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Abstract

We study two-stage all-pay contests where there is synergy between the stages. The reward for each
contestant is fixed in the first stage while it is effort-dependent in the second one. We assume that a
player’s effort in the first stage either increases (positive synergy) or decreases (negative synergy) his
reward in the second stage. The subgame perfect equilibrium of this contest is analyzed with either
positive or negative synergy. We show, in particular, that whether the contestants are symmetric or
asymmetric their expected payoffs may be higher under negative synergy than under positive synergy.
Consequently, they prefer smaller rewards (negative synergy) over higher ones (positive synergy).

Keywords: Two-stage all-pay contests, effort-dependent rewards.
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1 Introduction

Multi-stage contests are situations in which agents spend resources in order to win one or more prizes. The
prizes are allocated either in each of the stages or only in some of them, usually in the last one. There are
many architectures of multi-stage contests. Examples include best-of-k contests (see Klumpp and Polborn
2006, Harris and Vickers 1987 and Konrad and Kovenock 2009), elimination contests (see Gradstein and
Konrad 1999, Groh et al. 2009 and Fu and Lu 2012) and contests which are repeated a finite number of

times. The analysis of multi-stage contests is quite complicated and challenging particularly when there is
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synergy between the various stages of the contest. Such a synergy could occur when contestants have a
fixed budget of resources and have to decide how to allocate them over the stages of the contest. Amegashie
et al. (2007), for example, showed that in a two-stage elimination all-pay contest if contestants have fixed
equal resources, they spend more resources in the initial rounds than in the subsequent ones. Likewise,
Sela and Erez (2013) studied a dynamic contest between two contestants who compete against each other
in n different stages and have heterogeneous resource budgets that decrease from a given stage to the next
proportionally to the resources allocated in that stage. They showed that when the winning value is equal
between the stages, the contestants’ resource allocations are weakly decreasing over the stages. Another
well known dynamic contest with resource allocation is the Colonel Blotto game in which two contestants
compete against each other in n different contests. Each contestant distributes a fixed amount of resource
over the n contests without knowing his opponent’s resource distribution. In each contest, the contestant
who allocates the higher level of resource wins where each contestant’s payoff is a function of the sum of
wins across the individual contests (see, for example, Snyder 1989, Roberson 2006, Kvasov 2007 and Hart
2008).

The literature suggests various reasons for the occurrence of synergy in multi-stage contests other than
a fixed resource budget. Ryvkin (2011), for example, studied a best-of k contest in which the contestants’
probabilities of winning in each stage depend on the contestants’ efforts in that stage as well as their efforts
in the previous stages and found that agents are more likely to exert higher efforts in the later stages of the
contest. Kovenock and Roberson (2009) studied a two-stage campaign resource allocation game in which the
players’ difference campaign expenditures in the first stage serve as a head start advantage to the contestants
in the second stage.’

In this paper, we study a two-stage all-pay contest in which the contestants’ efforts in the first stage do
not affect the contestants’ success functions in the second stage (as in the above two studies) but instead
affect their rewards in the later stage. There are numerous examples of rewards in contests which are not
necessarily fixed and where there is a relationship between the efforts made and the size of the rewards. To

illustrate, the greater the effort a student exerts for an exam at a university, the greater is his chance to

IThe one-stage all-pay contest with discrimination in the form of a head-start advantage has been analyzed by Konrad
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achieve a higher grade. Similarly, the greater the effort a firm exerts to produce a new product, the greater
is the probability that the quality of the final product will improve. A last example is patent races, where
the more effort a firm invests, the earlier is the innovation time and therefore the larger is the reward.

