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([SORLWLQJ�WKH�9LUWXH�RI�5HGXQGDQF\
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(PDLO��NDUQLHO#W[�WHFKQLRQ�DF�LO��UPHLU#GXPER�WHFKQLRQ�DF�LO��LQEDU#HH�WHFKQLRQ�DF�LO

� $EVWUDFW
%HUQVWHLQ�VXJJHVWV�WKDW�UHGXQGDQF\�LV�WKH�PDLQ�UHDVRQ�IRU
WKH� VXSHUE� GH[WHULW\� RI� KXPDQ� PRWRU� FRQWURO�� � +RZHYHU�
LQWURGXFLQJ�UHGXQGDQF\��LQ�DQ�LQYHUVHO\�FRQWUROOHG�REMHFW�
UHVXOWV� LQ� DQ� LOO�SRVHG� SUREOHP�� �:H� VXJJHVW� OHDUQLQJ� DOO
WKH� SRVVLEOH� VROXWLRQV� DQG� FKRRVLQJ� RQH� RI� WKHP� LQ� UHDO
WLPH���,Q�WKLV�SDSHU�ZH�GHILQH�UHGXQGDQF\�DQG�GLIIHUHQWLDWH
EHWZHHQ� ILQLWH�� FRXQWDEOH� DQG� XQFRXQWDEOH� UHGXQGDQF\�
:H�LQWURGXFH�D�JHQHUDO�FRQFHSW�RI�PXOWLSOH�FRQWUROOHU�DQG
GHVFULEH�D�VSHFLILF�DUFKLWHFWXUH��WKH�SRO\KHGUDO�PL[WXUH�RI
OLQHDU� H[SHUWV� �30/(��� � :H� H[WHQG� VRPH� QRWLRQV� RI
OHDUQLQJ� WKHRU\� WR� WKH� FDVH� RI� PXOWLSOH� YDOXHG� IXQFWLRQV
DQG� VWUHVV� WKH� GLIIHUHQFH� EHWZHHQ� HVWLPDWHG� LQYHUVH� DQG
LQYHUVH�HVWLPDWLRQ���7KHQ�ZH�VKRZ�WKDW�WKH�PXOWLSOH�LQYHUVH
30/(�LV�VXLWDEOH�LQ�VHUYLQJ�DV�D�PXOWLSOH�FRQWUROOHU� �

,���,QWURGXFWLRQ
7ZR�PDLQ�IHDWXUHV�RI�WKH�ELRORJLFDO�PRWRU�FRQWURO�V\VWHP
DUH� DGDSWDWLRQ� DQG� UHGXQGDQF\�� H�J��� >�@� DQG� UHIHUHQFHV
WKHUHLQ�� � $GDSWDWLRQ� KDV� EHHQ� VWXGLHG� H[WHQVLYHO\�� ZKLOH
UHGXQGDQF\�KDV�QRW�UHFHLYHG�DV�PXFK�DWWHQWLRQ���7KH�PDLQ
DVVHW�RI�UHGXQGDQF\�LV�WKH�DELOLW\�WR�SHUIRUP�WKH�VDPH�WDVN
LQ�PRUH�WKDQ�RQH�ZD\��VHH�>�@�
)LJ�� �� GHVFULEHV� WKH� FRQWUROOHU� DQG� WKH� SODQW� LQ� D
IHHG�IRUZDUG�FRQWURO���7KH�FRQWURO�SUREOHP�LV��ILQG�[��VXFK
WKDW�)�[��ZLOO�EH�FORVH�WR�D�JLYHQ�GHVLUHG�JRDO��<G�"

)LJ�����)HHG�IRUZDUG�FRQWURO�DQG�WKH�LQYHUVH�FRQWUROOHU�SUREOHP�

7KH� FRQWURO� RI� UHGXQGDQW� V\VWHPV� LQYROYHV� DQ� LOO�SRVHG
SUREOHP�RI�LQYHUWLQJ�D�PDQ\�WR�RQH�PDSSLQJ�
0RVW� RI� WKH� SUHYLRXV� ZRUN� DGGUHVVHG� WKLV� LVVXH� XVLQJ� D
SVHXGR�LQYHUVH� RU� RWKHU� FULWHULD� WR� ILQG� D� VLQJOH� VROXWLRQ�
6HH� IRU� H[DPSOH� >�@�� � 7KH� UHFHQW� SURJUHVV� LQ� FRPSXWHU
WHFKQRORJ\� DQG� LQ� WKH� ILHOG� RI� QHXURFRPSXWDWLRQ� HQDEOHV
XV�WR�FRQVLGHU�DQ�DUFKLWHFWXUH�WKDW�ILQGV�DQG�UHWDLQV�DOO�WKH
VROXWLRQV��DQG�FKRRVHV�RQH�RI�WKHP�LQ�UHDO�WLPH�DFFRUGLQJ
WR� D� FULWHULRQ� WKDW� PLJKW� EH� DOWHUHG� XQGHU� GLIIHUHQW

