8.5 Proof of Proposition 5

Proof. Consider the strategy profile (Fs, Fyy) given by (7). The proof is divided into two parts: First we
establish that Fg is non-decreasing on [a, w1 ], then we prove that the given profile (Fs, Fy/) is an equilibrium.
Part I: Fs is non-decreasing on [o, w1].

Note that Fy (z) is strictly increasing and continuous in [0, wq] (i.e., a is fixed specifically so that Fyy is

continuous), and its derivatives in [a,w;] are

—_

[\
—

52+ A(s)(s1 —wy + x)]71/2 ,

A(s)
4

fw(z) =

fio(z) = — [s2 + A(s)(s1 —wn +2)] 7.

Since A(s) > 0, we deduce that Fy is concave (namely, f{;,(z) < 0 for every x € [, w1]). Now, we can

differentiate (twice) both sides of the following equation

Uw($|Fs,Fw) = [(w1 — 2w2)Fw(l') + w2] Fs(l‘) + ngw(af) —xz=0,

and get
fs(z) = 1 — [(w1 — 2w2) Fs(x) + wa] fw(x)
[(w1 — 2wz) Fyy (x) + ws]
fé(l‘) _ fI//V(«T) [(2w2 —wi)Fs(x) — wz] + 22wy — wl)fW(l’)fs(x)

[(w1 — 2w2)Fw(I) + wg]
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Thus, we conclude that Fg(x) is non-decreasing in [a, wq] if and only if
[(wy — 2we)Fs(x) + we] fw(x) <1, for all x € [a, w1].

Combining the fact that f{;;(z) < 0 and 2ws > w; (by assumption), we get that f5(z) > 0 for every
2z € [a,wi]. This means that fg is a monotone function, Fg is convex, and it remains to verify that

fs(x) = 0 for xz € {a,w;}. Specifically,

1 —[(wy —2w2) Fs(a) + wa] fw ()
[(w1 — 2wa) Fyy (@) + wo]
1 — wa fw (o)

[(w1 — 2wa) Fyy (@) + wo]

1 — wo[2+/s3 + A(s)(s1 —wy +a)] ™!

= [(wr — 2wn) Fy (@) + wa] >0,

fs(a) =

where the last inequality follows from the assumptions that 2sy > we and A(s) > 0. In addition,

1 — [(w1 — 2wz) Fis(w1) + wa] fw (w1)
[(w1 — 2w2) Fyy (w1) + we]

fs(wl)

1~ (wy — w2)d [53 + A(s) (51 — wy +w1)] "
w1 — W2

1 _ _wi—wa
2(s1—s2)

wy — w2

_ 2’LU27U)2
[ Ty 289 —wy

w1 — w2 o 252(101 — IUQ)

> 0,

where the first inequality follows from w; < 2ws and s; > 2s5, and the second inequality follows from
289 > wq. Thus, Fs is increasing in [, w], and we conclude the first part of the proof.
Part II: (Fg, Fy) is an equilibrium.

Note that both functions are well-defined CDF's, given that Fg is non-decreasing. Specifically, Fyy (0) =
Fs(a) =0 < Fyw(wy) = Fs(wy) = 1, and Fy is strictly increasing and continuous (by the choice of @) in
[0, wq].

We now verify that the profile of strategies (Fy, Fs) constitutes an equilibrium. We begin with the

W-type players. For z € [0, ], we get

Uw (z|Fs, Fw) = [(w1 —2ws)Fw(x) + we] Fs(z) + woFw(z) — x

= [(w1—2w2)w%+wg]-O—i—wgw%—sc:o,
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and for z € [o, w1], we get

Uw (x|Fs, Fw) [(w1 — 2we) Fy (z) + wa] Fs(x) + weFw (x) — x

x — we Fyy ()
(wl — QUJQ)F{/V(I) + wWa

= [(w1 —2w2)Fw (z) + w,] +wo Fyy () —x = 0.

Hence, the W-type players are indifferent between all values of « € [0, w;] which produce an expected payoff
of 0.