In one-stage contests, the effort—dependent rewards have been shown to have a complicated effect on
contestants’ behavior. For example, in one-stage all-pay contests with effort-dependent rewards under in-
complete and complete information, Kaplan et al. (2002, 2003) showed that substantial qualitative changes
can occur in the behavior of the contestants compared to their behavior in the same contests with constant
rewards. Cohen et al. (2008) studied all-pay contests with effort-dependent rewards under incomplete in-
formation in which the value of winning the contest for each contestant depends not only on his type but
also on the effort-dependent reward chosen by the designer. They showed that when the designer maximizes
the contestants’ expected total effort and there is a sufficiently large number of contestants, the optimal
reward decreases in the contestants’ effort. However, when the designer maximizes the contestants’ expected
highest effort, the optimal reward may increase in the contestants’ effort for any number of contestants. A
last example is Kaplan and Wettstein (2015) who studied the optimal effort-dependent reward in all-pay
contests under complete information. Their results indicate that for asymmetric environment with two firms,
it is optimal to set different rewards for each firm.

In our two-stage contest the effect of the effort-dependent reward on the contestants’ behavior is even
more complicated than in one-stage contests since this reward implies a synergy between the two stages.
This synergy might be either positive or negative, namely, the contestants’ efforts in the first stage may
either increase or decrease their rewards in the second stage. The reason for a positive effect is that the
effort in the first stage may increase the value of winning in the second stage. This can occur, for example,
in a two-stage R&D contest when a contestant acquires some knowledge and experience in the first stage
which increases the benefit from winning in the second stage. The reason for a negative effect is that the
effort in the first stage may decrease the value of winning in the second stage. This can happen when the
contestant’s reward in the second stage is a function of his budget of effort which decreases within the stages.
Thus, the contestant’s effort in the first stage decreases his budget constraint in the second stage and as such

decreases his reward in that stage.



In our two-stage all-pay contest, in each stage each contestant exerts an effort and the contestant who
exerts the highest effort receives the reward, but, independently of success, all the contestants bear the cost
of their efforts.? The contestants compete in each stage for a different reward. The reward in the first stage
is fixed but in the second stage it is variable with a constant marginal increasing (decreasing) rate; namely,
a contestant’s reward in the second stage is a linear function of his effort in the first stage.

With symmetric contestants who have the same rewards, we show that if there is positive synergy between
the stages (each contestant’s effort in the first stage increases his reward in the second stage) both contestants
have an expected payoff of zero, but, if there is negative synergy between the stages (each contestant’s effort
in the first stage decreases his reward in the second stage), both contestants have positive expected payoffs.
This result is in contrast to the standard one-stage all-pay contest in which symmetric contestants always
have an expected payoff of zero. However, with asymmetric contestants who have different fixed prizes
in the first stage, we show that if there is positive synergy between the stages, the stronger contestant
(the contestant with the higher reward in the first stage) has a positive expected payoff while the weaker
contestant has an expected payoff of zero. However, if the synergy between the stages is negative, both
contestants have positive expected payoffs.

Furthermore, regardless of whether the contestants are symmetric or asymmetric and whether the effort-
dependent reward in the second stage is increasing or decreasing in the contestants’ efforts, we find that
the contestants’ expected payoffs are non-decreasing in the (absolute) value of the marginal increasing (de-
creasing) rate of the effort-dependent reward. That is, when the synergy is either negative or positive, the
higher the effect of the contestant’s effort in the first stage is on his reward in the second stage, the higher
is his expected payoff. In particular, when the synergy is negative, lower rewards in the second stage lead
to higher expected payoffs. The reason is that when all contestants have lower rewards, the contestants’
expected payoffs which are based on the difference of their rewards do not necessarily decrease.