FLUFXPVWDQFHV�� � 7KLV� IUDPHZRUN� LQYROYHV� PDQ\� QHZ
SUREOHPV� LQ� FRQWURO� DQG� OHDUQLQJ� WKHRU\�� � 6HH� >�@� IRU� D
PRGHO�WR�FRQWURO�UHGXQGDQW�URERW�
7KH� SXUSRVH� RI� WKLV� ZRUN� LV� WR� GHVFULEH� D� PHWKRG� IRU
OHDUQLQJ�WR�FRQWURO�UHGXQGDQW�V\VWHPV��WR�GHYHORS�WKH�EDVLF
WRROV� WKDW� DUH� QHHGHG� LQ� RUGHU� WR� EXLOG� DQ� LQWHOOLJHQW
PXOWLSOH�FRQWUROOHU��DQG�WR�DQDO\]H�LW�
,Q� VHFWLRQ� ,,� ZH� GHILQH� D� UHGXQGDQW� V\VWHP� DQG� GLIIHUHQW
W\SHV�RI�UHGXQGDQW�V\VWHPV���,Q�VHFWLRQ�,,,�ZH�LQWURGXFH�D
JHQHUDO� QRWLRQ� RI� PXOWLSOH� FRQWUROOHU� DQG� GHVFULEH� DQ
DUFKLWHFWXUH�IRU�PXOWLSOH�FRQWUROOHU��WKH�3RO\KHGUDO�0L[WXUH
RI�/LQHDU�([SHUWV��30/(����7KHQ�LQ�VHFWLRQ�,9�ZH�VKLIW�WR
WKH�ODQJXDJH�RI�OHDUQLQJ�WKHRU\�DQG�H[WHQG�LW�WR�OHDUQLQJ�D
PXOWLSOH� LQYHUVH� FRQWUROOHU�� � :H� VWUHVV� WKH� GLIIHUHQFH
EHWZHHQ�WKH�HVWLPDWHG�LQYHUVH�DQG�LQYHUVH�HVWLPDWLRQ��DQG
MXVWLI\�WKH�OHDUQLQJ�PHWKRG�RI�WKH�30/(���)LQDOO\�ZH�JLYH
DQ�H[DPSOH�LQ�VHFWLRQ�9��DQG�FRQFOXGH�LQ�VHFWLRQ�9,�

,,���'HILQLWLRQ�RI�5HGXQGDQW�6\VWHP
,Q� WKLV� VHFWLRQ� ZH� GHILQH� UHGXQGDQW� V\VWHPV� DV� EHLQJ
PDQ\�WR�RQH�IXQFWLRQV�DQG�VXJJHVW�D�VHW�RI�GHILQLWLRQV�IRU
GLIIHUHQW�W\SHV�RI�UHGXQGDQF\��� �7KHVH�GHILQLWLRQV�SURYLGH
WKH� PHDQV� WR� VXJJHVW� DQ� DUFKLWHFWXUH� IRU� WKH� FRQWURO� RI
UHGXQGDQW� V\VWHPV�� DQG� WR� GLVFXVV� OHDUQLQJ� LVVXHV� LQ� WKH
IROORZLQJ�VHFWLRQV�

$���'HILQLWLRQV

'HILQLWLRQ���� $� V\VWHP� LV� GHILQHG� E\� D� IXQFWLRQ
<;I o� �

,Q� WKLV� GHILQLWLRQ� ZH� GRQ¶W� UHVWULFW� WKH� LQSXW� DQG� RXWSXW
GRPDLQV�� WKH\� FDQ� EH� VFDODUV�� YHFWRUV�� FRQWLQXRXV� RU
GLVFUHWH� IXQFWLRQV�� RU� /DSODFH� RU� =� WUDQVIRUP� GRPDLQ
IXQFWLRQV�
'HILQLWLRQ����$� V\VWHP� <;I o� � LV� UHGXQGDQW� LI� WKHUH
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�
,W� FDQ�EH�HDVLO\� VKRZQ� WKDW�DFFRUGLQJ� WR� WKLV�GHILQLWLRQ��D
V\VWHP� LV� UHGXQGDQW� LI� DQG� RQO\� LI� LW� LV� QRW� LQMHFWLYH
�LQMHFWLYH�EHLQJ�D�RQH�WR�RQH�PDWKHPDWLFDO� IXQFWLRQ��� �/HW
XV�IXUWKHU�GLIIHUHQWLDWH�EHWZHHQ�WKUHH�W\SHV�RI�UHGXQGDQF\�
ILQLWH��FRXQWDEOH�DQG�XQFRXQWDEOH�
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'HILQLWLRQ���� $� V\VWHP� LV� VDLG� WR� SRVVHVV� ILQLWH
UHGXQGDQF\�LI�LW�LV�UHGXQGDQW�DQG�LI�IRU�HDFK� <\� �WKHUH�LV
D� ILQLWH� QXPEHU� 1� DQG� D� ILQLWH� VHW� RI� LQSXW� YDOXHV
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)RU�H[DPSOH�� � � [[I  �ZKHUH� � � � @f ff� ������� <; �LV

D�UHGXQGDQW�V\VWHP�ZLWK� ILQLWH�UHGXQGDQF\�� �6HH�)LJ���D��
$� 3K\VLFDO� H[DPSOH� IRU� VXFK� D� FDVH� FDQ� EH� D� WDS� ZLWK� D
KDQGOH� WKDW� HQDEOHV� WKH� ZDWHU� IORZ� ZKHQ� WKH� KDQGOH� LV
URWDWHG�WR�WKH�ULJKW�RU�WR�WKH�OHIW�
'HILQLWLRQ���� $� V\VWHP� LV� VDLG� WR� SRVVHVV� FRXQWDEOH
UHGXQGDQF\�LI�LW�LV�UHGXQGDQW�DQG�LI�IRU�VRPH� <\� � WKHUH

LV� D� FRXQWDEOH� VHW� RI� LQSXW� YDOXHV� ^ `�����
��
[[6  VXFK� WKDW
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)RU� H[DPSOH�� � � � �[[I VLQ � ZKHUH

� � > @������� � ff� <; � LV� D� UHGXQGDQW� V\VWHP� ZLWK
FRXQWDEOH�UHGXQGDQF\���6HH�)LJ���E�� �$�SK\VLFDO�H[DPSOH
FDQ�EH�D�VLPSOH�XQFRQVWUDLQHG�URWDWLRQ�MRLQW�

)LJ�� ���7\SHV� RI� UHGXQGDQF\�� �D�� ILQLWH� UHGXQGDQF\� DV� � � [[I  
�

�E���FRXQWDEOH�UHGXQGDQF\�DV� � � � �[[I � ��VLQ ��DQG��F��XQFRXQWDEOH

UHGXQGDQF\�DV� � � � �[VWHS[I � ��� �

'HILQLWLRQ���� $� V\VWHP� LV� VDLG� WR� SRVVHVV� XQFRXQWDEOH
UHGXQGDQF\�LI�LW�LV�UHGXQGDQW�DQG�LI�IRU�HDFK� <\� WKHUH�LV

D� VHW� RI� LQSXW� YDOXHV� 6 �� VXFK� WKDW� � � \[I  � IRU� HYHU\

6[� �� DQG� � � � � \[I[I  zc � IRU� HYHU\� 6[6[ ��c ����� �
DQG� LI� WKHUH� LV� DW� OHDVW� RQH� YDOXH� RI� RXWSXW� IRU� ZKLFK� WKH
FDUGLQDOLW\�RI�6�LV�JUHDWHU�WKDQ�FRXQWDEOH�
)RU� H[DPSOH�� � � � [I � ZKHUH� � � ������  ff� <; � LV� DQ
XQFRXQWDEOH� UHGXQGDQW� V\VWHP�� �6HH� )LJ�� �F��� � $
SK\VLRORJLFDO� H[DPSOH� FDQ� EH� WZR� PXVFOHV� WKDW� DFW� RQ� D
VLQJOH� MRLQW�� � 7KHUH� DUH� XQFRXQWDEOH� QXPEHU� RI
FRPELQDWLRQV� RI� IRUFHV� LQ� HDFK�PXVFOH� WKDW� ZLOO� JHQHUDWH
WKH�VDPH�PRPHQW�LQ�WKH�MRLQW�

%���5HPDUNV

��� ,Q� WKH� OLWHUDWXUH�� WKH� ILQLWH� DQG� FRXQWDEOH� UHGXQGDQFLHV
DUH� QRW� DOZD\V� FRQVLGHUHG� DV� UHGXQGDQW� V\VWHPV� �H�J��� D
PDQLSXODWRU�ZLWKRXW�H[FHVV�GHJUHHV�RI�IUHHGRP�FDQ�SRVVHV
FRXQWDEOH� UHGXQGDQF\� DFFRUGLQJ� WR� WKH� GHILQLWLRQV� DERYH�
KRZHYHU� LW� PD\� QRW� EH� FRQVLGHUHG� DV� D� UHGXQGDQW
PDQLSXODWRU��VHH�IRU�H[DPSOH��>�@��
��� 7KHUH� LV� D� FUXFLDO� LPSRUWDQFH� WR� WKH� GHILQLWLRQ� RI� WKH
LQSXW� DQG� RXWSXW� GRPDLQV�� VLQFH� GLIIHUHQW� GRPDLQ� FDQ
LPSO\� GLIIHUHQW� W\SHV� RI� V\VWHPV�� � (�J��� � � � �[[I VLQ 
ZKHUH� � � > @������ � � <; SS �LV�QRW�UHGXQGDQW�

��� ,W� LV� HDV\� WR� VHH� WKDW� DQ\� UHGXQGDQW� V\VWHP� LV� HLWKHU
FRXQWDEOH�UHGXQGDQW�RU�XQFRXQWDEOH�UHGXQGDQW����1RWH�WKDW
D� ILQLWH� UHGXQGDQW� V\VWHP� LV� DOVR� FRXQWDEO\� UHGXQGDQW��
7KH�SURRI� LV� WULYLDO�� VLQFH�DQ\�VHW�6� LV�HLWKHU�FRXQWDEOH�RU
QRW�FRXQWDEOH�
��� 1RWH� WKDW� D� QRQ�UHGXQGDQW� V\VWHP� WKDW� LV� RQWR� LV
LQYHUWLEOH�� �7KH�SURRI� LV�E\�D� WKHRUHP�ZKLFK�VWDWHV� WKDW�D
ELMHFWLYH�� RQH�WR�RQH�DQG�RQWR��IXQFWLRQ�LV�LQYHUWLEOH�

,,,���0XOWLSOH�,QYHUVH�&RQWUROOHU
)URP�WKH�GHILQLWLRQV�RI�WKH�SUHYLRXV�VHFWLRQ��LW�LV�FOHDU�WKDW
IRU� UHGXQGDQW� V\VWHP� FRQWURO�� IRU� VRPH� WDUJHWV�� WKHUH� LV
PRUH� WKDQ�RQH�SRVVLEOH�FRQWURO�VLJQDO�� � ,Q� WKLV�VHFWLRQ�ZH
LQWURGXFH� WKH� FRQFHSW� RI� PXOWLSOH� LQYHUVH� FRQWUROOHU�� DQG
FRQFHQWUDWH�RQ�D�VSHFLILF�DUFKLWHFWXUH�

$���0XOWLSOH�LQYHUVH�FRQWUROOHU

7KH�PDLQ�LGHD�EHKLQG�WKH�FRQFHSW�RI�PXOWLSOH�FRQWUROOHU�LV
WR�OHDUQ�DOO� WKH�SRVVLEOH�FRQWURO�VLJQDOV�DQG�FKRRVH�RQH�RI
WKHP�LQ�UHDO� WLPH�DFFRUGLQJ� WR�D�FKDQJHDEOH�FULWHULRQ��VHH
)LJ����

)LJ�� ��� � 7KH� SURSRVHG� DUFKLWHFWXUH� WR� H[SORLW� WKH� YLUWXH� RI
UHGXQGDQF\�E\�PHDQV�RI�PXOWLSOH� FRQWUROOHU� WKDW� FDQ�EH� OHDUQHG
IURP�H[DPSOHV�

:H�DUH�IDFLQJ�KHUH�DQ�LOO�SRVHG�SUREOHP�DQG�VXJJHVW�WU\LQJ
WR�UHJXODWH� WKH�UHGXQGDQW�V\VWHP�E\�H[SDQGLQJ� WKH�RXWSXW
VSDFH�<� WR 3< � ��ZKHUH� � � VWDQGV� IRU� D�GLUHFW� VXP� �L�H��
HDFK�HOHPHQW�LQ�WKH�H[SHQGHG�VSDFH�FRQVLVW�RI�RQH�HOHPHQW
IURP�<� DQG�RQH� HOHPHQW� IURP�3��� �)RU� D� ILQLWH� UHGXQGDQW
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V\VWHP��3�LV�D�ILQLWH�VHW��IRU�D�FRXQWDEOH�UHGXQGDQW�V\VWHP�
3� LV� D� FRXQWDEOH� VHW�� DQG� IRU� DQ� XQFRXQWDEOH� UHGXQGDQW
V\VWHP�� 3� LV� D� YHFWRU� VSDFH�� � ,Q� WKLV� OLQH�� OHW� XV� VWDWH� D
IRUPDO�GHILQLWLRQ�RI�PXOWLSOH�LQYHUVH�FRQWUROOHU�
'HILQLWLRQ����/HW� <;I o� �EH�D�UHGXQGDQW�V\VWHP���7KH