We now counsider the S-type player. For = € [a, w1], we get

Us(z|Fs, Fyw) = A(s)F3 () + 2s9Fw(z) —
_ AGs) —32+\/s§+§((j))(sl—w1 + ) ?
—89 + /53 + A(s) (51 — wy + )
+  2s9 Als) —x
_ 52 — 2594/53 + A(s)(s1 — wy +x) + 53 + A(s)(s1 — wy + )
A(s)
—82 + /53 + A(s)(s1 — wy + )
+ 259 2 As) —x
A(s)(s1 —wy + )

= — X =8 — Wi,

Als)
therefore, the expected payoff of the S-type player is s; — wy for every z € [o, w1]. In addition, we consider

x € [0, @], and note that Us(x|Fs, Fy) constitutes the following parabolic function,

Us(l‘|Fg,FVV) = (31 — 282)F3V($) + 282FV[/(JZ‘) —x
I,Q
= (81 —282)—5 +2s9— —=x
( 1 2)’(1}% 2 )

Us(a|Fs, Fiy) = A(s)— +——1
’LU2 Wo
2572 [ =255 +wa + /(252 —w2)? +4A(s)(s1 —w1)| o
_ A(s) 2A<>[ : ]Jrﬁ_l
w5 W2
_ —259 +w2+\/(282—w2)2+4A(3)(31 _wl) +E_1 >0,
Wa w2

As such, the function is increasing for x below and sufficiently close to «w. Combining this result with the

fact that Us(0|Fs, Fyw) = 0, we conclude that Ug(z|Fs, Fiw) < Us(a|Fs, Fw) = s1 —w; for x € [0,a], and
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that the S-type player does not have a profitable deviation downwards. To conclude, we have shown that

there are no profitable deviations for any of the players, thus establishing an equilibrium. [

8.6 Proof of Claim 1

Proof. Consider the strategy profile (Fs, Fyy) given by (8). It is straightforward to verify that both CDFs
are well defined. Clearly, no player can deviate to < 0, nor has an incentive to bid above 4, so we consider

x €[0,25/9]. For the S-type players, we get

Us(z|Fs, Fw) = (s1—2s2)Fs(z)Fw(z)+ s2[Fw(z) + Fs(z)] — =z
2 3z 2 3z

while for the W-type player we get

Uw (z|Fs, Fiw) = (wy —2wz)F2(x) 4+ 2waFs(z) —
2
- 4 <o
100

Now, we consider x € [25/9, 4], and get

Us(x|Fs, Fw) = (s1—282)Fs(x)Fw(z)+ s2 [Fw(z) + Fs(z)] —z
_4w£+6 4—"_1;_3\/5_’_\/5]_1-

- 6—2Jz 2 6— 2z 2
441z -3z

Thus, both S-type players are indifferent between all values of x € [0,4]. For the W-type player we get

Uw(z|Fs, Fyw) = (w1 —2wy)FZ(z) + 2wy Fs(x) — x
x
= 4——z=0.
17
Hence, no player has an incentive to deviate, and the given profile is indeed an equilibrium. [

8.7 Proof of Proposition 6

Proof. Consider the strategy profile (Fs, Fiyy) where Fyy(x) = 0 and Fs(x) is given by (9). Fix Fiy = 120

so that the W-type player always bids = 0. Given some CDF Fgs with no atoms in [0, s1), the W-type
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player has an expected payoff of 0, whereas an S-type player who bids = has an expected payoff of
Us(z|Fs, Fi) = s1F47%(z) + sa(n — 2)F& 3 (2)(1 — Fs(z)) — .

Now, we fix Fg such that Ug(z|Fs, Fy) = 0 for every = € [0,s1]. Note that this CDF is well defined since
Fs(xz) = 0 for every < 0, Fg(x) = 1 for every x > s1, and the function is strictly increasing in the given
interval.

To show that (Fs, Fyy) is an equilibrium, we consider a unilateral deviation of some player, either of type
W or type S. An S-type player has no profitable deviation for a bid = € [0, s1] since all bids generate a
payoff of zero. In addition, any deviation upwards to x > s; entails a negative expected payoff. Thus, we
can focus on a deviation of an W-type player.