We also compare the contestants’ expected payoffs under positive and negative synergies when the mar-
ginal increasing rate and the marginal decreasing rate of the effort-dependent reward have the same absolute

value. We find that if the contestants are symmetric, they have either the same expected payoff or a higher
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expected payoff under negative synergy than under positive one. However, if the contestants are asymmetric,
the weaker contestant (the contestant with the lower type in the first stage) has either the same expected
payoff or a higher expected payoff under negative synergy than under positive one. On the other hand,
the stronger contestant (the contestant with the higher value in the first stage), depending on the value
of the marginal increasing/decreasing rate, has either a lower or a higher expected payoff under negative
synergy than under positive synergy. Thus, even when contestants are asymmetric, they both may prefer
that their rewards in the second stage will decrease and not increase in their efforts of the previous stage.
In other words, each contestant prefers lower rewards for all the contestants over higher ones. The reason
is that under negative synergy the contestants have lower rewards than under positive synergy, but, on the
other hand, the contestants exert smaller efforts. Last, when the value of the marginal increasing/decreasing
rate is sufficiently high (close enough to 1) then the preferences of the asymmetric contestant are no longer
identical, since the stronger contestant has a higher expected payoff under positive synergy and the weaker
contestant has a higher expected payoff under negative synergy.

In a related paper (Sela 2012), we studied sequential two-prize all-pay contests under complete information
where the prizes are identical; each contestant may win more than one prize; and each contestant’s marginal
values for the first and the second prize are either decreasing, constant or increasing. In such a case the
contestants’ strategies in the first stage affect what their prizes will be in the second stage. In contrast, the
synergy between the stages in our present model does not depend on the identity of the winner in the first
stage but instead on each contestant’s effort in that stage.

The rest of the paper is organized as follows: In sections 2 and 3, we analyze the two-stage all-pay contest
with positive and negative synergies. In section 4, we compare between the results of the analyses in the two

previous sections and in section 5 we conclude.

2 The two-stage all-pay contest with positive synergy

We begin by considering a two-stage all-pay contest with two contestants, 1 and 2 that compete against
each other in the first stage where contestant i’s reward in that stage is v{,i = 1,2. Contestant j’s expected

utility is u} = v} — 2t if 21 > 27" and otherwise u} = —z}, where 2%, 7" are the contestants’ efforts in that



stage. We assume that there is positive synergy between the two stages, namely, the effort of each contestant
positively affects his reward in the second stage such that contestant i’s effort-dependent reward is v + ax?,
i = 1,2 where 0 < o < 1 is the marginal increasing rate and z} is contestant i’s effort in the first stage.
The contestants observe the efforts in the first stage and then choose their efforts 23, 23 in the second stage
such that contestant i’s expected utility in the second stage is u = vi + axi — xb if 24 > 25 “ and otherwise
ub = —z%. The goal of each contestant is to maximize his expected utility. Henceforth, we refer to this model
as a two-stage all-pay contest with positive synergy.

In the following we assume that the contestants may have different rewards in the first stage, where
vi > v?, but have the same effort-dependent reward function vy + az? in the second stage. In order to

analyze a subgame perfect equilibrium of the symmetric two-stage all-pay contest we begin with the second

stage and go backwards to the first one.

2.1 The second stage

Assume without loss of generality that the contestants’ strategies in the first stage are z1, 23 where z} > z%.
Then, according to Hillman and Riley (1989) and Baye, Kovenock and de Vries (1996, 2012), there is always
a unique mixed-strategy equilibrium in which contestants 1 and 2 randomize on the interval [0, vy + aa?]

according to their effort cumulative distribution functions G1_,(y), G2—p(y) which are given by

(2 +az))Gap(y) —y = ooy —af)

(vg + ozx%)Gl_p(y) -y = 0

where vy +ax} is contestant 4’s effort-dependent reward in the second stage. Thus, contestant 1’s equilibrium

effort in the second stage is distributed according to the cumulative distribution function

Y
Gl—p(y) = m

while contestant 2’s equilibrium effort is distributed according to the cumulative distribution function

a(z; —af) +y
ve + ax}

Gap(y) =



The respective expected payoffs are

By, = oz —27) (1)

E; , =0

Thus, contestant 1’s expected payoff is positive while contestant 2’s expected payoff is zero. The contestants’

probabilities to win are

2

1 . B v + axy
Pap = 209 4+ a(zi + 232)
2
2 V2 + axy
p2—p =

20y + a(z} + 22)

The contestant who wins the reward in the first stage (contestant 1) has a higher probability (p3 > 0.5) to
win the reward in the second stage. The contestants’ strategies in the second stage are well known from
the analysis of the one-stage all-pay contest, but their strategies in the first stage have yet to be determined

which we proceed to do in the following section.