V\VWHP� � � ;3<<I 0,

S o�� �LV�FDOOHG�WKH�PXOWLSOH�LQYHUVH

V\VWHP��RU�IXQFWLRQ�RU�FRQWUROOHU��� LI�IRU�HYHU\� LQSXW�YDOXH
;[� �� WKHUH� LV� D� SDUDPHWHU� 3S� �� VXFK� WKDW

� �� � [[II 0,

S  �

%���3RO\KHGUDO�0L[WXUH�RI�/LQHDU�([SHUWV��30/(�

7KH�30/(�DUFKLWHFWXUH�LV�VXJJHVWHG�WR�VHUYH�DV�D�PXOWLSOH
LQYHUVH� FRQWUROOHU�� � 7KH� 30/(� OHDUQV� D� SLHFHZLVH� OLQHDU
DSSUR[LPDWLRQ�RI�WKH�V\VWHP���(DFK�DUHD�LV�JRYHUQHG�E\�D
OLQHDU� IXQFWLRQ�� ZKLFK� LV� FDOOHG� DQ� H[SHUW�� DQG� RQH� FDQ
LQYHUW� HDFK� H[SHUW� DQG� JHW� WKH� PXOWLSOH� LQYHUVH�� � $Q
LOOXVWUDWLRQ�RI�WKLV�LGHD�LQ�RQH�GLPHQVLRQ�LV�JLYHQ�LQ�)LJ����
ZKHUH�HDFK�H[SHUW�JRYHUQV�DQ� LQWHUYDO� LQ� WKH� LQSXW� VSDFH�
,Q� WKH�JHQHUDO�FDVH�ZKHUH� WKH�GLPHQVLRQ�PLJKW�EH�JUHDWHU
WKDQ� RQH�� HDFK� H[SHUW� JRYHUQV� D� SRO\KHGUDO� UHJLRQ� LQ� WKH
LQSXW� VSDFH� DQG� KHQFH� WKH� QDPH� SRO\KHGUDO� PL[WXUH� RI
OLQHDU�H[SHUWV�

)LJ������,OOXVWUDWLRQ�RI�WKH�30/(�LQ�RQH�GLPHQVLRQ���7KH�IXQFWLRQ
LV�PDQ\�WR�RQH�DQG�LWV�SLHFHZLVH� OLQHDU�DSSUR[LPDWLRQ�LV�GUDZQ�
WKHUH�DUH�WKUHH�UHJLRQV�DQG�WKHUHIRUH�WKUHH�H[SHUWV�� �2QH�FDQ�VHH
WKDW�WKHUH�DUH�WKUHH�GLIIHUHQW�YDOXHV�RI�;�WKDW�FDQ�GULYH�WKH�GHVLUHG
VROXWLRQ�<G�

7KH�DGYDQWDJH�RI�WKH�30/(�RYHU�RWKHU�IRUZDUG�PRGHOV�LV
LQ�WKH�VLPSOLFLW\�RI�WKH�FRQVWUXFWLRQ�RI�WKH�PXOWLSOH�LQYHUVH
SRO\KHGUDO�PL[WXUH�RI�OLQHDU�H[SHUWV��0,�30/(��
7KLV� DUFKLWHFWXUH� ZDV� ILUVW� SUHVHQWHG� LQ� >�@� ZKHUH� LW� ZDV
VKRZQ� WR� EH� DEOH� WR� DSSUR[LPDWH� LQYHUVH� IXQFWLRQV�
KRZHYHU� ZH� GLGQ¶W� VKRZ� LWV� DELOLW\� WR� OHDUQ� PXOWLSOH
LQYHUVH� IXQFWLRQV�� � 1RZ� ZLWK� WKH� IRUPDO� GHILQLWLRQ� RI
UHGXQGDQF\�� LW� LV� HDV\� WR� EH� FRQYLQFHG� WKDW� WKH� 30/(� LV
DEOH� WR� OHDUQ� PXOWLSOH� LQYHUVH� IXQFWLRQV�� RI� FRXQWDEOH
UHGXQGDQF\�� � +RZHYHU� ZH� KDYH� WR� VOLJKWO\� H[WHQG� WKH
0,�30/(�LQ�RUGHU�WR�GHDO�ZLWK�XQFRXQWDEOH�UHGXQGDQF\�
3URSRVLWLRQ���� � 7KH� 0,�30/(� DUFKLWHFWXUH� LV� DEOH� WR
UHSUHVHQW� WKH� PXOWLSOH� LQYHUVH� IXQFWLRQ� RI� DQ\� SLHFHZLVH
OLQHDU�V\VWHP�ZLWK�SRO\KHGUDO�GHFLVLRQ�UHJLRQV�
&RPPHQW�� 7KH� 0,�30/(� LV� DEOH� WR� DSSUR[LPDWH� WKH
PXOWLSOH�LQYHUVH�RI�D�EURDG�FODVV�RI�IXQFWLRQ��VLQFH�D�EURDG
FODVV� RI� IXQFWLRQV� FDQ� EH� DSSUR[LPDWHG� E\� D� SLHFHZLVH
OLQHDU�IXQFWLRQV�ZLWK�SRO\KHGUDO�GHFLVLRQ�UHJLRQ�

3URRI���%\�FRQVWUXFWLRQ�
$Q\� SLHFHZLVH� OLQHDU� V\VWHP� ZLWK� SRO\KHGUDO� GHFLVLRQ
UHJLRQV�FDQ�EH�DFFXUDWHO\�PRGHOHG�E\�WKH�30/(��WKHUHIRUH
RXU� WDVN� LV� WR� FRQVWUXFW� WKH� 0,�30/(�� � (DFK� H[SHUW� LV
OLQHDU�DQG� WKHUHIRUH� WKH� LQYHUVH�RI�D� VSHFLILF�RXWSXW� YDOXH
FDQ�KDYH�RQH�RI� WKH� IROORZLQJ� WKUHH�SRVVLELOLWLHV� IRU� HDFK
H[SHUW����L��1R�VROXWLRQ�DW�DOO���LL��2QH�VROXWLRQ���LLL��,QILQLWH
QXPEHU� RI� VROXWLRQV� �XQFRXQWDEOH��� � 7KHUHIRUH� LQ� WKH
H[WUHPH� FDVH�� HDFK� H[SHUW� ZLOO� FRQWULEXWH� DQ� LQILQLWH
�XQFRXQWDEOH�� QXPEHU� RI� VROXWLRQV� DQG�ZLOO� QHHG� LWV� RZQ
UHJXODUL]DWLRQ�SDUDPHWHU���7KH�VSDFH�3�ZLOO�EH�D�GLUHFW�VXP
RI�QDWXUDO�QXPEHU�SR�DQG�D�VHW�RI�UHDO�QXPEHUV�SL�
,Q�RUGHU�WR�ILQG�WKH�SDUDPHWHUL]DWLRQ�RI�WKH�LQILQLWH�QXPEHU
RI� VROXWLRQV� �LLL�� DERYH��ZH�XVH� D�EDVLF� UHVXOW� IURP� OLQHDU
DOJHEUD� DERXW� OHDVW� VTXDUHV� DQG� VLQJXODU� YDOXHV� �6HH�.H\
7KHRUHP� ������� LQ� >�@��� � )RU� IXUWKHU� GHWDLOV� DERXW� WKH
30/(�DQG�WKH�0,�30/(��VHH�>���@��
3UDFWLFDOO\� WKH� PXOWLSOH� LQYHUVH� RI� D� FRXQWDEO\� LQILQLWH
UHGXQGDQF\� FDQQRW� EH� LPSOHPHQWHG� DQG� DOVR� WRR� PDQ\
H[SHUWV� WKDW� FRQWDLQV� DQ� LQILQLWH� QXPEHU� RI� VROXWLRQV� ZLOO
HQFXPEHU� WKH� DUFKLWHFWXUH� ZKLFK� LV� EHVW� VXLWHG� IRU� ILQLWH
UHGXQGDQFLHV�� � 7KH� 0,�30/(� FRQVWUXFWLRQ� PHWKRG
FRQVLVWV� RI� WZR� SKDVHV�� � )LUVW� D� SLHFHZLVH� OLQHDU
DSSUR[LPDWLRQ� LV� OHDUQHG� IURP� LQSXW�RXWSXW� H[DPSOHV� DQG
WKHQ� WKH� IRUZDUG� 30/(� PRGHO� LV� LQYHUWHG� LQ� RUGHU� WR
FRQVWUXFW�WKH�0,�30/(���,Q�WKH�QH[W�VHFWLRQ�ZH�LQWURGXFH
VRPH�QRWLRQV�IURP�OHDUQLQJ�WKHRU\�LQ�RUGHU�WR�H[DPLQH�WKH
LVVXH�RI� OHDUQLQJ�PXOWLSOH� LQYHUVH� DQG� WKHQ�ZH� MXVWLI\� WKH
WZR�SKDVH�PHWKRG�RI�FRQVWUXFWLQJ�WKH�0,�30/(�
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7KH� H[WHQVLYH� UHVHDUFK� LQ� WKH� ILHOG� RI� IXQFWLRQ
DSSUR[LPDWLRQ� LV� QDWXUDOO\� IRFXVHG� RQ� WKH� DSSUR[LPDWLRQ
RI� IXQFWLRQV� �L�H��� VLQJOH�YDOXHG� IXQFWLRQV��� �0DQ\�FRQWURO
SUREOHPV�UHTXLUHV�WKH�HVWLPDWLRQ�RI�LQYHUVH�IXQFWLRQV��DQG
LQ� WKH� FDVH� RI� UHGXQGDQW� V\VWHP�� WKH� LQYHUVH� PD\� EH� D
�PXOWLYDOXHG�IXQFWLRQ���ZKLFK�LV�EHWWHU�WHUPHG�PXOWLYDOXHG
UHODWLRQ�
,Q�WKH�ILUVW�SDUW�RI�WKLV�VHFWLRQ�ZH�LQWURGXFH�VRPH�FRQFHSWV
DQG�QRWDWLRQV�IURP�OHDUQLQJ�WKHRU\�DQG�H[WHQG�WKHP�WR�WKH
FDVH�RI�PXOWLSOH�LQYHUVH� OHDUQLQJ�� �7KHQ�ZH�SURYH�D�EDVLF
WKHRUHP�IRU�OHDUQLQJ�PXOWLSOH�LQYHUVHV�DQG�GHVFULEH�FULWHULD
IRU� JRRG� PXOWLSOH� LQYHUVH� OHDUQLQJ� DOJRULWKPV�� � ,Q� WKH
VHFRQG� SDUW� ZH� VWUHVV� WKH� GLIIHUHQFH� EHWZHHQ� WKH
HVWLPDWHG�LQYHUVH�DQG�WKH�LQYHUVH�RI�WKH�IRUZDUG�HVWLPDWRU�
DQG�ILQDOO\�ZH�MXVWLI\�WKH�0,�,30/(�OHDUQLQJ�DOJRULWKP�
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FDVH� WKH� IDPLO\� LV� WKH� 30/(�� WKDW� LV�� WKH� DSSUR[LPDWLRQ
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5HPDUNV
���3URSRVLWLRQ���LV�D�SUHOLPLQDU\�UHVXOW�LQ�OHDUQLQJ�PXOWLSOH
LQYHUVH�� WLJKWHU� ERXQGV� XVLQJ� IHZHU� DVVXPSWLRQV� FDQ� EH
DFKLHYHG�IRU�VSHFLILF�FDVHV�
���7KH�DVVXPSWLRQ�WKDW�WKH�30/(�LV�D�6(0�DOJRULWKP�GRHV
QRW� KROG� IRU� PRVW� RI� WKH� OHDUQLQJ� DOJRULWKPV�� VLQFH� WKH\
XVXDOO\�ILQG�D�ORFDO�PLQLPXP���$V�IRU�WKH�PXOWLSOH�LQYHUVH�
WKLV�DVVXPSWLRQ�LV�HYHQ�PRUH�SUREOHPDWLF�� �7KH�GHILQLWLRQ
RI�WKH�HPSLULFDO�GLVFUHSDQF\��RU�VDPSOH�HUURU��LV�SURSRVHG
KHUH� ILUVW�� DQG� WKHUHIRUH� WKHUH� DUH� QR� DOJRULWKPV� WKDW� DUH
SURYHG�WR�EH�6(0�DOJRULWKP���0RUHRYHU��WKH�0,�30/(�LV
QRW� D� 6(0� DOJRULWKP� VLQFH� LW� FRPSXWHV� WKH� LQYHUVH
HVWLPDWLRQ�UDWKHU�WKHQ�WKH�HVWLPDWHG�LQYHUVH�DV�GHVFULEHG�LQ
WKH�QH[W�SDUW�RI�WKLV�VHFWLRQ�

%���(VWLPDWHG�,QYHUVH�YV��,QYHUVH�(VWLPDWLRQ

,Q�PDQ\�FRQWURO�DSSOLFDWLRQV�WKHUH�LV�D�QHHG�WR�HVWLPDWH�DQ
LQYHUVH�PRGHO�RI� WKH� FRQWUROOHG� V\VWHP�� �$UWLILFLDO� QHXUDO
QHWZRUNV� �$11��ZHUH� VXJJHVWHG� DV� D� JRRG� FDQGLGDWH� IRU
WKLV�WDVN��H�J���>�@���7KH�VLPSOHVW�PHWKRG�WR�FRQVWUXFW�VXFK
DQ� HVWLPDWHG�LQYHUVH� LV� WKH� GLUHFW� LQYHUVH� OHDUQLQJ�� L�H�
IHHGLQJ�WKH�$11�OHDUQLQJ�DOJRULWKP�ZLWK�WKH�LQSXW�RXWSXW
VDPSOHV� LQ� WKH�UHYHUVH�RUGHU��RXWSXWV�DV� LQSXWV�DQG� LQSXWV
DV� GHVLUHG� RXWSXWV�� � $QRWKHU� PHWKRG� LV� WKH� LQGLUHFW
OHDUQLQJ�� L�H��� ILUVW� HVWLPDWH� D� IRUZDUG� PRGHO� DQG� WKHQ
FRQVWUXFW�WKH�LQYHUVH�RI�WKH�HVWLPDWHG�PRGHO�
:H� ZLVK� WR� VWUHVV� WKDW� WKHVH� WZR� PHWKRGV� DUH� QRW
HTXLYDOHQW�DQG�WKH�VHFRQG�PHWKRG�LV�JHQHUDOO\�VXSHULRU�IRU
FRQWURO�DSSOLFDWLRQ�ZKHUH� WKHUH� LV�DQ�DGGLWLYH�QRLVH�DW� WKH
RXWSXW�RI�WKH�SODQW�
3URSRVLWLRQ���� 7KH� EHVW�HVWLPDWHG� LQYHUVH� PRGHO� LV� QRW
QHFHVVDULO\� HTXDO� WR� WKH� LQYHUVH� RI� WKH� EHVW�HVWLPDWHG
IRUZDUG�PRGHO�

)LJ������7KH�EHVW�IRUZDUG�PRGHO��GDVKHG��DOPRVW�RYHUODS�WKH�VROLG
OLQH�� YHUVXV� WKH� EHVW� LQYHUVH�PRGHO� �GRWWHG��� DV� HVWLPDWHG� IURP
WKH�QRLV\�GDWD��GRWV��WKDW�ZDV�RULJLQDWHG�IURP�WKH�RULJLQDO�V\VWHP
�VROLG��� �;� LV� WKH� LQSXW�RI� WKH� V\VWHP� DQG�<� LV� WKH� RXWSXW�RI� WKH
V\VWHP� DQG� RI� WKH� IRUZDUG�PRGHO�� �<� LV� WKH� LQSXW� DQG�;� LV� WKH
RXWSXW�RI�WKH�LQYHUVH�PRGHO�

$Q�DQDO\VLV�RI�WKLV�REVHUYDWLRQ�LV�EH\RQG�WKH�VFRSH�RI�WKLV
SDSHU�DQG� LV�JLYHQ� LQ� >��@�� �:H�DFWXDOO\� VKRZ� WKDW� LQ� WKH

SUHVHQFH�RI�DGGLWLYH�QRLVH��ZLWK�QRQ]HUR�YDULDQFH��WKH�WZR
PHWKRGV�GLIIHU�DV\PSWRWLFDOO\��DQG� WKH�JDS� LQFUHDVHV�ZLWK
WKH�YDULDQFH�RI�WKH�QRLVH�
7KH� GLIIHUHQFH� LV� DSSDUHQW� HYHQ� LQ� D� VLPSOH� VLPXODWLRQ
H[DPSOH�LQ�RQH�GLPHQVLRQ�DV�LOOXVWUDWHG�LQ�)LJ����

&���-XVWLILFDWLRQ�RI�WKH�,30/(�OHDUQLQJ�PHWKRG

,Q� WKLV� VHFWLRQ� ZH� IRUPDOL]H� WKH� UHOHYDQW� GLVFUHSDQF\
PHDVXUH�IRU�WKH�PXOWLSOH�LQYHUVH�FRQWURO�V\VWHP��DQG�VKRZ
WKDW� WKH� OHDUQLQJ� DOJRULWKP� PLQLPL]HV� WKLV� GLVFUHSDQF\
PHDVXUH�
7KH�PXOWLSOH�LQYHUVH�FRQWURO�V\VWHP�LV�GHVFULEHG�LQ�)LJ����
2XU� JRDO� LV� WR� FRQVWUXFW� WKH� PXOWLSOH� LQYHUVH� WKDW� ZLOO
VDWLVI\� WKH� WZR� OHDUQLQJ� FULWHULD�� L�H��� $FFXUDF\� DQG
&RPSOHWHQHVV�� � /HW� XV� FRQFHQWUDWH� RQ� WKH� DFFXUDF\
PHDVXUH�
7KH�DFFXUDF\�PHDVXUH�VKRXOG�PDQLIHVW�RXU�DLP� WR�JHW� WKH
RXWSXW��\��DV�FORVH�DV�SRVVLEOH�WR�WKH�GHVLUHG�RXWSXW��\G��IRU
DOO� SRVVLEOH� FRQWURO� LQSXWV�� WKDW� LV� IRU� DOO� YDOXHV� RI� WKH
UHJXODUL]DWLRQ�SDUDPHWHU�S�
:H�WKHUHIRUH�VXJJHVW� WKH� IROORZLQJ�GLVFUHSDQF\�PHDVXUHV
IRU� PXOWLSOH� FRQWUROOHUV�� WKH� DYHUDJH� DQG� HPSLULFDO
GLVFUHSDQFLHV�
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9���([DPSOH
7KH� IROORZLQJ� H[DPSOH� LOOXVWUDWHV� WKH�PHWKRG� RI� OHDUQLQJ
WR�FRQWURO�D�UHGXQGDQW�V\VWHP�DQG�GHPRQVWUDWHV�WKH�YLUWXH
RI�UHGXQGDQF\�LQ�WKH�SUHVHQFH�RI�QRLVH�
/HW� XV�FRQVLGHU�D� UHGXQGDQW�V\VWHP�ZLWK� WKUHH� LQSXWV�DQG
RQH� RXWSXW�� WKDW� FDQ� EH� GHVFULEHG� E\� WKH� IROORZLQJ� WKUHH
IXQFWLRQV��VHH�)LJ����

� � � � � �
������
[I[I[I\ �� � � � � ���

6XFK� D� UHGXQGDQF\� LV� YHU\� FRPPRQ�� � )RU� H[DPSOH�� WKH
IRUFH� SURGXFHG� DW� D� MRLQW� E\� DOO� WKH� PRWRU� XQLWV� WKDW� DFW
XSRQ� LW�� RU� WKH� IORZ� RI� IOXLG� WKDW� LV� GHULYHG� E\� VHYHUDO
SXPSV�LQ�SDUDOOHO�

)LJ�����$�UHGXQGDQW�V\VWHP�ZLWK�XQFRXQWDEOH�UHGXQGDQF\�

)LUVW�� ZH� EXLOG� WKH� 30/(� PRGHO�� WKDW� LV�� LQ� HDFK
SRO\KHGUDO�UHJLRQ�ZH�KDYH�D�OLQHDU�H[SHUW�WKDW�DSSUR[LPDWH
WKH�V\VWHP��VXFK�DV���

�������
[Z[Z[ZZ\ ��� ���7KHQ�

ZH�EXLOG� WKH� ,QYHUVH�30/(� WKDW� LV�ZH� LQYHUW� HDFK� H[SHUW
DQG� ILQG� WKH� VXEVSDFH� RI� DOO� WKH� VROXWLRQV� ZKLFK� LV
SDUDPHWHUL]HG�E\�WKH�SDUDPHWHU�YHFWRU�S�
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$W� WKLV�SRLQW� WKH�0,�30/(� LV� WKH�PXOWLSOH�FRQWUROOHU�DQG
ZH�KDYH�WR�FKRRVH�WKH�SDUDPHWHU�YHFWRU�S�
5HPDUNV�
���7KHUH� LV�DQRWKHU�HOHPHQW� LQ� WKH�YHFWRU�S�� WKDW� VSHFLILHV
ZKLFK�RQH�RI� VHYHUDO�SRVVLEOH� H[SHUWV� VKRXOG�EH� VHOHFWHG�
EXW�ZH�LJQRUH�WKLV�HOHPHQW�DW�WKLV�SRLQW��RU�DVVXPH�WKDW�WKH
V\VWHP�KDV�MXVW�RQH�H[SHUW�LQ�HDFK�DUHD��
���7KH� DVVXPSWLRQ� UHJDUGLQJ� WKH� VWUXFWXUH� RI� WKH� V\VWHP�
���� DQG�)LJ�� ��� LV� QRW� QHFHVVDU\� IRU� WKH� UHVXOWV�� �2QH� FDQ
WDNH� D� JHQHUDO� V\VWHP� DQG� WKH� OLQHDU� DSSUR[LPDWLRQ� ZLOO
\LHOG�WKH�VDPH�DQDO\VLV�
/HW�XV�FRQFHQWUDWH�RQ�RQH�SRVVLEOH�FULWHULRQ�LQ�WKH�SUHVHQFH
RI�QRLVH�RU�XQFHUWDLQW\���/HW�XV�DVVXPH�WKDW�HDFK�EUDQFK�RI
WKH�V\VWHP�KDV�LWV�RZQ�QRLVH�RU�XQFHUWDLQW\�PRGHOHG�DV�DQ
DGGHG�YDOXH�QL�[���WKHUHIRUH�����ZLOO�EHFRPH

� � � � � � � � � � � �
������������
[Q[I[Q[I[Q[I\ ����� 

7KH�RXWSXW�ZLOO�QRW�EH�H[DFWO\�\G�� � ,I� WKH�V\VWHP�LV� OLQHDU�
RU� LI� ZH� VKLIW� WKH� QRQOLQHDU� HIIHFWV� LQWR� WKH� QRLVH
FRPSRQHQW�Q,��WKH�RXWSXW�ZLOO�EH
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$�SRWHQWLDO� FULWHULRQ� LQ� WKLV� FDVH�PD\�EH� WR�PLQLPL]H� WKH
GHYLDWLRQ�RI�\�IURP�\G��WKDW�LV�
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)RU�LQGHSHQGHQW�ZKLWH�QRLVH��LI�ZH�DVVXPH�WKDW�WKH�QRLVH�LV
SURSRUWLRQDO� WR� WKH� LQSXW� OHYHO�� DQG� LI� WKH� ZHLJKWV� DUH
VLPLODU�WKHQ�WKH�RSWLPXP�VROXWLRQ�LV� ���

��
  SS �

$QRWKHU�LQWHUHVWLQJ�UHVXOW�LV�WKDW�WKH�UHGXQGDQF\�FDQ�DVVLVW
LQ� QRLVH� UHMHFWLRQ� DQG� UREXVWQHVV�� VLQFH� ZKHQ� WKH� QRLVHV
DUH� LQGHSHQGHQW� RI� HDFK� RWKHU�� WKH� HIIHFW� RI� WKH� QRLVH
GHFUHDVHV�DV�WKH�UHGXQGDQF\�LQFUHDVHV���,Q�WKLV�FDVH��DV�WKH
QXPEHU� RI� SDUDOOHO� HOHPHQWV� LQ� )LJ�� ��� JURZV� WR� LQILQLW\
WKHQ�WKH�VXP�RI�QRLVHV�DSSUR[LPDWHV�]HUR�

9,���&RQFOXVLRQV
5HGXQGDQF\�FDQ� LPSURYH� UHOLDELOLW\� DQG� IOH[LELOLW\� DQG� LV
RQH�RI�WKH�PDLQ�UHDVRQV�IRU�WKH�VXSHUE�GH[WHULW\�RI�KXPDQ
PRYHPHQW� FRQWURO�� � 7KH� FRQWURO� RI� UHGXQGDQW� V\VWHPV� LV
GLIILFXOW�� DQG� SUHVHQWV� PDQ\� QHZ� FKDOOHQJHV�� WKHRUHWLFDO
DQG� SUDFWLFDO�� � 7KH� UDSLG� JURZWK� LQ� WKH� DYDLODEOH
FRPSXWDWLRQ� SRZHU� HQDEOHV� XV� WR� FRQVLGHU� FRPSOH[
LQWHOOLJHQW� FRQWUROOHUV� DQG� HYHQ� WR� LQWURGXFH� DGGLWLRQDO
UHGXQGDQF\� LQ� FRQWUROOHG� V\VWHPV�� � 7KLV� ZRUN� SUHVHQWV� D
EDVLF� DUFKLWHFWXUH� IRU� D� PXOWLSOH� FRQWUROOHU�� DQG� VRPH
PDWKHPDWLFDO�WRROV�IRU�D�QHZ�WKHRU\�RI�OHDUQLQJ�WR�FRQWURO
UHGXQGDQW�V\VWHPV�

� 5HIHUHQFHV

>�@� .DUQLHO�$��DQG�,QEDU�*)��LQ�SUHVV��+XPDQ�0RWRU�&RQWURO�
/HDUQLQJ� WR� &RQWURO� D� 7LPH�9DU\LQJ� 1RQ�OLQHDU
0DQ\�WR�2QH� 6\VWHP�� $FFHSWHG� IRU� SXEOLFDWLRQ� LQ� ,(((
WUDQVDFWLRQV�RQ�6\VWHPV��0DQ��DQG�&\EHUQHWLFV�SDUW�&�

>�@� /DWDVK�0/��DQG�7XUYH\�07�(GV�� �������'H[WHULW\�DQG� LWV
GHYHORSPHQW��(UOEDXP��1HZ�-HUVH\�

>�@� -RUGDQ� 0,� ������� 0RWRU� OHDUQLQJ� DQG� WKH� GHJUHHV� RI
IUHHGRP� SUREOHP�� � ,Q� $WWHQWLRQ� DQG� SHUIRUPDQFH� ;,,,�
-HDQQHURG��(G��SS����������

>�@� 'H0HUV� '(� ������� /HDUQLQJ� WR� ,QYHUW� 0DQ\�7R�2QH
0DSSLQJV�� �3K�'��GLVVHUWDWLRQ��8QLYHUVLW\�RI�&DOLIRUQLD��6DQ
'LHJR�

>�@� .DUQLHO�$��0HLU�5��DQG�,QEDU�*)��������3RO\KHGUDO�PL[WXUH
RI� OLQHDU� H[SHUWV� IRU� PDQ\�WR�RQH� PDSSLQJ� LQYHUVLRQ�� � ,Q
3URF��(6$11����0��9HUOH\VHQ��(G���SS����������

>�@� 1REOH� %� DQG� 'DQLHO� -:� ������� $SSOLHG� OLQHDU� DOJHEUD�
WKLUG�HGLWLRQ��3UHQWLFH�KDOO�LQWHUQDWLRQDO�,1&�

>�@� .DUQLHO� $� �LQ� SUHSDUDWLRQ�� /HDUQLQJ� PRWRU� FRQWURO� RI
UHGXQGDQW�V\VWHPV��3K�'��GLVVHUWDWLRQ��7HFKQLRQ��,VUDHO�

>�@� 9LG\DVDJDU� 0� ������� $� WKHRU\� RI� OHDUQLQJ� DQG
JHQHUDOL]DWLRQ���6SULQJHU�9HUODJ��/RQGRQ�

>�@� %DUWR� $*� ������� &RQQHFWLRQLVW� OHDUQLQJ� IRU� FRQWURO�� ,Q
0LOOHU�:7��6XWWRQ�56�DQG�:HUERV�3-��(GV��1HXUDO�1HWZRUNV
IRU�FRQWURO�0,7�SUHVV�

>��@�.DUQLHO�$��0HLU�5�DQG�,QEDU�*)��������7KH�EHVW�HVWLPDWHG
LQYHUVH� YHUVXV� WKH� LQYHUVH� RI� WKH� EHVW� HVWLPDWLRQ�� ((38%
������'HSDUWPHQW�RI�(OHFWULFDO�(QJ���7HFKQLRQ��,VUDHO�
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