Assume that the W-type player bids « > 0, and that [s; — (n — 2)s2] = max{w;, (n — 1)wz}. According

the Eq. (2), the player’s expected payoff would be

Uw (z|Fs, Fw)

wngfl(x) +wa(n —1)(1 — Fs(x))ng(x) -

N

[s1 = (n = 2)s2]F§ ™' (2) + [s1 — (n = 2)s2][1 — Fs(2)]F§*(2) — @

= (1= (n=2)s2)Fg () ~a

< 51FE2(z) + s2(n = 2)F8 3 (z)(1 — Fs(z)) —

= US(:E|F57FW):07
where the first inequality follows from the condition [s; — (n — 2)s2] = max{w;, (n — 1)ws}, and the second
inequality follows from the fact that so(n — 2)F" 3(x) > 0 for x > 0. Otherwise, assume that (n — 2)sy >
(n — 1)wy and recall that s; > wq. Then,

Uw(z|Fs, Fw) = wiFe N (x)+wa(n—1)(1 — Fs(z))F§ *(z) —

< s1FE () +s2(n—2)(1 — Fs(z))F4 3 (2) —

Us(x|Fs, Fw) = 07

where the inequality follows from our preliminary assumptions, (n — 2)ss = (n — 1)wy and s; > wq, along
with the fact that Fg(z) < 1. We conclude that the W-type player has no profitable deviation upwards, and

(Fs, Fy) is indeed an equilibrium. ]
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8.8 Proof of Proposition 7

Proof. Consider the strategy profile (Fg, Fy) given by (10). We begin by showing that the functions Fy
and Fg are well-defined CDFs, given that Fs is non decreasing in [a1,w;]. For that purpose, we first need

to prove that a; and G(x) are well-defined. Consider the equation

smura = 2] van gz - (2],

w2

If we substitute a; with 0, then the LHS is strictly greater than the RHS. However, for a; = ws, we obtain
the reverse inequality. Thus, by the Mean-Value Theorem (MVT), there exists a solution «; € [0, w].

Similarly, for every = € (a1, w1), we can take the equation
51— w1+ =5G"Hx) + s2(n — 2)G"2(2)[1 — G(x)],

and substitute G(z) with 0 and 1. Again, we get reverse inequalities (between the two cases), and the

MVT ensures that a solution G(z) exists. Note that for z = wy we get G(wy) = 1, and for = a; both

Qg

m] "2 Thus, oy and G(x) are well-defined, and Fy is continuous,

equations coincide so that G(aq) = [
thus implying that Fs is continuous, as well. By differentiating both sides of the second equation, we get

1

G = G ) [ o1 (n — 1) — saln — 2)(n — 1] + sa(n — 2)7]

>0, VYG(z)e(0,1].

Therefore, G(z) is non-decreasing. We conclude that both functions, Fy and Fs, are well-defined CDFs, as
needed.
We next establish an equilibrium, beginning with the single S-type player. Taking the expected payoff

of the single S-type player and inserting in Fyy for x € [aq,w1], we get
Us(z|Fs, Fiw) = s1G™" () + s2(n — 2)G"2(x)[1 — G(x)] —x = 51 — wy,

where the equality follows from the definition of G(z). To evaluate a possible deviation of the S-type player

downwards to z € [0, a1 ), consider the functions

Us(z|Fs, Fiy) = [s1—s2(n—2)|F H(2) + sa(n — 2)Fli () —
sz [Z] T 0=
= D] | 2| 20
n—1
dUs(z|Fs, Fyw) o solm— ). n—1 [a]|n2 sM0h-2)
dx = I =2)] (n—2)x [wg] * wy B

35



Since s1 = sa(n—2), it follows that Ug is non-decreasing for z € [0, @1). In other words, the monotonicity of
Ug implies that Ug is convex with no interior maxima in « € [0, ;) . Since Us(0|Fs, Fiw) =0 < 51 —w; =
Us(a1|Fs, Fw), we conclude that Ug(x|Fs, Fw) < Us(a1|Fs, Fw ) for every = € [0, 1), which implies that
the S-type player has no profitable deviations downwards.
For the W-type players, the expected payoff is given by
Uw (z|Fs, Fiw) = w1 Fjy(2) Fs(z) + ws [(1 — Fs(2))Fy > (2) + (n = 3)Fiy73 () Fs(z) (1 — Fw (2))] — 2.
For x € [0, 1] we get
Uw (z|Fs, Fiw) = wiFy3(z)-0+ws [(1—0)Fy %(z) + (n—3)F2(2)-0- (1 — Fw(x))] — =
= Wl (z) —a
= wgi —z=0.
w2

For x € [a1,w;], we can see that Fg is specifically defined under the condition that Uy = (x|Fs, Fw) = 0.

Therefore, again, no player has a profitable deviation, and (Fg, Fyy) is an equilibrium as stated. [
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