2.2 The first stage

If contestant 1 wins in the first stage, his reward is v} and then the contestants’ effort-dependent rewards in
the second stage satisfy vo +az} > vy +ax?. Thus, if contestant 1 wins in the first stage, by (1) his expected
payoff in the second stage is positive and equals a(z — 2%). On the other hand, by (1), if contestant 1 loses
in the first stage his expected payoff in the second stage is zero. A similar argument holds for contestant 2.
Thus, there is always a mixed-strategy equilibrium in which contestants 1 and 2 randomize on the interval
interval [0, Zmax —p,] according to their effort cumulative distribution functions Fi_,(z), Fo—p,(z) which are
given by

€T

vi Fo_p(2) + alz —t) fop(t)dt —z = o (2)

xT

VI _,(2) + alz—t)fip(t)dt —z = c

o—



where fi_,(z) = F/_,(%),i = 1,2; Tmax—p, is the highest possible effort of each of the contestants, and

¢i,t = 1,2, is contestant i’s expected payoff. The derivative of (2) yields

vl faep(z) +aFy_p(x) =1 = 0 (3)

v%fl_p(z) +aFi_,(z)-1 = 0
The solution of (3) implies that

Proposition 1 In the subgame perfect equilibrium of the two-stage all-pay contest, if the contestants are
asymmetric, vi > v?, and there is positive synergy, player 1’s equilibrium effort in the first stage is distributed

according to

e
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=1
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Fi_p(z) =

player 2’s equilibrium strategy in the first stage is distributed according to

171—1}2
1 T 1
1 l-a) v -
Fgfp(x) = a - f@ v
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8

=

where the highest possible effort exerted by each of the contestants is

7’0%
Tmax —pg — 7 ln(l — O[)

Proof. We can see that the function F;_,(z), i = 1, 2, is well defined, strictly increasing on [0, Tmax —p, s
vi—f

(l—a) “f

continuous, and that F_,(0) =0, F5_,(0) = 5 — ———— >0 and F1_p(Tmax —p,) = 2 p(Tmax —p,) =

1
(e}
1. Thus, Fi_p(z), ¢ = 1,2 are cumulative distribution functions of continuous probability distributions

supported on [0, Tmax —p,]- In order to see that the above strategies are an equilibrium, note that when

contestant 2 uses the mixed strategy Fs_,(z), contestant 1’s expected payoff is

1 (1-a) 4
T e 0

Q

for any effort = € [0, Zmax —p,]- Since it can be easily shown that efforts above Tmax—p, would lead to a
'ui—'u%

T
lower expected payoff than v (L — %) for contestant 1, any effort in [0, Zmax —p,] 15 & best response
of contestant 1 to Fa_,(z). Similarly, when contestant 1 uses the mixed strategy Fi_,(x), contestant 2’s

expected payoff is



EP, , =0

for any effort « € [0, Zmax —p, ). Again, since it can be easily shown that efforts above Zmax —p, would result
in a non-positive expected payoff for contestant 2, any effort in [0, Zimax —p, | is a best response of contestant
2 to Fi_p(z). Hence, the pair (Fi_p(x), Fo—p(x)) is a mixed strategy equilibrium. m

In the symmetric case when v{ = v? = v1, we obtain that

1 1 _as
Fi_p(z) = Fap(z) = o ot "
and both contestants’ expected payoff is
_;)1 In(1—a) 1 a v
EP,=v, + alx —t)—e 1dt+ —In(l—a) =0
0 U1 a
By (4), we have
2
dEP; _, 1 L
Y F; <v%—v}(1—a)”1—owf> (5)
a?(l—a)

<
=10

is positive or negative, define g(a) = (v% —vi(1—a)?

=

In order to find whether

dEP, _,
da

— owf) . Since

g(0) = 0 and ¢'(a) = v? ﬁ — 1] >0, we obtain that g(a) > 0 for all 0 < o < 1 and therefore

(1—a) "1
% > 0. In other words, the stronger contestant’s (contestant 1) expected payoff increases in the marginal

increasing rate a.
Let v} = 2 and v? = 1. Then, in the following figure we can present the stronger contestant’s expected

payoff as a function of the marginal increasing rate a.
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Figure 1: Contestant 1’s expected payoff as a function of the marginal increasing rate «.

Figure 1 shows that when the marginal increasing rate « approaches 1, contestant 1’s expected payoff
converges to the value of his reward in the first stage.

The contestants’ probabilities to win in the first stage are given by
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and by pa_, = 1 — p1_,. It can be easily verified that when v! = v?, we obtain that p;_, = ps_, = % We

also have that

2
dpy - 1 .
Plop _ _ <(21}% —avi +av]) (1 —a)" —(2—a)v] + avf)

do 7?
ot (1—a) (v} +0?)

In order find whether % is positive or negative define

2
Y1

g(a) = ((21}% —av] +av?) (1 —a)t —(2—a)v] + avf)

Since v{ > v}, we have
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=10

v

gla) < ((21}} — v +av}) (1 —a)”

=i

—(2—a)v; + av})

=t

v

= 2i((1-a)

=i

~1)<0

Thus, we obtain that % > ( for all 0 < a < 1. In other words, the probability of the stronger contestant
(contestant 1) to win in the first stage increases in the marginal increasing rate a.
Let v1 = 2 and v} = 1. Then, in the following figure we can present the stronger contestant’s probability

to win in the first stage as a function of the marginal increasing rate a.
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Figure 2: Contestant 1’s probability to win in the first stage as a function of the marginal increasing rate a.

Figure 2 shows that when the marginal increasing rate o approaches 1, contestant 1’s probability to win

in the first stage converges to 1.

3 The two-stage contest with negative synergy

We consider again a two-stage all-pay contest with two contestants, 1 and 2 that compete against each other

in the first stage where contestant i’s reward is v},i = 1,2. Contestant i’s expected utility is u} = vi — 2t if

2} > x7" and otherwise u} = —z¢ where 2}, 27" are the contestants’ efforts in the first stage. We assume

now that there is negative synergy between the two stages, namely, the effort of each contestant negatively

11



affects his reward in the second stage such that contestant i’s reward is vi — az?,i = 1,2 where 0 < o < 1
is the marginal decreasing rate and % is contestant i’s effort in the first stage. The contestants observe
the efforts in the first stage and then choose their efforts 23, 22 in the second stage such that contestant i’s
expected utility is ub = vh — axt — af if x5 > x," and otherwise ub = —xb. Henceforth, we refer to this
model as a two-stage all-pay contest with negative synergy.

In the following we assume that the contestants may have different rewards in the first stage, vi > v?,
but have the same effort-dependent reward function vo — ax} in the second stage. In order to analyze a
subgame perfect equilibrium of the symmetric two-stage all-pay contest we begin with the second stage and

go backwards to the first stage.

3.1 The second stage

Similarly to the previous section, the contestants’ strategies in the first stage are x1,2? where zi > 2.
Then, according to Hillman and Riley (1989) and Baye, Kovenock and de Vries (1996, 2012), there is always
a unique mixed-strategy equilibrium in which contestants 1 and 2 randomize on the interval [0,vs — azl]

according to their effort cumulative distribution functions G1_,(y), Ga—,(y) which are given by

(vg —az])Gan(y) —y = 0

(v2 — Oéﬁ)Gl—n(y) -y = 04(95% - mf)

where vy —ax} is contestant i’s effort-dependent reward in the second stage. Thus, contestant 2’s equilibrium

effort is distributed according to the cumulative distribution function

Y
Ga-n(y) = P
1

while contestant 1’s equilibrium effort is distributed according to the cumulative distribution function

arl —az? 4y

G . —
1 rL(y) vy — OZ(E%
The respective expected payoffs are
Ey, =0 (6)
By, = oz —zi)
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In other words, the expected payoff of contestant 1 (the winner in stage 1) in the second stage is zero while
the expected payoff of contestant 2 (the loser in stage 1) is positive. The contestants’ probabilities to win in

the second stage are

1
1 Vg — Qg

2y — a(z} + 2?)

vy — axl
2uy — a(zi + 22)

P, = 1

Thus, the contestant who wins the reward in the first stage (contestant 1) has a lower probability (p3_,, < 0.5)
to win the reward in the second stage. Now, given the equilibrium strategies in the second stage we can

analyze the equilibrium strategies in the first stage, as done in the following section.

3.2 The first stage

If contestant 1 wins in the first stage his reward is v{ and then the contestants’ effort-dependent rewards in
the second stage satisfy vo — ax} < vo — az?. Thus, by (6) his expected payoff in the second stage is zero.
On the other hand, if contestant 1 loses in the first stage, by (6) his expected payoff in the second stage is
a(zl + 22). A similar argument holds for contestant 2. Thus, there is always a mixed-strategy equilibrium
in which contestants 1 and 2 randomize on the interval [0, Zmax —n,] according to their effort cumulative

distribution functions Fy_, (), Fo_,(z) which are given by

Tmax —n

viFy_,(z) + / a(t — z) fa—n(t)dt — x

x

C1 (7)

Tmax —n

ViF_,(z) + / alt —z) fr_n(t)dt — x

x

C2

where f;_,(x) = F/_, (x),i = 1,2; max —n, 18 the highest possible effort of both contestants and ¢;,i = 1,2

1—n

is contestant i’s expected payoff in the two-stage contest. The derivative of (7) yields
vifon(z) —a+aF ,(z)—1 = 0 (8)
v%fl,n(w) —a+alf_,(z)—1 = 0

The solution of (8) implies that

Proposition 2 In the subgame perfect equilibrium of the two-stage all-pay contest, if the contestants are

asymmetric, vi > v?, and there is negative synergy, player 1’s equilibrium effort in the first stage is distributed

13



according to

1 1+a -2
Fi_n(z) = ZO‘_ zae o3

player 2’s equilibrium effort in the first stage is distributed according to

1 1 g
Py (@) = Zai( +a0z) e vl

where the highest possible effort exerted by each of the contestants is
2
v
Tmax —ng — -+ 111(1 + Oé)
@

Proof. It is clear that the functions F;_, (), i = 1,2, are well defined, strictly increasing on [0, Zmax —n, ]

o7
Wl
continuous, and that Fy_,(0) = 0, Fo_,,(0) = 2o - X anq By (20 —n) = Fo(Zmax —n) = 1. Thus,

Fi_n(z),i=1,2 are cumulative distribution functions of continuous probability distributions supported on
[07 Tmax —n] .
In order to see that the above strategies are an equilibrium, note that when contestant 2 uses the mixed

strategy Fa_,(z), contestant 1’s expected payoff is
02
EP_, =v — +1n(1 +a) (9)
@

for any effort z € [0, Zmax —n,]- Since it can be easily shown that efforts above xpax —n, would lead to a
2
lower expected payoff than v; — 22 In(1 + «) for contestant 1, any effort in [0, Zmax —n,] is a best response

of contestant 1 to Fy_,(x). Similarly, when contestant 1 uses the mixed strategy Fi_,(z), contestant 2’s

expected payoff is

o U
EPy_,, =vi — "™ In(1+ «)

for any effort & € [0, Zmax —n,]- Again, since it can be easily shown that efforts above & ax —n, would result in
2

a lower expected payoff than v — %1 In(1 4 «) for contestant 2, any effort in [0, Zmax —n,] is a best response

of contestant 2 to Fy_,(x). Hence, the pair (Fi_,(x), Fo_,(z)) is a mixed strategy equilibrium. =

In the symmetric case when v{ = v? = v1, we obtain that

1 1 _=a
Fi_n(z) = Fay(x) = Za - Zae vl
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and both contestants’ expected payoff is

EPy=v, — ZIn(1+a)>0
(6]

Moreover, even when the contestants are asymmetric, by (7), in contrast to the case with positive synergy,

both contestants’ expected payoffs are positive. For i = 1,2 we have

dEP;_,, 1 o

— = goﬁ_l(ln(a—kl)—a—kaln(a—l—l)) (10)
= L ey ta) -0
T oa2a+1

dEP;_,

In order to find whether ==3=" is positive or negative, define g(a) = (In(a+ 1) (1 + a) — ). Also note

that g(0) = 0 and ¢'(a)) = In (e + 1) > 0. Thus, we obtain that g(a) > 0 and therefore for all 0 < a < 1,
% > 0,47 =1,2. In other words, both contestants’ expected payoffs increase in the absolute value of
the marginal decreasing rate a.

Let v? = 1 and v{ = 2. Then, in the following figure we can present the contestants’ expected payoffs as

functions of the marginal decreasing rate «.
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Figure 3: Contestant 1’s expected payoff (the black curve) and contestant 2’s expected payoff (the red

curve) as functions of a.

The contestants’ probabilities to win in the first stage are given by

15



/ l+a -2z [1+4a (14+a)1 —e
Pi—n = s—e U1 — e "1 |dx
vy e’ @
1 2
1+a vi kR
= - l+a) 1 -1
a a2(v%+v%)(( +a) ™ )

and by pa_,, = 1 —p1_,. It can be easily verified that when v{ = v{ then p;_, = 2 — L

1 = ps_,,. We also have that

dpl 1 ﬁ
— = — ((a+ 1)1 (=20] — av} + av?) + 201 + aw] + av?)

da a3 (vl +v?)

In order to find whether dpdl;" is positive or negative, define

=10

v

g(@) = (a+1)"

=i

(—2v; — avf + av?) + 2v] + av] + av?

Then we have that for all 0 < v < 1

(a4 1) (=2v] — av] + av?) + 201 + aw; + av}

IN

g(a)

= (2a+a?)(vf —v1) <0

Therefore we obtain that for all 0 < o < 1, dpdl(;" > 0. In other words, the probability of contestant 1 to win

in the first stage increases in the absolute value of the marginal decreasing rate a.

Let v? = 1 and v{ = 2. Then, in the following figure we can present the contestant 1’s probability to win

as a function of the marginal decreasing rate a.
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Figure 4: Contestant 1’s probability to win as a functions of a.

According to Figure 4, we can see that although contestant 2 has a positive expected payoff in the second
stage, contestant 1, the contestant with the higher reward in the first stage, has a higher probability to win

in that stage.

4 Results

Based on the analysis in the previous sections we can compare the two-stage all-pay contest under positive

and negative synergies. By (4) and (9) we have

Proposition 3 In the two-stage all-pay contest:

1. If the contestants are symmetric and there is positive synerqgy, both contestants have an expected payoff
of zero, and if there is negative synergy, both contestants have a positive expected payoff. Then, if the synergy
is stronger (larger o) each contestant’s expected payoff is higher.

2. If the contestants are asymmetric and there is positive synergy, the contestant with the higher value in
the first stage has a positive expected payoff while the other contestant has an expected payoff of zero. Then,
if the synergy is stronger, the stronger contestant’s (the contestant with the higher value in the first stage)

expected payoff is higher. And, if the synergy is negative, both contestants have positive expected payoffs
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while the stronger contestant has a higher expected payoff. Then, if the synergy is stronger each contestant’s

expected payoff is higher.

By Proposition 3 if the synergy is positive the symmetric contestants have an expected payoff of zero
while if the synergy is negative they have a positive expected payoff. Thus, both contestants prefer negative
over positive synergy. When contestants are asymmetric, the weaker contestant (the contestant with the
lower value in the first stage), like the symmetric contestants, also prefers negative over positive synergy,
since under positive synergy he has an expected payoff of zero while under negative synergy he has a positive
expected payoff. On the other hand, the stronger contestant (the contestant with the higher value in the first
stage) has a positive expected payoff under both positive and negative synergies. In order to compare his
expected payoffs for both cases, let v{ = 2 and v? = 1. Then, in Figure 5 below we can present the stronger

contestant’s expected payoffs as a function of the marginal rate o under positive and negative synergies.
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Figure 5: Contestant 1’s expected payoff as a function of o under positive synergy (black curve) and

negative synergy (red curve).

Figure 5 shows that the stronger’s expected payoff could be higher but also lower under positive synergy
than under negative synergy. Furthermore, for relatively high values of « the contestants preferences are not
identical as the following result shows.

Proposition 4 In the two-stage all-pay contest,
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1. If the contestants are symmetric, they have higher expected payoffs under negative synergy than under
positive synergy.

2. If the contestants are asymmetric, the weaker contestant (the contestant with the lower value in the first
stage) has a higher expected payoff under negative synergy than under positive synergy. On the other hand,
if the marginal (increasing/decreasing) rate «v is sufficiently high (approaches 1), the stronger contestant has

a lower expected payoff under negative synergy than under positive synergy.

. . dEP1_,
Proof. By (10), when the synergy is negative we have that == > 0, and

dEP,_, 1 02
el S 1 1) (1 -
o (et 1) (14 ) - a)
1 U% U% 2
< = 1 —a)= <
< a2a+1(a( +a)—a) a+17v1

On the other hand, by (5), when the synergy is positive we have that dzlia’" >0 and

. dEP;_ . 1 vt — au
lim P — lim — ! Lol | =
a—1 dOé a—1 a2 1’%
(I—a)m

Thus, when « is sufficiently close to 1, we obtain that EP,_, — EP;_, > 0. m

By Proposition 4 and Figure 5, we have values of marginal increasing rate « according to which regardless
of whether the contestants are symmetric or asymmetric, they have the same or a higher expected payoff
under negative synergy than under positive synergy. This result can be explained as follows: The contestants’
expected payoffs in the second stage are decided according to the difference between their efforts in the first
stage and not according to the level of these efforts. Thus, when the synergy between the stages is negative,
the contestants’ expected payoffs in the second stage are not necessarily lower than when the synergy is
positive. However, when the synergy is positive, the contestants expected total effort in the second stage is

higher than the expected total effort when the synergy is negative.

5 Concluding remarks

We studied two-stage all-pay contests with effort-dependent rewards that either increase (positive synergy)

or decrease (negative synergy) in the contestants’ efforts. We analyzed the subgame perfect equilibrium
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and showed that in our model all the contestants, whether symmetric or asymmetric, may have positive
expected payoffs. The results also showed a paradoxical behavior: although contestants, whether symmetric
or asymmetric, have larger rewards when the effort-dependent rewards are increasing, they all may prefer
decreasing effort-dependent rewards over increasing ones.

The above results have been obtained under the assumption that the reward function in the second stage
is additively separable, vi(zi) = vy — az! where x{ is player i’s effort in the first stage. However, these
results are robust and hold for other forms of the reward function in this stage as, for example, when the
reward function in the second stage is multiplicatively separable, vi(zt) = voaaxi,i = 1,2. The reason is that
the difference between the contestants’ rewards in the second stage is the key parameter for the analysis of
the equilibrium in the first stage and that difference in the multiplicative-separable case is equal to that in
the additively-separable case multiplied by constant.

A natural extension of our model would be to consider a multi-stage contest in which a contestant’s effort
will affect not only his reward in the later stages but his opponents’ rewards as well. This and other possible

extensions indicate the research potential of studying multi-stage contests with effort-dependent rewards.
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